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Abstract. In this paper, we introduce another application on the b-open soft sets [10],
by studying the notion of connectedness based on it. We give basic definitions and
theorems about it. Further, we introduce the notion of b-irresolute soft functions as a
generalization of the b-continuous soft functions and study their properties in detail.
Finally, we show that the surjective b-irresolute soft image of soft b-connected space is
also soft b-connected.
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1. Introduction

Theories such as theory of vague sets and theory of rough sets are considered
as mathematical tools for dealing with uncertainties. But these theories have their
own difficulties. The concept of soft sets was first introduced by Molodtsov [25] in
1999 as a general mathematical tool for dealing with uncertain objects in order to
solve complicated problems in economics, engineering and other disciplines.

After presentation of the operations of soft sets [24], the properties and applica-
tions of soft set theory have been studied increasingly 7, 26, 27]. To develop soft set
theory, the operations of the soft sets are redefined and a uni-int decision making
method was constructed by using these new operations [9].

Recently, in 2011, Shabir and Naz [29] initiated the study of soft topological spaces.
They defined soft topology on the collection 7 of soft sets over X. Consequently,
they defined basic notions of soft topological spaces such as open soft and closed
soft sets, soft subspace, soft closure, soft nbd of a point, soft separation axioms,
soft regular spaces and soft normal spaces and established their several properties.
Hussain and Ahmad [13] investigated the properties of open (closed) soft, soft nbd
and soft closure. They also defined and discussed the properties of soft interior,
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soft exterior and soft boundary which are fundamental for further research on soft
topology and will strengthen the foundations of the theory of soft topological spaces.

It got some stability only after the introduction of soft topology [29] in 2011. In
[14], Kandil et al. introduced some soft operations such as semi-open soft, pre-open
soft, a-open soft and S-open soft and investigated their properties in detail. Kandil
et al. [21] introduced the notion of soft semi-separation axioms. The notion of soft
ideal was initiated for the first time by Kandil et al. [17]. They also introduced
the concept of soft local function. These concepts are discussed with a view to
find new soft topologies from the original one, called soft topological spaces with
soft ideal (X, 7, E, I ). Applications to various fields were further investigated by
Kandil et al.[15, 16, 18, 19, 20, 22]. The notion of supra soft topological spaces was
initiated for the first time by El-sheikh and Abd El-latif [11], which is extended in
[3]. The notion of b-open soft sets was initiated in [6, 10] and extended in [28]. An
applications on b-open soft sets were introduced in [1, 12].

In this paper, we introduce and study the notion of connectedness based on
the notion of b-open soft sets and give basic definitions and theorems about it.
Further, we introduce the notion of b-irresolute soft functions as a generalization
to the b-continuous soft function and study their properties in detail. Finally, we
show that the surjective b-irresolute soft image of soft b-connected space is also soft
b-connected.

2. Preliminaries

Definition 2.1. [25] Let X be an initial universe and F be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A pair
(F, A) denoted by F4 is called a soft set over X | where F is a mapping given by
F: A — P(X). In other words, a soft set over X is a parameterized family of
subsets of the universe X. For a particular e € A , F(e) may be considered the set
of e-approximate elements of the soft set (F, A) and if e & A, then F(e) = ¢ i.e
Fys={(e,F(e)):ec ACE, F:A— P(X)}. The family of all these soft sets
denoted by SS(X)4.

Definition 2.2. [29] Let Fig be a soft set over X and z € X. We say that = € Fg
read as x belongs to the soft set Fg whenever z € F(e) for all e € E.

Definition 2.3. [29] Let 7 be a collection of soft sets over a universe X with a
fixed set of parameters E, then 7 C SS(X)g is called a soft topology on X if

(1) X, ¢ € 7, where gi;(e) =¢and X(e) = X, Ve € E,
(2) the union of any number of soft sets in 7 belongs to 7,

(3) the intersection of any two soft sets in 7 belongs to 7.
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The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.4. [7, 13] The complement of a soft set Fy4, denoted by F§, F€ :
A — P(X) is mapping given by F(e) = X — F(e), Ve € A and F€ is called the
soft complement function of F'. Also, F4 is said to be closed soft set in X, if its
relative complement F§ is open soft set.

Definition 2.5. [13] Let(X, 7, E) be a soft topological space. The members of 7
are said to be open soft sets in X. We denote the set of all open soft sets over X by
OS(X,, E), or when there can be no confusion by OS(X) and the set of all closed
soft sets by CS(X, 1, E), or CS(X).

Definition 2.6. [29] Let (X, 7, E) be a soft topological space and F4 € SS(X)Eg.
The soft closure of Fy4, denoted by cl(F4) is the intersection of all closed soft super
sets of Fa. Clearly cl(Fa) is the smallest closed soft set over X which contains F4
ie

cl(Fa) = "{H¢ : He is closed soft set and FACHY).

Definition 2.7. [30] Let (X, 7, E) be a soft topological space and F4 € SS(X)E.
The soft interior of G, denoted by int(Gp) is the union of all open soft subsets of
Gp. Clearly int(Gp) is the largest open soft set over X which contained in Gp i.e
int(Gp) = O{Hc : He is an open soft set and HoCGR}).

Definition 2.8. [30] The soft set Fz € SS(X)g is called a soft point in X if there

exist x € X and a € E such that F(«) = {z} and F(a®) = ¢ for each o € E—{a},
and the soft point Fg is denoted by z,,.

Definition 2.9. [30] The soft point z, is said to be belonging to the soft set G 4,
denoted by z,EG 4, if for the element a € A, F(a) C G(a).

Definition 2.10. [29] Let (X, 7, FE) be a soft topological space, Fr € SS(X)g
and Y be a non-null subset of X. Then the sub-soft set of Fr over Y denoted by
(Fy, E), is defined as follows:

Fy(e) =Y NF(e) Ve € E.
In other words (Fy, E) = YAFg.

Definition 2.11. [29] Let (X, 7, E) be a soft topological space and Y be a non-null
subset of X. Then,

Ty:{(Fy,E):FEET}

is said to be the soft relative topology on Y and (Y, 7y, E) is called a soft subspace
of (X,7, E).
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Theorem 2.1. [29] Let (Y, 7y, E) be a soft subspace of a soft topological space
(X, 7, E) and Fg € SS(X)g. Then,

(1) If Fg is open soft set in Y andY € 7, then Fg € 7.
(2) Fg is open soft set in'Y if and only if Fg = YOGg for some Gg € 7.

(3) Fg is closed soft set in'Y if and only if Fg = YAHpg for some Hg is T-closed
soft set.

Definition 2.12. [6, 10] Let (X, 7, E') be a soft topological space and F € SS(X)g.
Then, Fg is called a b-open soft set if FrCecl(int(Fg))Jint(cl(Fg)). The set of all
b-open soft sets is denoted by BOS(X, 1, E), or BOS(X) and the set of all b-closed
soft sets is denoted by BCS(X, 7, E), or BCS(X).

Definition 2.13. [6, 10] Let (X, 7, E') be a soft topological space and F € SS(X)g.
Then, the b-soft interior of Fg is denoted by bSint(Fg)), where bSint(Fg)) =
U{Gpg : GeCFg, Gy € BOS(X)}.

Also, the b-soft closure of F is denoted by bScl(Fg)), where bScl(Fg)) = N{Hg :

Definition 2.14. [28] The soft b-boundary of a soft set Fiz, denoted by b-Sbd(Fg),
and is defined as b-Sbd(Fg) = bScl(Fg)NbScl(Fg) = bScl(Fg) — bSint(Fg).

Definition 2.15. [5] Let SS(X)g and SS(Y)x be two soft classes, u : X — Y
and p : E — K be mappings. Then, the mapping f,, : SS(X)g — SSY )k is
defined as: for a soft set (F, A) in SS(X)g, (fpu(F,A),B), B=p(A) C K, is a soft
set in SS(Y)x given by

fou(F, A)(0) = w(Uaep-15)na F(a))

for b€ B C K. (fpu(F,A),B) is called a soft image of a soft set (F, A). If B = K,
then we shall write (fpu(F,A),K) as fpu(F,A). The soft function f,, is called
surjective (resp. injective) if p and wu are surjective (resp. injective).

Definition 2.16. [5] Let fp, : SS(X)g — SS(Y)k be a mapping from a soft
class SS(X)g to another soft class SS(Y)k, and (G,C) be a soft set in the soft
class SS(Y)k, where C C K. Let u: X — Y and p: F — K be mappings. Then,
(fpu' (G,C),D), D =p~'(C) C K, is a soft set in the soft class SS(X)g, defined
as:

fpl (G.C)(b) = u™H(G(p(a)))

fora e D CE. (f,}(G,C), D) is called a soft inverse image of (G, C). Hereafter

s

we shall write (f,,/(G,C),E) = f,,}(G,C).
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Definition 2.17. [10, 30] Let (X, 71, FE) and (Y, 72, K) be soft topological spaces
and fpy : SS(X)g — SS(Y)k be a function. Then, the function f,, is called

(1) Continuous soft if f,,'(Gk) € 11 V Gk € 7.

(2) Open soft if fp,(Gg) € 2V Gg € 7.

(8) Closed soft if f,,(Gg) € 5V GE € 71.

(4) b-Continuous soft if f,.'(Gx) € BOS(X)V Gk € 7.

Definition 2.18. [23] A non-null soft subsets Fg, Gg of a soft topological space
(X, 7, E) are said to be soft separated sets if ¢l(Fp) Gg = FpNc(Gg) = ¢. A soft
topological space (X, 7, F) is said to be soft connected if and only if X can not ex-
pressed as the soft union of two soft separated sets in (X, 7, F'), which equivalent to,
X can not expressed as the soft union of two open soft sets in (X, 7, E). Otherwise,

(X, 7, E) is said to be soft disconnected.

Definition 2.19. [16] A soft topological space (X, 7, F) is said to be soft hypercon-
nected if and only if every pair of non null proper open soft sets Fg, Gg, has a non
null soft intersection, i.e (X, 7, F) is said to be soft hyperconnected iff VFg,Gg € T
we have FENGg # ¢.

Definition 2.20. [8] Let (X, 7, E) be a soft topological space. A soft semi sep-
aration on X is a pair of non-null proper semi open soft sets Fr,Gg such that
FeNGg = ¢ and X = FpUGE. A soft topological space (X, 7, E) is said to be soft
semi connected if and only if there is no soft semi separations on X. Otherwise,
(X, 7, E) is said to be soft semi disconnected.

Definition 2.21. [2] Let (X, 7, E) be a soft topological space. A soft - (resp.
pre-) separation on X is a pair of non-null proper - (resp. pre-) open soft sets
Fg,Gg such that FgNGg = ¢ and X = FgUGg. A soft topological space (X, 7, E)
is said to be soft 8- (resp. pre-) connected if and only if there is no soft 8- (resp.
pre-) separations on X. Otherwise, (X,7, F) is said to be soft - (resp. pre-)
disconnected.

3. Soft b-separateness

In this section, we will research the notion of soft b-separated sets in soft topo-
logical spaces and study its basic properties in detail.

Definition 3.1. Two non-null soft sets Gg and Hg of a soft topological space
(X, 7, E) are said to be soft b-separated sets if G gbScl(Hg) = ¢ and bScl(Gg)NHg
¢. Obviously, from the fact that bel(Fg)Cel(Fg) for each soft set Fy € SS(X)g,
every soft separated set is soft b-separated. But, the converse may not be true as

shown in the following example.
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Example 3.1. Let X = {hl, ha, hs, h4}, FE = {61,62}, T = {X,Qg, FlE,FzE,F;gE}, where
Fig, Fog, F3E are soft sets over X defined by:

Fi(er) ={hi}, Fi(e2) ={h},

Fy(er) = {h2}, Fa(e2) = {ha},

Fs(e1) = {h1,h2}, Fs(e2) = {h1, ha}.

The soft sets Hg and G, which defined by:

H(ei) ={h1}, H(e2) ={h},

G(e1) = {hs,ha}, G(e2) ={hs,ha}, are soft b-separated but not soft separated.

Definition 3.2. A soft set Fg of a soft topological space (X, 7, F) is said to be
b-clopen soft set if it is both b-open soft set and b-closed soft set.

Proposition 3.1. (1) FEach two soft b-separated sets are always disjoint

(2) Each two disjoint soft sets, in which both of them either b-open soft sets or
b-closed soft sets, are soft b-separated.

Proof. Clear from Definition 3.1.

Theorem 3.1. Let Gg and Hg be non-null soft sets of a soft topological space
(X, 7,E). Then, the following statements hold:

(1) If Gg and Hg are soft b-separated, G1pCGr and HipCHpg, then Gig and
Hig are soft b-separated sets.

(2) If Gg and Hg are b-open soft sets, Ug = GpN(X — Hg) and Vg = HpN\(X —
GE), then Ug and Vg are soft b-separated sets.

Proof.
(1) Since G1gCGE. Then, bScl(G1g)CbScl(GE). Hence,
HypMbScl(G1g)CHpMbScl(GE) = ¢.
Similarly, Gy gNbScl(H ) = gz~5 Thus, G1g and Hy g are soft b-separated sets.

(2) Let Gg and Hg be b-open soft sets. Then, (X - Gg) and (X - Hp) are b-closed
soft sets. Assume that, Ug = GEﬁ(X HE) and Vg = HEﬂ(X GE) Then,
UEC(X HE) and VEC(X GE) Hence, bSCl(UE) (X HE) (X VE)
and bScl(Vp)CX — GpC(X — Ug). Consequently, bScl(Ug)\Wg = ¢ and
bScl(Vg)NUg = ¢Z Therefore, Ug and Vg are soft b-separated sets.

Theorem 3.2. Any two soft sets Gg and Hg of a soft topological space (X, 7, E)
are soft b-separated sets if and only if there exist b-open soft sets Ug and Vg such
that GECUE, HECVE and GEQVE = ¢, HEQUE = ¢

Proof. Let Gg and Hg be soft b-separated sets. Then GgNbScl(Hg) = $ and
bScl(Gg)NHg = 6. Let Vg = X — bS’cl(GE) and Ug = X—bScl(Hg). Thus, Ug and
Vg are b-open soft sets such that GgCUg, HpC Vg, GeNVy =¢ and HpNUg = ¢
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On the other hand, let Ug, Vi be b-open soft sets such that GECUE, HrCVg and

GpNVg = ¢, HEﬁUE = ¢. Slnce (X VEg) and (X UE) are b- closed soft sets.

Thus, bScl(GE)ﬁHE = gb and bScl(HE)ﬁGE = ¢. This means that, GE and HE
are soft b-separated sets.

4. Soft b-connectedness

In this section, we will research the notion of soft b-connectedness in soft topo-
logical spaces be means of b-open soft sets, b-closed soft sets, soft -separated sets
and study its basic properties.

Definition 4.1. Let (X, 7, E) be a soft topological space. A soft b-separation of
X is a pair of non-null proper b-open soft sets in 7 such that FeNGg = ¢ and
X = FgUGE.

Definition 4.2. A soft topological space (X, 7, E) is said to be b-soft connected
if and only if there is no soft b-separations of X. If (X, 7, F) has such soft b-
separations, then (X, 7, E) is said to be soft b-disconnected.

Theorem 4.1. Let (X, 7, E) be a soft topological space , then the following state-
ments are equivalent:

(1) X is soft b-connected.
(2) X cannot be expressed as a soft union of two non-null disjoint b-open soft sets.

(3) X cannot be expressed as a soft union of two mon-null disjoint b-closed soft
sets.

(4) There is no proper b-clopen soft set in (X, T, E).

(5) X cannot be expressed as a soft union of two non-null b-separated soft sets.
Proof.

(1) & (2) It is obvious from Definition 4.2.

(2) = (3) Suppose that X = FrUGg for some b-closed soft sets Fiz and G such
that FENGE = (b Then, Fr = (Gg)¢ which is b-open soft set, X = GrUGS%
and GgNGY = ¢, which is a contradiction with (2).

(3) = (4) Suppose that there is a proper b-clopen soft subset Fg of X. Then,
F¢ is b-clopen soft set, where X = FgUFS and FgNF§ = ¢, which is a
contradiction with (3).
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(4) = (3) Suppose that X = FgUGE for some b-closed soft sets Fz and G such
that FgNGg = ¢. Then, Fp = G4 and Gg = F§. Thus, Fg and Gg are
proper b-clopen soft sets, which is a contradiction with (4).

(3) = (5) Suppose that X = HzUG g for some b-separated soft sets Hg and G.
Then, GgNbScl(Hg) = ¢ and bScl(Gg)NHg = ¢. Tt follows that, HpNGp =
¢. Hence, Hp = G% and G = H§. Therefore, bScl(Hg)CGS, = Hp and
bScl(Gp)CHE = Gg. But, HgCbScl(Hg) and GgCbScl(Gg). Thus, Hg
and G are b-closed soft sets, which is a contradiction with (3).

(5) = (1) Suppose that X = FrUGg for some b-open soft sets Fz and G such
that FeNGg = ¢. Then, Fg = G4 and Gg = F§. Thus, Fg and G are
b-clopen soft sets. Hence, Fg and Gg are b-separated soft sets, which is a
contradiction with (5).

Corollary 4.1. Let (X,7,E) be a soft topological space, then the following state-
ments are equivalent:

(1) X is soft b-connected.

(2) IfX = FgUGE for some b-open soft sets Fp and G such that FpNGE = g?)
Then, either Fg = ¢ or Gg = ¢.

(3) If X = FgUGE for some b-closed soft sets Fp and G such that FgNGp = .
Then, either Fgp = ¢ or Gg = ¢.

Proof. Obvious from Theorem 4.1.

Definition 4.3. A soft subset F of a soft topological space (X, 7, E) is soft b-
connected, if it is soft b-connected as a soft subspace. In other words, a soft subset
Fg of a soft topological space (X, 7, F) is said to be soft b-connected relative to
X if there is not exist two soft b-separated subsets Hp and G relative to X and
Frp = HgUGE. Otherwise, F is said to be soft b-disconnected.

Remark 4.1. Fach soft disconnected set is soft b-disconnected, but not conversely
as shown in the following examples.

Example 4.1. (1) In Example 3.1, the soft set G, where
G(e1) = {h1,hs,ha}, G(e2) = {h1,hs,ha}, is soft connected set, but not soft
b-connected.

(2) Any soft space with the indiscrete soft topology is soft connected, but not soft b-
connected, because the family of b-open soft sets establish a discrete soft topology.

Corollary 4.2. Let (X, 11, FE) and (X, 12, E) be soft topological spaces and o C 1.
If (X, 71, E) is soft b-connected, then (X, 12, E) is soft b-connected.

Proof. Tt is Obvious.
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Definition 4.4. Let (X, 7, E) be a soft topological space and ZgCX with x €
Zp. Then, the soft b-component of Zgp w.r.t. z, is the maximal of all soft b-

cgnnected subspaces of (Z, 7z, F) containing z, and denoted by S~Cb[Z B, o) OF
SCy(Zg,xa) for short, i.e

Sbb(ZE,xa) =U0{YgCZp : 24 € Yg, Yg is soft b-connected}.

Theorem 4.2. Every soft b-component of a soft topological space (X, T, FE) is a
mazimal soft b-connected subset of X .

Proof. 1Tt is obvious from Definition 4.4.

Corollary 4.3. The soft topological space (X, T, E) is soft b-connected if and only
if it is a soft b-component on X.

Proof. 1t is clear.

Theorem 4.3. If the non-null soft sets Gg and Hg of a soft topological space
(X, 7, E) are soft b-separated, then (GgUHE) is soft b-disconnected.

Proof. Let Gg and Hg be non-null soft b-separated sets, then there ex-
ist b-open soft sets Ug and Vg such that GgCUg, HgCVg and GgNVg = ¢Z,
HpNUg = ¢ follows immediately from Theorem 3.2. Hence, (GgUHE)NUg = Gg
and (GgUHE)NVE = Hg. Consequently, GgUHg is soft b-disconnected.

Next, we characterized soft b-connectedness in terms of soft boundaries as fol-
lows:

Theorem 4.4. A soft topological space (X, T, E) is soft b-connected if and only if
every non-null proper subset has a non-null soft b-boundary.

Proof. Let (X,7,E) be soft b-disconnected, then (X, 7, E) has a proper b-
clopen soft set Fi. Then, bScl(Fr) = Fr = bSint(Fg) = X — bScl(X — Fg).
Therefore, b-Sbd(Fg) = bScl(Fg)NbScl(X — Fg) = ¢. Therefore, F has an empty
soft b-boundary.

Conversely, suppose that a non-null proper soft subset Fr has an empty soft b-
boundary. Then, b-Sbd(Fg) = bScl(Fg)NbScl(X — Fg) = ¢. Consequently,
bScl(Fg)C[X —bScl(X —Fg)] = bSint(Fg), and thus FgCbScl(Fg)CbSint(Fr)CFg.
Thus, F'g is a proper b-clopen soft set and consequently, (X, 7, E) is soft b-disconnected.

Theorem 4.5. Let (Z,7z, F) be a soft subspace of a soft topological space(X, T, E)

and FlE,FQEéZEéX. Then, Fig, Fop are soft b-separated on 7z if and only if
g, Fop are soft b-separated on 7.

_ Proof. Suppose that Fig, Fop are soft b-separated on 77 < bScl,, FlEﬁEgE =
(b and FlEﬁbSCl-,—ZFgE == (b 54 [bSClTFlgﬁZE]ﬁFQE = bSClTFlEﬁFQE = (b and
[bScl FopNZE|NFig = bScl-FopNFig = ¢ < Fig, Fag are soft b-separated on 7.
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Theorem 4.6. Let Zg be a soft subset of a soft topological space (X, 7, E). Then,
Z g is soft b-connected relative to (X, 1, E) if and only if it is soft b-connected relative
to (Z, TZ, E)

Proof. Suppose that Zg is soft b-disconnected relative to (Z,72, F) & Zg =
FigUFy g, where Figp and Fbp are soft b-separated on 7, & Zp = FigUFhy,
where Fip and Fbop are soft b-separated on 7z from Theorem 4.5 & Zg is soft
b-disconnected relative to (X, 1, E).

Theorem 4.7. Let (Z,72,E) be a soft b-connected subspace of a soft topological
space (X,7,E) and Fg, Gg are soft b-separated sets off( with ZgCFUGE, then
either ZpCFg or ZpCGE.

Proof.  Let ZpCFrUGE for some soft b-separated sets Fgp, Gg on 7. Since
¢. Also, bScl(ZeNFp)J(ZeNGE)Cel(Fp)NGp = ¢. If ZgNFg and ZpNGp
are non-null soft sets. Then, Zg is soft b-disconnected, which is a contradiction
with the hypothesis. Thus, either ZpNFg = ¢ or ZgNGg = ¢. It follows that,
ZE = ZEﬁFE or ZE = ZEﬁGE Therefore, ZEQFE or ZEQGE

Theorem 4.8. The soft b-closure of a soft b-connected set is soft b-connected.

Proof.  Assume that, bScl(Fg) is soft b-disconnected. Then, there are two non-
null soft b-separated sets Gg and Hg such that bScl(Fg) = GgUHEg. Since Fg is
soft b-connected. By using Theorem 4.7, either FrCGp or FgCHg. If FECGg,
then bScl(FpCbScl(Gg) and so bScl(FENHg = ¢. But, HgCbScl(Fg). Therefore,
Hgp = gz~5 which is a contradiction. Similarly, if FrCHp, we can get G = gi;, which
is also a contradiction. Consequently, bScl(Fg) is soft b-connected.

Theorem 4.9. Every soft b-component of a soft topological space (X, T,E) is b-
closed soft set.

Proof. Tt is obvious from Definition 4.4 and from the fact that the soft b-closure
of a soft b-connected set is a soft b-connected.

Theorem 4.10. Let (X, 7, E) be a soft topological space. Then:

(1) FEach soft point o €X is contained in exactly one soft b-component of X.

(2) Any two soft b-components w.r.t. two different soft points are either disjoint
or identical.

Proof.

(1) Let 2o €X and consider the collection SC, = {ZEQX : 2o €ZE, Zg is soft
b-connected}. Then, we have:

(a) SC, # ¢, for the soft point z,, is a soft b-connected subset of X containing
ZTo. Then, z, € SC,.
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(b) ﬁ{ZEéX 1 X0€ZE 1 Zp is soft b-connected} # ¢. Since 2,25 VZp €
SCh.

(c) The soft set CJ{ZEQX i o€ZE, Zg is soft b—connegted}, having a non-
null soft intersection, is soft b-connected subset of X containing z.

(d) O{ZpCX : - 2a€Zp, Zp is soft b-connected} is the largest soft b-connected
subset of X containing x,, which is the soft b-component S C’b(X Zq) Of
X wor.t o and containing x, from Definition 4.4.

Now, suppose S~CZ()~( , T ) be another soft b-component containing x,, then
sz (X, z4) is a soft b-connected subset of X containing ., but SCy(X, z,)
is a soft b-component, then SC,(X,z,) is the largest soft b-connected sub-
set of X containing z,, consequently, Sb:(f( ,26)CSCy(X, 2y). Similarly,
SCW(X ,xQ)QS:CZ(f( ,%q), and hence z, is contained in exactly one soft b-
component of X.

(2) Let Sbb(X, Tla) , Sbb(X,JJga) be the soft b-components of z, w.r.t two dif-
ferent soft points 14, T2 of X with 214 # o, respectively.
If S~Cb()~( xla)ﬁSbb(X Tog) = 6, then we get the proof.
So, let SCb(X xm)ﬁSCb(X Zoa) 7# ¢. We may choose a
xp € SCb(X xm)ﬂSCb(X T2q). Clearly, x5 € SC’b(X T1a) and xg €
SCb(X,.IQa), which mean that SCb(X,:zzm) is the largest soft b-connected
subset of X containing zg , Sbb(X , T2q) 1s the largest soft b-connected sub-
set of X containing xzg. Therefore, SNCZ,(X,xla) = Sbb(X,iL‘ga), and hence
Sbb(X ,T10) and Sbb(X ,Taq) are identical. This completes the proof.

Theorem 4.11. Let Fg be soft b-connected subsets of a soft topological space
(X,7,E) and Gg be a soft set such that FCGrCbScl(Fg), then Gg is soft b-

connected.

Proof. Let Gg be a soft b-disconnected, then there exist two non-null b-open
soft sets Ug and Vg such that Gg = UgUVg. Since FrCGr and Fg be soft
b-connected, then by using Lemma 4.10 either FrCUg or FgCVg. If FEQUE,
then bScl(Fg)CbScl(Ug) and so bScl(Fg)N\Vg = ¢ ie, VgCX — bScl(Fg), but
VeCGECbScl(Fg). Thus, Vi = ¢, which is a contradiction, and so G is soft b-
connected. Similarly, if FzCVg, thus Up = gb this is a contradiction. Consequently,
G is soft b-connected.

Theorem 4.12. Let (Z, 7z, E) be a soft b-connected subspace of a soft b-connected
topological space (X, 7, E) such that Z§, is the soft union of two soft b-separated sets
Fg, Gg of X, then ZgUFg and ZgUGE are soft b-connected.

Proof. Suppose that ZgpUFg is soft b-disconnected relative to (X, 7, E). Then,
there exist two non-null soft b-separated sets K and Hg of X such that Z pUFg =
KrUHg. Since Zg is soft b-connected and ZgCZpUFg = KEOHE It follows that,
either ZpCKp or ZgCHp from Theorem 4.7. Suppose ZpCKg. Since ZgUFy =
KrpUHg and ZECKE, implies that ZpUFRCKpUFE. So, KrpUHpCKpUFg. Hence,
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HpCFg, GgCKg. By Theorem 3.1 (1), Hg, G are soft b-separated.
Now,

and HEﬁClT [KEOGE] = HEﬁ[ClTKEOCZTGE] = [HEﬁCZTKE]O[HEﬁClTGE] = ¢Z
It follows that, Hg and [KpUGE]| are soft b-separated on 7. Since Z§ = FgUGE.
Then,

Thus, X is the soft union of two non null soft b-separated sets Hr and KpUGE,
which is a contradiction. A similar contradiction will arise if ZgCHpg. Hence,
ZUFg is soft b-connected. Similarly, we can prove thatZgUGE is soft b-connected.

Theorem 4.13. If Zg, Yi are soft b-connected sets such that none of them is soft
b-separated sets, then ZyUYE is soft b-connected set.

Proof. Let (Z,7z,E) and (Y, 1y, E) be soft b-connected subspaces of X such
that ZgUYE is not soft b-connected relative to (X, 7, E). Then, there exist two
non-null soft b-separated sets Kz and Hp of X such that ZpUYy = KpUHpg.
Since Zg,Yr are soft b-connected and Zg,YgCZpUYy = KpUHgE. Then, ei-
ther ZpCKp or ZgCHg, also, either YeCKp or YeCHp from Theorem 4.7. If
Z5CKp or ZgpCHpg. Then, ZgNHpCKpNHg = ¢ or ZeNKgCHENKp = 6.
since YpCKp. Similarly, if YeCKpg orYsCHp. We can get, [ZgUYp|NHp = Zg.
Now,

AbSel.[(Ze0YR)NK g|C[(Zp0Ye) N HE)A[bSd, (ZUYE)NbScl, K 5]
= [(ZpOYE)AbScl, KpNHE] = ¢

and

= [(ZgUYE)|AbScl, HeNK ) = 6.

It follows that [ZpUYE|NKEg = Zg and [ZgUYE|NHE = Yg are soft b-separated,
which is a contradiction. Hence, ZgUYF is soft b-connected relative to (X, 7, F).

Theorem 4.14. If for all pair of soft points x,, yﬁéX with xo # yg there exists
a soft b-connected set ZpCX with x4, Ys€ZE, then X is soft b-connected.

Proof. Suppose that X is soft b-disconnected. Then, )N(~ = FgUGE, for some
Fg,GEg soft b-separated sets. It follows that, FrNGg = ¢. So, 3 z,€Fg and
y3€GE. Since FpNGp = ¢. Then, z,, ys€X with z, # ys. By hypothesis, there
exists a soft b-connected set Zg C X with To, YsEZp. Moreover, we have Zg
is soft b-connected subset of a soft b-disconnected space. By Theorem 4.7, either
ZpCFg or ZENQGE, and both cases is a contradiction with the hypothesis. This

implies that, X is soft b-connected.
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Definition 4.5. A soft set Ng is said to be a soft b-neighborhood (briefly, soft
b-nbd.) of a soft point z.€(X, E) if there exists a b-open soft set Us CNg such that
xeéUEQNE

Definition 4.6. A soft point z.€Xis called a soft b-limit point of a soft set Fj if
every soft b-nbd Ug of . contains a point of Fg other than z..

Theorem 4.15. Let Fr and Gg be non-null disjoint soft sets of a soft topological
space (X,7,E) and Yg = FgUGE. Then, Fg and Gg are soft b-separated if and
only if each of Fr and Gg is b-closed soft (b-open soft) with respect to Yg.

Proof. Let Fg and Gg be soft b-separated sets. By Definition 3.1, Fg contains
no soft b-limit points of Gg. Then, Gg contains all soft b-limit points of Gg. It
follows that, FrUGE also contains all soft b-limit points of Gg and Gg is b-closed
soft in Yg. Therefore, Gg is b-closed soft with respect to Yg. Similarly, Fg is
b-closed soft with respect to Yg. The converse is clear from Theorem 4.14.

Theorem 4.16. The soft union of any family of soft b-connected sets having a
non-null soft intersection is soft b-connected set.

Proof.  Assume that (Z,7z,E) = (UjesZj, 70, , z,, E) is soft b-disconnected.
Then, Zp = FgUGE, where Fp, G are soft b-separated sets on 7z. Since Njc 25 #
6. Then, 3 To€NjesZjp. It follows that, ©,EZp. So, either z,EFE or z,€GE.
Suppose that 2,EFg. Since 1,€Z;p Vj € J and Z;5CZp. Thus, we have Z;p
is soft b-connected subset of a soft b-disconnected space. By Theorem 4.7, either
ZigCFrpor Z;gCGpVj € J. If Z;pCFgrVj € J. Then, ZgCFg. This implies that,
G = ¢, which is a contradiction. Also, if ZjEQGE Vj € J. By a similar way, we
can get Fz = ¢, which is a contradiction. Thus, (Z,77,FE) = (OjeJZj,TOjGJZj,E)
is soft b-connected soft subspace of (X, 7, F).

Proposition 4.1. Let {(Z;,7z;,E) be a family of soft b-connected subspaces of
soft topological space (X, T, E) such that one of the members of the family intersects
every other members, then (OjeJZj,TOjeJZj , E) is soft b-connected.

Proof. Let (Z,7z,E) = (UjesZj,70,c,2,, F) and Z;,p € {Z;p : j € J} such
that Z; pNZjp # ¢ Vj € J. Then, Z;, g0Z;p is soft b-connected Vj € J
from Theorem 4.16. Therefore, the collection {Z; pUZ;r : j € J} is a collec-

tion of a soft b-connected subsets of X, which having a non-null soft intersection.
Thus,(Ujes Z;, 15 E) is soft b-connected from Theorem 4.16.

jes 2>
Remark 4.2. For a soft topological space (X, T, E), the following statements hold:
(1) FEwery soft B-connected set is soft b-connected.

(2) Every soft b-connected is soft pre-connected.

(3) Every b-connected is soft semi-connected.
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Definition 4.7. A soft topological space (X, 7, F) is said to be soft locally b-
connected at a soft point z, if every soft b-nbd of the soft point x, contains a soft
b-connected open nbd of z,. X is said to be soft locally b-connected if it is soft
locally b-connected at each of its soft points.

Theorem 4.17. FEvery soft b-connected space is a soft locally b-connected space,
but the converse is not true in general.

Proof. Suppose that (X, 7, E) be a soft b-connected. Then, There is no proper
b-clopen soft set in (X, 7, E) from Theorem 4.1. Hence, ¥ 2,€X 3 X € 7 which is
soft b-connected set such that xaéf( QX . Therefore, X is soft locally b-connected.
On the other hand, the indiscrete soft topological space, is soft locally b-connected
but not soft b-connected.

Theorem 4.18. The soft b-component of a soft locally b-connected soft topological
space is b-open soft set.

Proof. Let (X,7,E) be a soft locally b-connected , £,€X and SC} be a soft
b-component of X w.r.t z,. Since (X,7,E) is a soft locally b-connected space.
Therefore, every b-open soft set containing x, contains a soft b-connected open
set G containing x,. But, SC, is the largest soft b-connected set containing x.
Hence,xaéGEQSbb, i.e SC} is a soft b-nbd of x,. Thus, SC, is a soft b-nbd of
each of its points. This means that, SC}, is a b-open soft set.

Theorem 4.19. The property of soft locally b-connectedness is hereditary on b-
open soft subspaces.

Proof.  Suppose that (Z,7z, FE) be a b-open soft subspace of a soft locally
b-connected topological space (X, 7, E) and let z,€Z. Since X is soft locally b-
connected. Then, 3 Gg € 7 such that Gg is 7-soft b-connected subset of X and
2oEGECZ. Since G € 7 and G is T-soft b-connected set. Then, Gy = GgNZ €
77 and Gg N 7 is Tz-soft b-connected subset of A by Theorem 4.6. So, 7 is soft
locally b-connected for each z,, €X. Hence, Z is soft locally b-connected.

Theorem 4.20. The soft b-components of every b-open soft subspace of a soft
locally b-connected soft topological space are b-open soft.

Proof.  Suppose that (Y, 7y, E) be a b-open soft subspace of a soft locally b-
connected soft topological space (X, 7, E), let SCj be a soft b-component of Y.

Since X is soft locally b-connected, then Y is soft locally b-connected by Theorem
4.19. By Theorem 4.18 we get the proof.

Definition 4.8. A soft topological space (X, 7, E) is said to be soft b-hyperconnected
if and only if every pair of non-null proper b-open soft sets Fg, Gg, has a non-null
soft intersection, i.e (X, 7, F) is said to be soft b-hyperconnected if and only if for
each F'g,Gg € BOS(X), we have FpNGg # .
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Theorem 4.21. FEvery soft b-hyperconnected soft topological space is soft b-connected.

Proof. Suppose that (X, 7, E) be a soft b-disconnected soft topological space.
Then, there exists a proper b-clopen soft set Fg. Then, Fg, Fg € BOS(X) such
that FgNF§ = ¢ Hence, X is not soft b- hyperconnected, which is a contradiction.
Thus, (X, 7, E) is soft b-connected.

Remark 4.3. The converse of Theorem /.21 is not true in general, as shown in
the following example.

Example 4.2. Let X = {h17h27h3,h4}, FE = {61,62} and 7 = {X,Qg, FlE,FzE,FgE}
where Fig, For, Fsr are soft sets over X defined as follows:

Fi(er) = {1}, Fi(e2) = {h2},

Fy(e1) = {h2,hs},  Fa(e2) = {h1, hs},

F3(61) = {h17h27h3}7 Fg(eg) :{h17h27h3}.

Then, 7 defines a soft topology on X. Hence, the space (X, 7, E) is soft b-connected but
not soft b-hyperconnected.

Definition 4.9. A soft subset Fir of a soft topological space (X, 7, E) is said to
be soft b-dense if bScl(Fg) = X.

Corollary 4.4. A soft topological space (X, 1, E) is said to be a soft b-hyperconnected
if every non-null open soft set Fg is soft b-dense.

Theorem 4.22. If (X, 7, E) is soft b-hyperconnected soft topological space, then
(X, 7, E) is soft hyperconnected.

Proof. Immediate.

Remark 4.4. The converse of Theorem 4.22 is not true in general, as shown in
the following example.

Example 4.3. Let X = {ayb}7 FE = {61762} and 7 = {X,¢~57F1E7F2E7F3E7F4E,F5E}
where Fig, For, Fsi, Fug, F5g are soft sets over X defined as follows:

Fi(e1) =X, Fi(e2) = {b},

F2(61 = {a}7 Fz(ez) X

)=
Fs(e1) = {a}, Fs(e2) = {5}7
Fi(er) = {a}, Fi(e2) = {a}
Fs(e1) = {a}, Fs(e2) =

Then, 7 defines a soft topology on X. Hence, the space (X, 7, E) is soft hyperconnected,
but not soft b-hyperconnected.

Theorem 4.23. . If (X, 7, E) is soft b-hyperconnected soft topological space, then
(X, 7, E) is connected.

Proof. Immediate by Remark 4.1 and Theorem 4.21.
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Corollary 4.5. The following implications hold from Theorems 4.21, 4.22, 4.23
and [Corollary 3.3, [16]] for a soft topological space (X, T, E).

(X, 7, E) is soft b-hyperconnected = (X, 1, FE) is soft hyperconnected

I 4
(X, 7, E) is soft b-connected = (X, 1, E) is soft connected

5. Irresolute soft functions via b-open soft sets

In this section, we introduce a new type of soft functions called b-irresolute soft
function as a generalization to the b-continuous soft functions and obtain some of
their properties and characterizations.

Definition 5.1. Let (X, 71, A) and (Y, 72, B) be soft topological spaces and fp,, :
SS(X)a — SS(Y)p be a function. Then, The function f,, is called b-irresolute
soft if f,,'(Gp) € BOS(X)V Gp € BOS(Y).

Theorem 5.1. Every b-irresolute soft function is b-continuous soft.

Proof. Straightforward.

Remark 5.1. The converse of Theorem 5.1 is not true in general, as shown in the
following example.

Example 5.1. Let X = {a,b,c}, Y = {x,y,2}, A = {e1,e2} and B = {k1,k2}. Define
u:X =Y and p: A — B as follows:

u(a) =z, u(b) = z , u(c) =y,

ple1) = k2, p(e2) = k1. Let (X, 71, A) be a soft topological space over X where,

71 ={X, ¢, Fa}, where F4 is a soft set over X defined as follows:

F(er) = {b}, Fl(e2) ={a}.

Let (Y, 72, B) be a soft topological space over Y where,

Ty = {fﬂ q} G}, where Gp is a soft set over Y defined by:

G(k1) ={z}, G(k2) ={=,z}.

Let fpu : (X,71,A4) = (Y, 72, B) be asoft function. Then, f,.! (Gg) = {(e1, {a,b}), (e2, {a})}
is a b-open soft set over X. Hence, fp. is a b-continuous soft function. On the other hand,
the soft set Hp, where Hp is a soft set over Y defined by:

H(k) = {y,2},  Glks) = o,y

Then, Hp is b-open soft set in Y. Also, f,. (Hg) = {(e1,{a,c}), (e2, {b,c})} is not b-open
soft set over X. Therefore, fp, is not b-irresolute soft function.

Theorem 5.2. Let (X,71,A4) and (Y, 72, B) be soft topological spaces. Let u :
X - Y andp: A — B be a mappings. Let fp, : SS(X)a — SSY)B be a
function. Then, the following are equivalent:

(1) fpu is b-irresolute soft function.
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(2) f,.'(Hg) € BCS(X)V Hp € 5.
(8) fpu(bSclr, (Ga))SbSclr, (fpu(Ga)) ¥ (Ga) € SS(X)a.
(4) bSclr, (f (Hp))C [ (bSclr,(Hp)) ¥ Hp € SS(Y)p.
(5) f&}(bSimﬁT2 (Hp))CbSint,, (fZ;}(HB)) VYV Hg € SS(Y)p.
Proof.

(1) = (2) Let Hp € 75. Then, Hj € 75 and f,,}(Hg) € BOS(X) from Defi-
nition 5.1. Since f,,'(Hf) = (f,.! (Hp))¢ from [[30], Theorem 3.14]. Thus,
[l (Hp) € BOS(X).

(2) = () Let Ga € SS(X)a. Since Cal ! (fpu(Ga) ! (bSelry(fpu(Ga))) €
BCS(Y) from (2) and [[30], Theorem 3.14]. Then, GAél)S’clT1 (GA)QfZ;}(bSCZTQ
(fpu(Ga))). Hence,

Fou(0Scl(G 4)) foulfou' (bSclr, (fpu(Ga))))CbSClry (fpu(Ga)))
from [[30], Theorem 3.14]. Thus, fp, (bSclr, (G 4))CbSclry(fpu(Ga)).

(3) = (4) Let Hp € SS(Y)p and G4 = f,,/(Hp). Then,
Fou(bSclr, (fp! (Hp)))SbSclry (fpu(fp! (Hp))) From (3). Hence,

bSelr, (.l (HE)C ik (fpu(bSclr, (£} (Hp)))
o (0Scley (fou(fpu! (HB)))E fp (bSclry (H))
from [[30], Theorem 3.14]. Thus, bSclr, (f,,}(Hg))C [y (bSclr,(Hp)).
(4) = (2) Let Hp be a closed soft set over Y. Then,

bSclr, (fpu (Hp))Cfp0! (bSclr,(Hp))
= fpzl(HB) = f;}(HB) VY Hp € SS(Y)B

from (4), but clearly
fou (Hp)CbSclr, (f,,! (Hp)). This means that

S (Hp) = bScly, (f,,! (Hp)) € BCS(X).

(1) = (5) Let Hp € BOS(Y). Then, f,!(bSint.,(Hp)) € BOS(X) from (1).
Hence, f,.!(bSint.,(Hg)) = bSimﬁTl(j};}lmS'inth(1‘[3))@()5’2'11@1 (fou (HB)).
Thus, f,.}(bSint.,(Hp))CbSint,, (f,,! (Hg)).

(5) = (1) Let Hg € BOS(Y). Then, bSint,,(Hg) = Hp and

foud (bSint.,(Hp)) = f,,/ ((Hg))SbSint, (f,, (Hp))
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from (5). But, we have
bSint, (f,.} (Hg))Cfy. (Hp). This means that,

bSint,, (fo. (Hp)) = fou (Hp) € BOS(X).
Thus, fpy is b-irresolute soft function.

Theorem 5.3. Let (X1,71,A4) and (X2,7,B) be soft topological spaces, fpu :
(X1,7,A) — (Xao,7m,B,) be a surjective b-irresolute soft function and Fp,Gp
are soft b-separated sets in Xo, then f;} (Fp), fI;}(GB) are soft b-separated sets in
Xi1.

_ Proof. Let Fp,Gp be soft b-separated sets in Xg. Then, FpNbScl(Gg) =
¢p and bScl(Fp)NGp = ¢p. Since bScl,, (f,,} (Hp))C [, (bScl-,(Hp)) ¥V Hp €

SS(X3)p from Theorem 5.2 (4). It follows that

Fod (GB)ODSCLr, (f5,! (HB))C [ (GB)N ! (bSclr, (Hp))
= fou [GBNbSCl,, (Hp)| = f[ul(qu) = da.

By a similar way, we have f,.!(Hp)"bScl, (f,,/(Gp)) = $4. Therefore,
fou (FB), £, (Gg) are soft b-separated sets in X.

Theorem 5.4. Let (X1,7,A) and (X2, 71, B) be soft topological spaces and fpy
(X1,711,4) — (Xo,72,B,) be a bijective b-irresolute soft function. If G4 is soft
b-connected in X1, then fu,(Ga) is soft b-connected in Xs.

Proof. Suppose that f,.,(Ga) is not soft b-connected in Xo. Then, fu.(Ga) =
MgUNg for some soft b-separated sets Mp, Ng of f,u(Ga) in X5 from Theorem
4.1. By Theorem 5.3, fp_ul (Mp) and fp_ul (Np) are soft b-separated in X;. Since fpy,
is bijective soft function. So, Ga = [l (fpu(Ga)) = fou' (MB)Uf, (NB). It follows
that, G4 is not soft b-connected in X, which is a contradiction. Thus, fp,(G4) is
soft b-connected in Xs.

Corollary 5.1. Let (X1,71,A4) and (X2, 71, B) be soft topological spaces and fpy :
(X1,71,A) — (Xa,7,B,) be a surjective b-irresolute soft function. If Xi is soft
b-connected space, then so Xa.

Proof. Follows from Theorem 5.4.
Theorem 5.5. Let (X1,71,A) and (X2, 71, B) be soft topological spaces and fpy

(X1,711,4) = (Xao,m, B,) be a surjective b-continuous soft function. If G 4 is soft
b-connected in X1, then fu,(Ga) is soft connected in Xo.

Proof. The proof is similar to the proof of Theorem 5.4.
Corollary 5.2. Let (X1,71,A4) and (X2, 71, B) be soft topological spaces and fpy, :

(X1,711,4) = (Xa,72,B,) be a surjective b-continuous soft function. If X is soft
b-connected space, then Xa is soft connected.

Proof. Follows from Theorem 5.5.
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6. Conclusion

In the present paper, we introduce and study the notion of connectedness to soft
topological spaces by using the notion of b-open soft sets. We study the notions
of soft b-connected sets, soft b-separated sets in soft topological spaces and have
established several interesting properties. Further, we introduce the notion of b-
irresolute soft functions as a generalization to the b-continuous soft function and
study their properties in detail. Finally, we show that the surjective b-irresolute
soft image of soft b-connected space is also soft b-connected. Our next step is to
generalize these notions by using the soft ideal notions [17].
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