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Abstract. In this paper, we introduce another application on the b-open soft sets [10],
by studying the notion of connectedness based on it. We give basic definitions and
theorems about it. Further, we introduce the notion of b-irresolute soft functions as a
generalization of the b-continuous soft functions and study their properties in detail.
Finally, we show that the surjective b-irresolute soft image of soft b-connected space is
also soft b-connected.
Keywords: Soft b-connected; Soft b-component; Soft b-hyperconnected; Soft b-separa-
ted; Soft b-connected; b-irresolute soft functions

1. Introduction

Theories such as theory of vague sets and theory of rough sets are considered
as mathematical tools for dealing with uncertainties. But these theories have their
own difficulties. The concept of soft sets was first introduced by Molodtsov [25] in
1999 as a general mathematical tool for dealing with uncertain objects in order to
solve complicated problems in economics, engineering and other disciplines.

After presentation of the operations of soft sets [24], the properties and applica-
tions of soft set theory have been studied increasingly [7, 26, 27]. To develop soft set
theory, the operations of the soft sets are redefined and a uni-int decision making
method was constructed by using these new operations [9].
Recently, in 2011, Shabir and Naz [29] initiated the study of soft topological spaces.
They defined soft topology on the collection τ of soft sets over X . Consequently,
they defined basic notions of soft topological spaces such as open soft and closed
soft sets, soft subspace, soft closure, soft nbd of a point, soft separation axioms,
soft regular spaces and soft normal spaces and established their several properties.
Hussain and Ahmad [13] investigated the properties of open (closed) soft, soft nbd
and soft closure. They also defined and discussed the properties of soft interior,

Received April 14, 2016; accepted July 22, 2016
2010 Mathematics Subject Classification. Primary 54A05, 54A40; Secondary 54C08, 54D20

947



948 A.M. Abd El-latif

soft exterior and soft boundary which are fundamental for further research on soft
topology and will strengthen the foundations of the theory of soft topological spaces.

It got some stability only after the introduction of soft topology [29] in 2011. In
[14], Kandil et al. introduced some soft operations such as semi-open soft, pre-open
soft, α-open soft and β-open soft and investigated their properties in detail. Kandil
et al. [21] introduced the notion of soft semi-separation axioms. The notion of soft
ideal was initiated for the first time by Kandil et al. [17]. They also introduced
the concept of soft local function. These concepts are discussed with a view to
find new soft topologies from the original one, called soft topological spaces with
soft ideal (X, τ, E, Ĩ). Applications to various fields were further investigated by
Kandil et al.[15, 16, 18, 19, 20, 22]. The notion of supra soft topological spaces was
initiated for the first time by El-sheikh and Abd El-latif [11], which is extended in
[3]. The notion of b-open soft sets was initiated in [6, 10] and extended in [28]. An
applications on b-open soft sets were introduced in [1, 12].

In this paper, we introduce and study the notion of connectedness based on
the notion of b-open soft sets and give basic definitions and theorems about it.
Further, we introduce the notion of b-irresolute soft functions as a generalization
to the b-continuous soft function and study their properties in detail. Finally, we
show that the surjective b-irresolute soft image of soft b-connected space is also soft
b-connected.

2. Preliminaries

Definition 2.1. [25] Let X be an initial universe and E be a set of parameters.
Let P (X) denote the power set of X and A be a non-empty subset of E. A pair
(F,A) denoted by FA is called a soft set over X , where F is a mapping given by
F : A → P (X). In other words, a soft set over X is a parameterized family of
subsets of the universe X . For a particular e ∈ A , F (e) may be considered the set
of e-approximate elements of the soft set (F,A) and if e 6∈ A, then F (e) = φ i.e
FA = {(e, F (e)) : e ∈ A ⊆ E, F : A → P (X)}. The family of all these soft sets
denoted by SS(X)A.

Definition 2.2. [29] Let FE be a soft set over X and x ∈ X . We say that x ∈ FE

read as x belongs to the soft set FE whenever x ∈ F (e) for all e ∈ E.

Definition 2.3. [29] Let τ be a collection of soft sets over a universe X with a
fixed set of parameters E, then τ ⊆ SS(X)E is called a soft topology on X if

(1) X̃, φ̃ ∈ τ , where φ̃(e) = φ and X̃(e) = X, ∀e ∈ E,

(2) the union of any number of soft sets in τ belongs to τ ,

(3) the intersection of any two soft sets in τ belongs to τ .
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The triplet (X, τ, E) is called a soft topological space over X .

Definition 2.4. [7, 13] The complement of a soft set FA, denoted by F c
A, F

c :
A → P (X) is mapping given by F c(e) = X − F (e), ∀ e ∈ A and F c is called the
soft complement function of F . Also, FA is said to be closed soft set in X , if its
relative complement F c

A is open soft set.

Definition 2.5. [13] Let(X, τ, E) be a soft topological space. The members of τ
are said to be open soft sets in X . We denote the set of all open soft sets over X by
OS(X, τ, E), or when there can be no confusion by OS(X) and the set of all closed
soft sets by CS(X, τ, E), or CS(X).

Definition 2.6. [29] Let (X, τ, E) be a soft topological space and FA ∈ SS(X)E.
The soft closure of FA, denoted by cl(FA) is the intersection of all closed soft super
sets of FA. Clearly cl(FA) is the smallest closed soft set over X which contains FA

i.e
cl(FA) = ∩̃{HC : HC is closed soft set and FA⊆̃HC}).

Definition 2.7. [30] Let (X, τ, E) be a soft topological space and FA ∈ SS(X)E.
The soft interior of GB, denoted by int(GB) is the union of all open soft subsets of
GB. Clearly int(GB) is the largest open soft set over X which contained in GB i.e
int(GB) = ∪̃{HC : HC is an open soft set and HC⊆̃GB}).

Definition 2.8. [30] The soft set FE ∈ SS(X)E is called a soft point in X̃ if there
exist x ∈ X and α ∈ E such that F (α) = {x} and F (αc) = φ for each αc ∈ E−{α},
and the soft point FE is denoted by xα.

Definition 2.9. [30] The soft point xα is said to be belonging to the soft set GA,
denoted by xα∈̃GA, if for the element α ∈ A, F (α) ⊆ G(α).

Definition 2.10. [29] Let (X, τ, E) be a soft topological space, FE ∈ SS(X)E
and Y be a non-null subset of X . Then the sub-soft set of FE over Y denoted by
(FY , E), is defined as follows:

FY (e) = Y ∩ F (e) ∀e ∈ E.

In other words (FY , E) = Ỹ ∩̃FE .

Definition 2.11. [29] Let (X, τ, E) be a soft topological space and Y be a non-null
subset of X . Then,

τY = {(FY , E) : FE ∈ τ}

is said to be the soft relative topology on Y and (Y, τY , E) is called a soft subspace
of (X, τ, E).
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Theorem 2.1. [29] Let (Y, τY , E) be a soft subspace of a soft topological space
(X, τ, E) and FE ∈ SS(X)E. Then,

(1) If FE is open soft set in Y and Ỹ ∈ τ , then FE ∈ τ .

(2) FE is open soft set in Y if and only if FE = Ỹ ∩̃GE for some GE ∈ τ .

(3) FE is closed soft set in Y if and only if FE = Ỹ ∩̃HE for some HE is τ-closed
soft set.

Definition 2.12. [6, 10] Let (X, τ, E) be a soft topological space and FE ∈ SS(X)E.
Then, FE is called a b-open soft set if FE⊆̃cl(int(FE))∪̃int(cl(FE)). The set of all
b-open soft sets is denoted by BOS(X, τ, E), or BOS(X) and the set of all b-closed
soft sets is denoted by BCS(X, τ, E), or BCS(X).

Definition 2.13. [6, 10] Let (X, τ, E) be a soft topological space and FE ∈ SS(X)E.
Then, the b-soft interior of FE is denoted by bSint(FE)), where bSint(FE)) =
⋃̃
{GE : GE⊆̃FE , GE ∈ BOS(X)}.

Also, the b-soft closure of FE is denoted by bScl(FE)), where bScl(FE)) =
⋂̃
{HE :

HE ∈ BCS(X), FE⊆̃HE}.

Definition 2.14. [28] The soft b-boundary of a soft set FE , denoted by b-Sbd(FE),
and is defined as b-Sbd(FE) = bScl(FE)∩̃bScl(F

c
E) = bScl(FE)− bSint(FE).

Definition 2.15. [5] Let SS(X)E and SS(Y )K be two soft classes, u : X → Y

and p : E → K be mappings. Then, the mapping fpu : SS(X)E → SS(Y )K is
defined as: for a soft set (F,A) in SS(X)E , (fpu(F,A), B), B = p(A) ⊆ K, is a soft
set in SS(Y )K given by

fpu(F,A)(b) = u(
⋃

a∈p−1(b)∩A F (a))

for b ∈ B ⊆ K. (fpu(F,A), B) is called a soft image of a soft set (F,A). If B = K,
then we shall write (fpu(F,A),K) as fpu(F,A). The soft function fpu is called
surjective (resp. injective) if p and u are surjective (resp. injective).

Definition 2.16. [5] Let fpu : SS(X)E → SS(Y )K be a mapping from a soft
class SS(X)E to another soft class SS(Y )K , and (G,C) be a soft set in the soft
class SS(Y )K , where C ⊆ K. Let u : X → Y and p : E → K be mappings. Then,
(f−1

pu (G,C), D), D = p−1(C) ⊆ K, is a soft set in the soft class SS(X)E, defined
as:

f−1
pu (G,C)(b) = u−1(G(p(a)))

for a ∈ D ⊆ E. (f−1
pu (G,C), D) is called a soft inverse image of (G,C). Hereafter

we shall write (f−1
pu (G,C), E) = f−1

pu (G,C).
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Definition 2.17. [10, 30] Let (X, τ1, E) and (Y, τ2,K) be soft topological spaces
and fpu : SS(X)E → SS(Y )K be a function. Then, the function fpu is called

(1) Continuous soft if f−1
pu (GK) ∈ τ1 ∀ GK ∈ τ2.

(2) Open soft if fpu(GE) ∈ τ2∀ GE ∈ τ1.

(3) Closed soft if fpu(GE) ∈ τc2∀ GE ∈ τc1 .

(4) b-Continuous soft if f−1
pu (GK) ∈ BOS(X)∀ GK ∈ τ2.

Definition 2.18. [23] A non-null soft subsets FE , GE of a soft topological space
(X, τ, E) are said to be soft separated sets if cl(FE)∩̃GE = FE ∩̃cl(GE) = φ̃. A soft
topological space (X, τ, E) is said to be soft connected if and only if X̃ can not ex-
pressed as the soft union of two soft separated sets in (X, τ, E), which equivalent to,
X̃ can not expressed as the soft union of two open soft sets in (X, τ, E). Otherwise,
(X, τ, E) is said to be soft disconnected.

Definition 2.19. [16] A soft topological space (X, τ, E) is said to be soft hypercon-
nected if and only if every pair of non null proper open soft sets FE , GE , has a non
null soft intersection, i.e (X, τ, E) is said to be soft hyperconnected iff ∀FE , GE ∈ τ

we have FE∩̃GE 6= φ̃.

Definition 2.20. [8] Let (X, τ, E) be a soft topological space. A soft semi sep-
aration on X̃ is a pair of non-null proper semi open soft sets FE , GE such that
FE∩̃GE = φ̃ and X̃ = FE ∪̃GE . A soft topological space (X, τ, E) is said to be soft
semi connected if and only if there is no soft semi separations on X̃. Otherwise,
(X, τ, E) is said to be soft semi disconnected.

Definition 2.21. [2] Let (X, τ, E) be a soft topological space. A soft β- (resp.
pre-) separation on X̃ is a pair of non-null proper β- (resp. pre-) open soft sets
FE , GE such that FE∩̃GE = φ̃ and X̃ = FE∪̃GE . A soft topological space (X, τ, E)
is said to be soft β- (resp. pre-) connected if and only if there is no soft β- (resp.
pre-) separations on X̃. Otherwise, (X, τ, E) is said to be soft β- (resp. pre-)
disconnected.

3. Soft b-separateness

In this section, we will research the notion of soft b-separated sets in soft topo-
logical spaces and study its basic properties in detail.

Definition 3.1. Two non-null soft sets GE and HE of a soft topological space
(X, τ, E) are said to be soft b-separated sets ifGE∩̃bScl(HE) = φ̃ and bScl(GE)∩̃HE =
φ̃. Obviously, from the fact that bcl(FE)⊆̃cl(FE) for each soft set FE ∈ SS(X)E,
every soft separated set is soft b-separated. But, the converse may not be true as
shown in the following example.
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Example 3.1. Let X = {h1, h2, h3, h4}, E = {e1, e2}, τ = {X̃, φ̃, F1E , F2E , F3E}, where
F1E , F2E , F3E are soft sets over X defined by:
F1(e1) = {h1}, F1(e2) = {h1},
F2(e1) = {h2}, F2(e2) = {h2},
F3(e1) = {h1, h2}, F3(e2) = {h1, h2}.
The soft sets HE and GE , which defined by:
H(e1) = {h1}, H(e2) = {h1},
G(e1) = {h3, h4}, G(e2) = {h3, h4}, are soft b-separated but not soft separated.

Definition 3.2. A soft set FE of a soft topological space (X, τ, E) is said to be
b-clopen soft set if it is both b-open soft set and b-closed soft set.

Proposition 3.1. (1) Each two soft b-separated sets are always disjoint

(2) Each two disjoint soft sets, in which both of them either b-open soft sets or
b-closed soft sets, are soft b-separated.

Proof. Clear from Definition 3.1.

Theorem 3.1. Let GE and HE be non-null soft sets of a soft topological space
(X, τ, E). Then, the following statements hold:

(1) If GE and HE are soft b-separated, G1E⊆̃GE and H1E⊆̃HE, then G1E and
H1E are soft b-separated sets.

(2) If GE and HE are b-open soft sets, UE = GE∩̃(X̃ −HE) and VE = HE∩̃(X̃ −
GE), then UE and VE are soft b-separated sets.

Proof.

(1) Since G1E⊆̃GE . Then, bScl(G1E)⊆̃bScl(GE). Hence,

H1E∩̃bScl(G1E)⊆̃HE ∩̃bScl(GE) = φ̃.

Similarly, G1E∩̃bScl(H1E) = φ̃. Thus, G1E and H1E are soft b-separated sets.

(2) Let GE and HE be b-open soft sets. Then, (X̃ - GE) and (X̃ - HE) are b-closed
soft sets. Assume that, UE = GE ∩̃(X̃−HE) and VE = HE∩̃(X̃−GE). Then,
UE⊆̃(X̃ −HE) and VE⊆̃(X̃ − GE). Hence, bScl(UE)⊆̃(X̃ −HE)⊆̃(X̃ − VE)
and bScl(VE)⊆̃X̃ − GE⊆̃(X̃ − UE). Consequently, bScl(UE)∩̃VE = φ̃ and
bScl(VE)∩̃UE = φ̃. Therefore, UE and VE are soft b-separated sets.

Theorem 3.2. Any two soft sets GE and HE of a soft topological space (X, τ, E)
are soft b-separated sets if and only if there exist b-open soft sets UE and VE such
that GE⊆̃UE, HE⊆̃VE and GE∩̃VE = φ̃, HE∩̃UE = φ̃.

Proof. Let GE and HE be soft b-separated sets. Then, GE∩̃bScl(HE) = φ̃ and
bScl(GE)∩̃HE = φ̃. Let VE = X̃−bScl(GE) and UE = X̃−bScl(HE). Thus, UE and
VE are b-open soft sets such that GE⊆̃UE , HE⊆̃VE , GE∩̃VE =φ̃ and HE∩̃UE = φ̃.
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On the other hand, let UE , VE be b-open soft sets such that GE⊆̃UE , HE⊆̃VE and
GE∩̃VE = φ̃, HE∩̃UE = φ̃. Since (X̃ - VE) and (X̃ - UE) are b-closed soft sets.

Then, bScl(GE)⊆̃(̃XE - VE)⊆̃(̃XE - HE) and bScl(HE)⊆̃(̃XE - UE) ⊆̃(̃XE - GE).
Thus, bScl(GE)∩̃HE = φ̃ and bScl(HE)∩̃GE = φ̃. This means that, GE and HE

are soft b-separated sets.

4. Soft b-connectedness

In this section, we will research the notion of soft b-connectedness in soft topo-
logical spaces be means of b-open soft sets, b-closed soft sets, soft -separated sets
and study its basic properties.

Definition 4.1. Let (X, τ, E) be a soft topological space. A soft b-separation of
X̃ is a pair of non-null proper b-open soft sets in τ such that FE∩̃GE = φ̃ and
X̃ = FE∪̃GE .

Definition 4.2. A soft topological space (X, τ, E) is said to be b-soft connected
if and only if there is no soft b-separations of X̃ . If (X, τ, E) has such soft b-
separations, then (X, τ, E) is said to be soft b-disconnected.

Theorem 4.1. Let (X, τ, E) be a soft topological space , then the following state-
ments are equivalent:

(1) X̃ is soft b-connected.

(2) X̃ cannot be expressed as a soft union of two non-null disjoint b-open soft sets.

(3) X̃ cannot be expressed as a soft union of two non-null disjoint b-closed soft
sets.

(4) There is no proper b-clopen soft set in (X, τ, E).

(5) X̃ cannot be expressed as a soft union of two non-null b-separated soft sets.

Proof.

(1) ⇔ (2) It is obvious from Definition 4.2.

(2) ⇒ (3) Suppose that X̃ = FE∪̃GE for some b-closed soft sets FE and GE such
that FE∩̃GE = φ̃. Then, FE = (GE)

c which is b-open soft set, X̃ = GE∪̃G
c
E

and GE∩̃G
c
E = φ̃, which is a contradiction with (2).

(3) ⇒ (4) Suppose that there is a proper b-clopen soft subset FE of X̃ . Then,
F c
E is b-clopen soft set, where X̃ = FE∪̃F

c
E and FE ∩̃F

c
E = φ̃, which is a

contradiction with (3).
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(4) ⇒ (3) Suppose that X̃ = FE∪̃GE for some b-closed soft sets FE and GE such
that FE ∩̃GE = φ̃. Then, FE = Gc

E and GE = F c
E . Thus, FE and GE are

proper b-clopen soft sets, which is a contradiction with (4).

(3) ⇒ (5) Suppose that X̃ = HE∪̃GE for some b-separated soft sets HE and GE .
Then, GE∩̃bScl(HE) = φ̃ and bScl(GE)∩̃HE = φ̃. It follows that, HE∩̃GE =
φ̃. Hence, HE = Gc

E and GE = Hc
E . Therefore, bScl(HE)⊆̃Gc

E = HE and
bScl(GE)⊆̃Hc

E = GE . But, HE⊆̃bScl(HE) and GE⊆̃bScl(GE). Thus, HE

and GE are b-closed soft sets, which is a contradiction with (3).

(5) ⇒ (1) Suppose that X̃ = FE ∪̃GE for some b-open soft sets FE and GE such
that FE ∩̃GE = φ̃. Then, FE = Gc

E and GE = F c
E . Thus, FE and GE are

b-clopen soft sets. Hence, FE and GE are b-separated soft sets, which is a
contradiction with (5).

Corollary 4.1. Let (X, τ, E) be a soft topological space, then the following state-
ments are equivalent:

(1) X̃ is soft b-connected.

(2) If X̃ = FE ∪̃GE for some b-open soft sets FE and GE such that FE∩̃GE = φ̃.
Then, either FE = φ̃ or GE = φ̃.

(3) If X̃ = FE∪̃GE for some b-closed soft sets FE and GE such that FE ∩̃GE = φ̃.
Then, either FE = φ̃ or GE = φ̃.

Proof. Obvious from Theorem 4.1.

Definition 4.3. A soft subset FE of a soft topological space (X, τ, E) is soft b-
connected, if it is soft b-connected as a soft subspace. In other words, a soft subset
FE of a soft topological space (X, τ, E) is said to be soft b-connected relative to
X̃ if there is not exist two soft b-separated subsets HE and GE relative to X̃ and
FE = HE∪̃GE . Otherwise, FE is said to be soft b-disconnected.

Remark 4.1. Each soft disconnected set is soft b-disconnected, but not conversely
as shown in the following examples.

Example 4.1. (1) In Example 3.1, the soft set GE , where
G(e1) = {h1, h3, h4}, G(e2) = {h1, h3, h4}, is soft connected set, but not soft
b-connected.

(2) Any soft space with the indiscrete soft topology is soft connected, but not soft b-
connected, because the family of b-open soft sets establish a discrete soft topology.

Corollary 4.2. Let (X, τ1, E) and (X, τ2, E) be soft topological spaces and τ2 ⊆ τ1.
If (X, τ1, E) is soft b-connected, then (X, τ2, E) is soft b-connected.

Proof. It is Obvious.
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Definition 4.4. Let (X, τ, E) be a soft topological space and ZE⊆̃X̃ with x ∈
ZE . Then, the soft b-component of ZE w.r.t. xα is the maximal of all soft b-
connected subspaces of (Z, τZ , E) containing xα and denoted by S̃Cb[ZE , xα] or
S̃Cb(ZE , xα) for short, i.e

S̃Cb(ZE , xα) = ∪̃{YE⊆̃ZE : xα ∈ YE , YE is soft b-connected}.

Theorem 4.2. Every soft b-component of a soft topological space (X, τ, E) is a
maximal soft b-connected subset of X̃.

Proof. It is obvious from Definition 4.4.

Corollary 4.3. The soft topological space (X, τ, E) is soft b-connected if and only
if it is a soft b-component on X̃.

Proof. It is clear.

Theorem 4.3. If the non-null soft sets GE and HE of a soft topological space
(X, τ, E) are soft b-separated, then (GE∪̃HE) is soft b-disconnected.

Proof. Let GE and HE be non-null soft b-separated sets, then there ex-
ist b-open soft sets UE and VE such that GE⊆̃UE, HE⊆̃VE and GE∩̃VE = φ̃,
HE∩̃UE = φ̃ follows immediately from Theorem 3.2. Hence, (GE ∪̃HE)∩̃UE = GE

and (GE ∪̃HE)∩̃VE = HE . Consequently, GE ∪̃HE is soft b-disconnected.

Next, we characterized soft b-connectedness in terms of soft boundaries as fol-
lows:

Theorem 4.4. A soft topological space (X, τ, E) is soft b-connected if and only if
every non-null proper subset has a non-null soft b-boundary.

Proof. Let (X, τ, E) be soft b-disconnected, then (X, τ, E) has a proper b-
clopen soft set FE . Then, bScl(FE) = FE = bSint(FE) = X̃ − bScl(X̃ − FE).
Therefore, b-Sbd(FE) = bScl(FE)∩̃bScl(X̃−FE) = φ̃. Therefore, FE has an empty
soft b-boundary.
Conversely, suppose that a non-null proper soft subset FE has an empty soft b-
boundary. Then, b-Sbd(FE) = bScl(FE)∩̃bScl(X̃ − FE) = φ̃. Consequently,
bScl(FE)⊆̃[X̃−bScl(X̃−FE)] = bSint(FE), and thus FE⊆̃bScl(FE)⊆̃bSint(FE)⊆̃FE .
Thus, FE is a proper b-clopen soft set and consequently, (X, τ, E) is soft b-disconnected.

Theorem 4.5. Let (Z, τZ , E) be a soft subspace of a soft topological space(X, τ, E)
and F1E , F2E⊆̃ZE⊆̃X̃. Then, F1E , F2E are soft b-separated on τZ if and only if
F1E , F2E are soft b-separated on τ .

Proof. Suppose that F1E , F2E are soft b-separated on τZ ⇔ bSclτZF1E∩̃F2E =
φ̃ and F1E ∩̃bSclτZF2E = φ̃ ⇔ [bSclτF1E ∩̃ZE ]∩̃F2E = bSclτF1E ∩̃F2E = φ̃ and
[bSclτF2E∩̃ZE ]∩̃F1E = bSclτF2E ∩̃F1E = φ̃ ⇔ F1E , F2E are soft b-separated on τ .
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Theorem 4.6. Let ZE be a soft subset of a soft topological space (X, τ, E). Then,
ZE is soft b-connected relative to (X, τ, E) if and only if it is soft b-connected relative
to (Z, τZ , E).

Proof. Suppose that ZE is soft b-disconnected relative to (Z, τZ , E) ⇔ ZE =
F1E ∪̃F2E , where F1E and F2E are soft b-separated on τZ ⇔ ZE = F1E ∪̃F2E ,
where F1E and F2E are soft b-separated on τZ from Theorem 4.5 ⇔ ZE is soft
b-disconnected relative to (X, τ, E).

Theorem 4.7. Let (Z, τZ , E) be a soft b-connected subspace of a soft topological
space (X, τ, E) and FE , GE are soft b-separated sets of X̃ with ZE⊆̃FE∪̃GE , then
either ZE⊆̃FE or ZE⊆̃GE.

Proof. Let ZE⊆̃FE∪̃GE for some soft b-separated sets FE , GE on τ . Since
ZE = (ZE∩̃FE)∪̃(ZE∩̃GE). Then, (ZE∩̃FE)∪̃bSclτ(ZE∩̃GE)⊆̃FE∩̃bSclτ(GE) =
φ̃. Also, bSclτ (ZE∩̃FE)∪̃(ZE∩̃GE)⊆̃clτ (FE)∩̃GE = φ̃. If ZE∩̃FE and ZE∩̃GE

are non-null soft sets. Then, ZE is soft b-disconnected, which is a contradiction
with the hypothesis. Thus, either ZE∩̃FE = φ̃ or ZE∩̃GE = φ̃. It follows that,
ZE = ZE∩̃FE or ZE = ZE∩̃GE . Therefore, ZE⊆̃FE or ZE⊆̃GE .

Theorem 4.8. The soft b-closure of a soft b-connected set is soft b-connected.

Proof. Assume that, bScl(FE) is soft b-disconnected. Then, there are two non-
null soft b-separated sets GE and HE such that bScl(FE) = GE∪̃HE . Since FE is
soft b-connected. By using Theorem 4.7, either FE⊆̃GE or FE⊆̃HE . If FE⊆̃GE ,
then bScl(FE⊆̃bScl(GE) and so bScl(FE∩̃HE = φ̃. But, HE⊆̃bScl(FE). Therefore,
HE = φ̃ which is a contradiction. Similarly, if FE⊆̃HE , we can get GE = φ̃, which
is also a contradiction. Consequently, bScl(FE) is soft b-connected.

Theorem 4.9. Every soft b-component of a soft topological space (X, τ, E) is b-
closed soft set.

Proof. It is obvious from Definition 4.4 and from the fact that the soft b-closure
of a soft b-connected set is a soft b-connected.

Theorem 4.10. Let (X, τ, E) be a soft topological space. Then:

(1) Each soft point xα∈̃X̃ is contained in exactly one soft b-component of X̃.

(2) Any two soft b-components w.r.t. two different soft points are either disjoint
or identical.

Proof.

(1) Let xα∈̃X̃ and consider the collection S̃Cb = {ZE⊆̃X̃ : xα∈̃ZE , ZE is soft

b-connected}. Then, we have:

(a) S̃Cb 6= φ̃, for the soft point xα is a soft b-connected subset of X̃ containing
xα. Then, xα ∈ S̃Cb.
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(b) ∩̃{ZE⊆̃X̃ : xα∈̃ZE : ZE is soft b-connected} 6= φ̃. Since xα∈̃ZE ∀ZE ∈
S̃Cb.

(c) The soft set ∪̃{ZE⊆̃X̃ : xα∈̃ZE , ZE is soft b-connected}, having a non-
null soft intersection, is soft b-connected subset of X̃ containing xα.

(d) ∪̃{ZE⊆̃X̃ : xα∈̃ZE , ZE is soft b-connected} is the largest soft b-connected
subset of X̃ containing xα, which is the soft b-component S̃Cb(X̃, xα) of
X̃ w.r.t xα and containing xα from Definition 4.4.

Now, suppose S̃C
∗

b(X̃, xα) be another soft b-component containing xα, then

S̃C
∗

b (X̃, xα) is a soft b-connected subset of X̃ containing xα, but S̃Cb(X̃, xα)
is a soft b-component, then S̃Cb(X̃, xα) is the largest soft b-connected sub-

set of X̃ containing xα, consequently, S̃C
∗

b(X̃, xα)⊆̃S̃Cb(X̃, xα). Similarly,

S̃Cb(X̃, xα)⊆̃S̃C
∗

b(X̃, xα), and hence xα is contained in exactly one soft b-
component of X̃ .

(2) Let S̃Cb(X̃, x1α) , S̃Cb(X̃, x2α) be the soft b-components of xα w.r.t two dif-
ferent soft points x1α, x2α of X̃ with x1α 6= x2α respectively.
If S̃Cb(X̃, x1α)∩̃S̃Cb(X̃, x2α) = φ̃, then we get the proof.
So, let S̃Cb(X̃, x1α)∩̃S̃Cb(X̃, x2α) 6= φ. We may choose a
xβ ∈ S̃Cb(X̃, x1α)∩̃S̃Cb(X̃, x2α). Clearly, xβ ∈ S̃Cb(X̃, x1α) and xβ ∈

S̃Cb(X̃, x2α), which mean that S̃Cb(X̃, x1α) is the largest soft b-connected
subset of X̃ containing xβ , S̃Cb(X̃, x2α) is the largest soft b-connected sub-

set of X̃ containing xβ . Therefore, S̃Cb(X̃, x1α) = S̃Cb(X̃, x2α), and hence

S̃Cb(X̃, x1α) and S̃Cb(X̃, x2α) are identical. This completes the proof.

Theorem 4.11. Let FE be soft b-connected subsets of a soft topological space
(X, τ, E) and GE be a soft set such that FE⊆̃GE⊆̃bScl(FE), then GE is soft b-
connected.

Proof. Let GE be a soft b-disconnected, then there exist two non-null b-open
soft sets UE and VE such that GE = UE∪̃VE . Since FE⊆̃GE and FE be soft
b-connected, then by using Lemma 4.10 either FE⊆̃UE or FE⊆̃VE . If FE⊆̃UE ,
then bScl(FE)⊆̃bScl(UE) and so bScl(FE)∩̃VE = φ̃ i.e, VE⊆̃X̃ − bScl(FE), but
VE⊆̃GE⊆̃bScl(FE). Thus, VE = φ̃, which is a contradiction, and so GE is soft b-
connected. Similarly, if FE⊆̃VE , thus UE = φ̃ this is a contradiction. Consequently,
GE is soft b-connected.

Theorem 4.12. Let (Z, τZ , E) be a soft b-connected subspace of a soft b-connected
topological space (X, τ, E) such that Zc

E is the soft union of two soft b-separated sets
FE , GE of X̃, then ZE∪̃FE and ZE∪̃GE are soft b-connected.

Proof. Suppose that ZE∪̃FE is soft b-disconnected relative to (X, τ, E). Then,
there exist two non-null soft b-separated sets KE and HE of X̃ such that ZE∪̃FE =
KE∪̃HE . Since ZE is soft b-connected and ZE⊆̃ZE∪̃FE = KE∪̃HE . It follows that,
either ZE⊆̃KE or ZE⊆̃HE from Theorem 4.7. Suppose ZE⊆̃KE . Since ZE∪̃FE =
KE∪̃HE and ZE⊆̃KE , implies that ZE∪FE⊆̃KE∪FE . So,KE∪̃HE⊆̃KE∪̃FE . Hence,
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HE⊆̃FE , GE⊆̃KE. By Theorem 3.1 (1), HE , GE are soft b-separated.
Now,

bSclτHE∩̃[KE∪̃GE ] = [bSclτHE∩̃KE ]∪̃[bSclτHE∩̃GE ] = φ̃

and HE∩̃clτ [KE∪̃GE ] = HE∩̃[clτKE∪̃clτGE ] = [HE∩̃clτKE]∪̃[HE∩̃clτGE ] = φ̃.
It follows that, HE and [KE∪̃GE ] are soft b-separated on τ . Since Zc

E = FE∪̃GE .
Then,

X̃ = ZE∪̃Z
c
E = ZE∪̃[FE ∪̃GE ] = [ZE∪̃FE ]∪̃GE = [KE∪̃HE ]∪̃GE = HE∪̃[KE∪̃GE ].

Thus, X̃ is the soft union of two non null soft b-separated sets HE and KE∪̃GE ,
which is a contradiction. A similar contradiction will arise if ZE⊆̃HE . Hence,
ZE∪̃FE is soft b-connected. Similarly, we can prove thatZE∪̃GE is soft b-connected.

Theorem 4.13. If ZE, YE are soft b-connected sets such that none of them is soft
b-separated sets, then ZE∪̃YE is soft b-connected set.

Proof. Let (Z, τZ , E) and (Y, τY , E) be soft b-connected subspaces of X̃ such
that ZE∪̃YE is not soft b-connected relative to (X, τ, E). Then, there exist two
non-null soft b-separated sets KE and HE of X̃ such that ZE∪̃YE = KE∪̃HE .
Since ZE , YE are soft b-connected and ZE , YE⊆̃ZE∪̃YE = KE∪̃HE . Then, ei-
ther ZE⊆̃KE or ZE⊆̃HE , also, either YE⊆̃KE or YE⊆̃HE from Theorem 4.7. If
ZE⊆̃KE or ZE⊆̃HE . Then, ZE∩̃HE⊆̃KE∩̃HE = φ̃ or ZE∩̃KE⊆̃HE∩̃KE = φ̃.
Therefore, [ZE∪̃YE ]∩̃KE = [ZE∩̃KE ]∪̃[YE ∩̃KE ] = φ̃∪̃[YE∩̃KE] = YE∩̃KE = YE ,
since YE⊆̃KE. Similarly, if YE⊆̃KE orYE⊆̃HE . We can get, [ZE∪̃YE ]∩̃HE = ZE .
Now,

∩̃bSclτ [(ZE∪̃YE)∩̃KE ]⊆̃[(ZE∪̃YE)∩̃HE ]∩̃[bSclτ(ZE∪̃YE)∩̃bSclτKE ]

= [(ZE∪̃YE)]∩̃[bSclτKE∩̃HE ] = φ̃

and

bSclτ [(ZE∪̃YE)∩̃HE ]∩̃[(ZE∪̃YE)∩̃KE]⊆̃[bSclτ(ZE∪̃YE)∩̃bSclτHE ]∩̃[(ZE∪̃YE)∩̃KE ]

= [(ZE∪̃YE)]∩̃[bSclτHE∩̃KE ] = φ̃.

It follows that [ZE∪̃YE ]∩̃KE = ZE and [ZE∪̃YE ]∩̃HE = YE are soft b-separated,
which is a contradiction. Hence, ZE∪̃YE is soft b-connected relative to (X, τ, E).

Theorem 4.14. If for all pair of soft points xα, yβ∈̃X̃ with xα 6= yβ there exists

a soft b-connected set ZE⊆̃X̃ with xα, yβ∈̃ZE, then X̃ is soft b-connected.

Proof. Suppose that X̃ is soft b-disconnected. Then, X̃ = FE∪̃GE , for some
FE , GE soft b-separated sets. It follows that, FE ∩̃GE = φ̃. So, ∃ xα∈̃FE and
yβ∈̃GE . Since FE ∩̃GE = φ̃. Then, xα, yβ∈̃X̃ with xα 6= yβ. By hypothesis, there

exists a soft b-connected set ZE ⊆ X̃ with xα, yβ∈̃ZE . Moreover, we have ZE

is soft b-connected subset of a soft b-disconnected space. By Theorem 4.7, either
ZE⊆̃FE or ZE⊆̃GE , and both cases is a contradiction with the hypothesis. This
implies that, X̃ is soft b-connected.
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Definition 4.5. A soft set NE is said to be a soft b-neighborhood (briefly, soft
b-nbd.) of a soft point xe∈̃(X,E) if there exists a b-open soft set UE⊆̃NE such that
xe∈̃UE⊆̃NE .

Definition 4.6. A soft point xe∈̃X̃is called a soft b-limit point of a soft set FE if
every soft b-nbd UE of xe contains a point of FE other than xe.

Theorem 4.15. Let FE and GE be non-null disjoint soft sets of a soft topological
space (X, τ, E) and YE = FE∪̃GE . Then, FE and GE are soft b-separated if and
only if each of FE and GE is b-closed soft (b-open soft) with respect to YE .

Proof. Let FE and GE be soft b-separated sets. By Definition 3.1, FE contains
no soft b-limit points of GE . Then, GE contains all soft b-limit points of GE . It
follows that, FE∪̃GE also contains all soft b-limit points of GE and GE is b-closed
soft in YE . Therefore, GE is b-closed soft with respect to YE . Similarly, FE is
b-closed soft with respect to YE . The converse is clear from Theorem 4.14.

Theorem 4.16. The soft union of any family of soft b-connected sets having a
non-null soft intersection is soft b-connected set.

Proof. Assume that (Z, τZ , E) = (∪̃j∈JZj , τ∪̃j∈JZj
, E) is soft b-disconnected.

Then, ZE = FE∪̃GE , where FE , GE are soft b-separated sets on τZ . Since ∩̃j∈JZjE 6=

φ̃. Then, ∃ xα∈̃∩̃j∈JZjE . It follows that, xα∈̃ZE . So, either xα∈̃FE or xα∈̃GE .
Suppose that xα∈̃FE . Since xα∈̃ZjE ∀j ∈ J and ZjE⊆̃ZE . Thus, we have ZjE

is soft b-connected subset of a soft b-disconnected space. By Theorem 4.7, either
ZjE⊆̃FE or ZjE⊆̃GE ∀j ∈ J . If ZjE⊆̃FE ∀j ∈ J . Then, ZE⊆̃FE . This implies that,

GE = φ̃, which is a contradiction. Also, if ZjE⊆̃GE ∀j ∈ J . By a similar way, we

can get FE = φ̃, which is a contradiction. Thus, (Z, τZ , E) = (∪̃j∈JZj , τ∪̃j∈JZj
, E)

is soft b-connected soft subspace of (X, τ, E).

Proposition 4.1. Let {(Zj , τZj
, E) be a family of soft b-connected subspaces of

soft topological space (X, τ, E) such that one of the members of the family intersects
every other members, then (∪̃j∈JZj , τ∪̃j∈JZj

, E) is soft b-connected.

Proof. Let (Z, τZ , E) = (∪̃j∈JZj , τ∪̃j∈JZj
, E) and ZjoE ∈ {ZjE : j ∈ J} such

that ZjoE∩̃ZjE 6= φ̃ ∀j ∈ J . Then, ZjoE∪̃ZjE is soft b-connected ∀j ∈ J

from Theorem 4.16. Therefore, the collection {ZjoE∪̃ZjE : j ∈ J} is a collec-

tion of a soft b-connected subsets of X̃ , which having a non-null soft intersection.
Thus,(∪̃j∈JZj , τ∪̃j∈JZj

, E) is soft b-connected from Theorem 4.16.

Remark 4.2. For a soft topological space (X, τ, E), the following statements hold:

(1) Every soft β-connected set is soft b-connected.

(2) Every soft b-connected is soft pre-connected.

(3) Every b-connected is soft semi-connected.
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Definition 4.7. A soft topological space (X, τ, E) is said to be soft locally b-
connected at a soft point xα if every soft b-nbd of the soft point xα contains a soft
b-connected open nbd of xα. X̃ is said to be soft locally b-connected if it is soft
locally b-connected at each of its soft points.

Theorem 4.17. Every soft b-connected space is a soft locally b-connected space,
but the converse is not true in general.

Proof. Suppose that (X, τ, E) be a soft b-connected. Then, There is no proper
b-clopen soft set in (X, τ, E) from Theorem 4.1. Hence, ∀ xα∈̃X̃ ∃ X̃ ∈ τ which is
soft b-connected set such that xα∈̃X̃⊆̃X̃. Therefore, X̃ is soft locally b-connected.
On the other hand, the indiscrete soft topological space, is soft locally b-connected
but not soft b-connected.

Theorem 4.18. The soft b-component of a soft locally b-connected soft topological
space is b-open soft set.

Proof. Let (X, τ, E) be a soft locally b-connected , xα∈̃X̃ and S̃Cb be a soft
b-component of X̃ w.r.t xα. Since (X, τ, E) is a soft locally b-connected space.
Therefore, every b-open soft set containing xα contains a soft b-connected open
set GE containing xα. But, S̃Cb is the largest soft b-connected set containing xα.
Hence,xα∈̃GE⊆̃S̃Cb, i.e S̃Cb is a soft b-nbd of xα. Thus, S̃Cb is a soft b-nbd of
each of its points. This means that, S̃Cb is a b-open soft set.

Theorem 4.19. The property of soft locally b-connectedness is hereditary on b-
open soft subspaces.

Proof. Suppose that (Z, τZ , E) be a b-open soft subspace of a soft locally
b-connected topological space (X, τ, E) and let xα∈̃Z̃. Since X̃ is soft locally b-
connected. Then, ∃ GE ∈ τ such that GE is τ -soft b-connected subset of X̃ and

xα∈̃GE⊆̃Z̃. Since GE ∈ τ and GE is τ -soft b-connected set. Then, GE = GE ∩ ˜̃
Z ∈

τZ and GE ∩ Z̃ is τZ -soft b-connected subset of Z̃ by Theorem 4.6. So, Z̃ is soft
locally b-connected for each xα∈̃X̃. Hence, Z̃ is soft locally b-connected.

Theorem 4.20. The soft b-components of every b-open soft subspace of a soft
locally b-connected soft topological space are b-open soft.

Proof. Suppose that (Y, τY , E) be a b-open soft subspace of a soft locally b-
connected soft topological space (X, τ, E), let S̃Cb be a soft b-component of Ỹ .
Since X̃ is soft locally b-connected, then Ỹ is soft locally b-connected by Theorem
4.19. By Theorem 4.18 we get the proof.

Definition 4.8. A soft topological space (X, τ, E) is said to be soft b-hyperconnected
if and only if every pair of non-null proper b-open soft sets FE , GE , has a non-null
soft intersection, i.e (X, τ, E) is said to be soft b-hyperconnected if and only if for
each FE , GE ∈ BOS(X), we have FE∩̃GE 6= φ̃.



Soft Connected Properties and Irresolute Soft Functions Based on -Open Soft Sets 961

Theorem 4.21. Every soft b-hyperconnected soft topological space is soft b-connected.

Proof. Suppose that (X, τ, E) be a soft b-disconnected soft topological space.
Then, there exists a proper b-clopen soft set FE . Then, FE , F

c
E ∈ BOS(X) such

that FE∩̃F
c
E = φ̃. Hence, X̃ is not soft b-hyperconnected, which is a contradiction.

Thus, (X, τ, E) is soft b-connected.

Remark 4.3. The converse of Theorem 4.21 is not true in general, as shown in
the following example.

Example 4.2. Let X = {h1, h2, h3, h4}, E = {e1, e2} and τ = {X̃, φ̃, F1E , F2E , F3E}
where F1E , F2E , F3E are soft sets over X defined as follows:
F1(e1) = {h1}, F1(e2) = {h2},
F2(e1) = {h2, h3}, F2(e2) = {h1, h3},
F3(e1) = {h1, h2, h3}, F3(e2) = {h1, h2, h3}.
Then, τ defines a soft topology on X. Hence, the space (X, τ, E) is soft b-connected but
not soft b-hyperconnected.

Definition 4.9. A soft subset FE of a soft topological space (X, τ, E) is said to
be soft b-dense if bScl(FE) = X̃ .

Corollary 4.4. A soft topological space (X, τ, E) is said to be a soft b-hyperconnected
if every non-null open soft set FE is soft b-dense.

Theorem 4.22. If (X, τ, E) is soft b-hyperconnected soft topological space, then
(X, τ, E) is soft hyperconnected.

Proof. Immediate.

Remark 4.4. The converse of Theorem 4.22 is not true in general, as shown in
the following example.

Example 4.3. Let X = {a, b}, E = {e1, e2} and τ = {X̃, φ̃, F1E , F2E , F3E , F4E , F5E}
where F1E , F2E , F3E , F4E , F5E are soft sets over X defined as follows:
F1(e1) = X, F1(e2) = {b},
F2(e1) = {a}, F2(e2) = X,
F3(e1) = {a}, F3(e2) = {b},
F4(e1) = {a}, F4(e2) = {a},
F5(e1) = {a}, F5(e2) = φ.
Then, τ defines a soft topology on X. Hence, the space (X, τ,E) is soft hyperconnected,
but not soft b-hyperconnected.

Theorem 4.23. . If (X, τ, E) is soft b-hyperconnected soft topological space, then
(X, τ, E) is connected.

Proof. Immediate by Remark 4.1 and Theorem 4.21.
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Corollary 4.5. The following implications hold from Theorems 4.21, 4.22, 4.23
and [Corollary 3.3, [16]] for a soft topological space (X, τ, E).

(X, τ, E) is soft b-hyperconnected ⇒ (X, τ, E) is soft hyperconnected
⇓ ⇓

(X, τ, E) is soft b-connected ⇒ (X, τ, E) is soft connected

5. Irresolute soft functions via b-open soft sets

In this section, we introduce a new type of soft functions called b-irresolute soft
function as a generalization to the b-continuous soft functions and obtain some of
their properties and characterizations.

Definition 5.1. Let (X, τ1, A) and (Y, τ2, B) be soft topological spaces and fpu :
SS(X)A → SS(Y )B be a function. Then, The function fpu is called b-irresolute
soft if f−1

pu (GB) ∈ BOS(X)∀ GB ∈ BOS(Y ).

Theorem 5.1. Every b-irresolute soft function is b-continuous soft.

Proof. Straightforward.

Remark 5.1. The converse of Theorem 5.1 is not true in general, as shown in the
following example.

Example 5.1. Let X = {a, b, c}, Y = {x, y, z}, A = {e1, e2} and B = {k1, k2}. Define
u : X → Y and p : A → B as follows:
u(a) = x, u(b) = z , u(c) = y,
p(e1) = k2, p(e2) = k1. Let (X, τ1, A) be a soft topological space over X where,
τ1 = {X̃, φ̃, FA}, where FA is a soft set over X defined as follows:
F (e1) = {b}, F (e2) = {a}.
Let (Y, τ2, B) be a soft topological space over Y where,
τ2 = {Ỹ , φ̃, GB}, where GB is a soft set over Y defined by:
G(k1) = {x}, G(k2) = {x, z}.
Let fpu : (X, τ1, A) → (Y, τ2, B) be a soft function. Then, f−1

pu (GB) = {(e1, {a, b}), (e2, {a})}
is a b-open soft set over X. Hence, fpu is a b-continuous soft function. On the other hand,
the soft set HB, where HB is a soft set over Y defined by:
H(k1) = {y, z}, G(k2) = {x, y}.
Then, HB is b-open soft set in Y . Also, f−1

pu (HB) = {(e1, {a, c}), (e2, {b, c})} is not b-open
soft set over X. Therefore, fpu is not b-irresolute soft function.

Theorem 5.2. Let (X, τ1, A) and (Y, τ2, B) be soft topological spaces. Let u :
X → Y and p : A → B be a mappings. Let fpu : SS(X)A → SS(Y )B be a
function.Then, the following are equivalent:

(1) fpu is b-irresolute soft function.



Soft Connected Properties and Irresolute Soft Functions Based on -Open Soft Sets 963

(2) f−1
pu (HB) ∈ BCS(X) ∀ HB ∈ τc2 .

(3) fpu(bSclτ1(GA))⊆̃bSclτ2(fpu(GA)) ∀ (GA) ∈ SS(X)A.

(4) bSclτ1(f
−1
pu (HB))⊆̃f−1

pu (bSclτ2(HB)) ∀ HB ∈ SS(Y )B.

(5) f−1
pu (bSintτ2(HB))⊆̃bSintτ1(f

−1
pu (HB)) ∀ HB ∈ SS(Y )B .

Proof.

(1) ⇒ (2) Let HB ∈ τc2 . Then, Hc
B ∈ τ2 and f−1

pu (Hc
B) ∈ BOS(X) from Defi-

nition 5.1. Since f−1
pu (Hc

B) = (f−1
pu (HB))

c from [[30], Theorem 3.14]. Thus,
f−1
pu (HB) ∈ BCS(X).

(2) ⇒ (3) LetGA ∈ SS(X)A. SinceGA⊆̃f−1
pu (fpu(GA))⊆̃f−1

pu (bSclτ2(fpu(GA))) ∈

BCS(Y ) from (2) and [[30], Theorem 3.14]. Then, GA⊆̃bSclτ1(GA)⊆̃f−1
pu (bSclτ2

(fpu(GA))). Hence,

fpu(bScl(GA))⊆̃fpu(f
−1
pu (bSclτ2(fpu(GA))))⊆̃bSclτ2(fpu(GA)))

from [[30], Theorem 3.14]. Thus, fpu(bSclτ1(GA))⊆̃bSclτ2(fpu(GA)).

(3) ⇒ (4) Let HB ∈ SS(Y )B and GA = f−1
pu (HB). Then,

fpu(bSclτ1(f
−1
pu (HB)))⊆̃bSclτ2(fpu(f

−1
pu (HB))) From (3). Hence,

bSclτ1(f
−1
pu (HB))⊆̃f−1

pu (fpu(bSclτ1(f
−1
pu (HB))))

⊆̃f−1
pu (bSclτ2(fpu(f

−1
pu (HB))))⊆̃f−1

pu (bSclτ2(HB))

from [[30], Theorem 3.14]. Thus, bSclτ1(f
−1
pu (HB))⊆̃ f−1

pu (bSclτ2(HB)).

(4) ⇒ (2) Let HB be a closed soft set over Y . Then,

bSclτ1(f
−1
pu (HB))⊆̃f−1

pu (bSclτ2(HB))

= f−1
pu (HB) = f−1

pu (HB) ∀ HB ∈ SS(Y )B

from (4), but clearly
f−1
pu (HB)⊆̃bSclτ1(f

−1
pu (HB)). This means that

f−1
pu (HB) = bSclτ1(f

−1
pu (HB)) ∈ BCS(X).

(1) ⇒ (5) Let HB ∈ BOS(Y ). Then, f−1
pu (bSintτ2(HB)) ∈ BOS(X) from (1).

Hence, f−1
pu (bSintτ2(HB)) = bSintτ1(f

−1
pu bSintτ2(HB))⊆̃bSintτ1 (f−1

pu (HB)).

Thus, f−1
pu (bSintτ2(HB))⊆̃bSintτ1(f

−1
pu (HB)).

(5) ⇒ (1) Let HB ∈ BOS(Y ). Then, bSintτ2(HB) = HB and

f−1
pu (bSintτ2(HB)) = f−1

pu ((HB))⊆̃bSintτ1(f
−1
pu (HB))
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from (5). But, we have
bSintτ1(f

−1
pu (HB))⊆̃f−1

pu (HB). This means that,

bSintτ1(f
−1
pu (HB)) = f−1

pu (HB) ∈ BOS(X).

Thus, fpu is b-irresolute soft function.

Theorem 5.3. Let (X1, τ1, A) and (X2, τ1, B) be soft topological spaces, fpu :
(X1, τ1, A) → (X2, τ2, B, ) be a surjective b-irresolute soft function and FB , GB

are soft b-separated sets in X2, then f−1
pu (FB), f

−1
pu (GB) are soft b-separated sets in

X1.

Proof. Let FB, GB be soft b-separated sets in X2. Then, FB∩̃bScl(GB) =
φ̃B and bScl(FB)∩̃GB = φ̃B. Since bSclτ1(f

−1
pu (HB))⊆̃f−1

pu (bSclτ2(HB)) ∀ HB ∈
SS(X2)B from Theorem 5.2 (4). It follows that

f−1
pu (GB)∩̃bSclτ1(f

−1
pu (HB))⊆̃f−1

pu (GB)∩̃f
−1
pu (bSclτ2(HB))

= f−1
pu [GB∩̃bSclτ2(HB)] = f−1

pu (φ̃B) = φ̃A.

By a similar way, we have f−1
pu (HB)∩̃bSclτ1(f

−1
pu (GB)) = φ̃A. Therefore,

f−1
pu (FB), f

−1
pu (GB) are soft b-separated sets in X1.

Theorem 5.4. Let (X1, τ1, A) and (X2, τ1, B) be soft topological spaces and fpu :
(X1, τ1, A) → (X2, τ2, B, ) be a bijective b-irresolute soft function. If GA is soft
b-connected in X1, then fpu(GA) is soft b-connected in X2.

Proof. Suppose that fpu(GA) is not soft b-connected in X2. Then, fpu(GA) =
MB∪̃NB for some soft b-separated sets MB, NB of fpu(GA) in X2 from Theorem
4.1. By Theorem 5.3, f−1

pu (MB) and f−1
pu (NB) are soft b-separated in X1. Since fpu

is bijective soft function. So, GA = f−1
pu (fpu(GA)) = f−1

pu (MB)∪̃f
−1
pu (NB). It follows

that, GA is not soft b-connected in X1, which is a contradiction. Thus, fpu(GA) is
soft b-connected in X2.

Corollary 5.1. Let (X1, τ1, A) and (X2, τ1, B) be soft topological spaces and fpu :
(X1, τ1, A) → (X2, τ2, B, ) be a surjective b-irresolute soft function. If X1 is soft
b-connected space, then so X2.

Proof. Follows from Theorem 5.4.

Theorem 5.5. Let (X1, τ1, A) and (X2, τ1, B) be soft topological spaces and fpu :
(X1, τ1, A) → (X2, τ2, B, ) be a surjective b-continuous soft function. If GA is soft
b-connected in X1, then fpu(GA) is soft connected in X2.

Proof. The proof is similar to the proof of Theorem 5.4.

Corollary 5.2. Let (X1, τ1, A) and (X2, τ1, B) be soft topological spaces and fpu :
(X1, τ1, A) → (X2, τ2, B, ) be a surjective b-continuous soft function. If X1 is soft
b-connected space, then X2 is soft connected.

Proof. Follows from Theorem 5.5.
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6. Conclusion

In the present paper, we introduce and study the notion of connectedness to soft
topological spaces by using the notion of b-open soft sets. We study the notions
of soft b-connected sets, soft b-separated sets in soft topological spaces and have
established several interesting properties. Further, we introduce the notion of b-
irresolute soft functions as a generalization to the b-continuous soft function and
study their properties in detail. Finally, we show that the surjective b-irresolute
soft image of soft b-connected space is also soft b-connected. Our next step is to
generalize these notions by using the soft ideal notions [17].
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