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ON THE BASE SPACE OF AN ALMOST PARACONTACT
SUBMERSION
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Abstract. The purpose of this note is to describe the base space of an almost paracon-
tact submersion. Here the base space is an almost para-Hermitian manifold. So, the
paper intertwines paracontact and para-Hermitian structures via the theory of submer-
sions.
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1. Introduction

Almost paracontact metric submersions are Riemannian submersions whose total
space is endowed with almost paracontact metric structure. They were introduced
by Giindizalp and Sahin [5] who considered the case of semi-Riemannian manifolds.
Their study focused on the transfer of the structure from the total to the base space,
the latter being also a paracontact metric manifold, extending the study of Watson
[15]. In [13], we studied the geometry of the fibres regarding their structures and
implications on the total and the base space.

Regarding the similarity between contact and paracontact structure, as indicated
by Sato [8, 9], it seems interesting to examine the same similarities via submersions.
In the present paper, we describe the structure of the base space when it is endowed
with an almost para-Hermitian metric.

The paper is organized as follows. Section §2 is devoted to the preliminaries
on manifolds where we consider almost para-Hermitian structures. Following Gray
and Hervella [4], we have adapted the defining relations of almost para-Hermitian
structures which can be also found in [10]. Almost paracontact structures are
reviewed. In Section §3, we treat the case of almost paracontact metric submersions
where, after recalling fundamental properties, we have examined the structure of
the base space according to that of the total space. Note that, as in [15], this class
of submersions will be called almost paracontact submersions of type II.
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2. Preliminaries on manifolds

2.1. Almost para-Hermitian manifolds

Let M?™ be a smooth manifold of even dimension 2m. Consider an almost para
complex structure J such that J2 = I, where I is the identity transformation. If
there exists on M a metric tensor g such that g(JD,JE) = —g(D, E), then the
couple (g, J) is called an almost para complex metric structure (or an almost para-
Hermitian metric). So, (M?™,g,J) is an almost para-Hermitian manifold.

As in the case of almost Hermitian manifolds, see for example [14, 16], the
fundamental 2—form €, of the structure (g, J) is given by
Q(D,E) = g(D,JE). If further, J is parallel along the Levi-Civita connection V,
(meaning that VJ = 0), then the manifold is said to be para-Kahlerian.

Let us note some remarkable classes of almost para-Hermitian structures sus-
ceptible to be used in this study.

Following Gray and Hervella [4], see also [10], an almost para-Hermitian manifold
is called:

(1) para-Kéahlerian if V.J = 0;

(2) almost para- Kéhlerian if dQ(D, E, G) = 0;

(3) quasi para- Kéhlerian if (VpQ)(E,G) + (V;pQ)(JE,G) = 0;
(4) nearly para- Kéahlerian if (VpQ)(D, E) = 0.

2.2. Almost paracontact metric manifolds

Let M be a differentiable manifold of dimension 2m + 1. An almost paracontact
structure on M is a triple (p,&,n), where:

(1) & is a characteristic vector field,
(2) nis a 1—form such that n(¢§) = 1, and

(3) ¢ is a tensor field of type (1, 1) satisfying

(2.1) P =1-n®¢,

where I is the identity transformation. If M is equipped with a Riemannian metric
g such that

(2.2) 9(¢D,pE) = —g(D, E) + n(D)n(E),

then (g, p,&,n) is called an almost paracontact metric structure. So, the quintuple
(M?™+ g 0,&m) is an almost paracontact metric manifold. As in the case of
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almost contact metric manifolds, any almost paracontact metric manifold admits a
fundamental 2—form, ¢, defined by

¢(D7E) = g(Da@E)'

Moreover no ¢ =0, n(D) = g(D, &) and @& = 0.
For some remarkable classes, we have the following defining relations.
An almost paracontact manifold is said to be:

(1) normal if N, — 2dn ® £ = 0, where N,
is the Nijenhuis tensor of .

(2) para-contact if ¢ = dn,
3) para-K-contact if it is para-contact and ¢ is Killing,

4) para-cosymplectic if Vn =0 and V¢ = 0,

para-Sasakian if ¢ = dn and M is normal,
7

8) quasi para-K -cosymplectic if

)
)
)

5) almost para-cosymplectic if d¢ =0 and dn = 0,
)
) quasi para-Sasakian if dp = 0 and M is normal,
)

(
(
(
(6
(
(
(

Voe)E + (Venp)pE —1(E)(VenE) = 0;
(9) almost para-Kenmotsu if dp(D, E,G) = 2G {n(D)¢(E,G)} , where G denotes
the cyclic sum over D, E, G,

(10) para-Kenmotsu if dp(D, E,G) = 2G {n(D)¢(E,G)}, dn = 0 and is normal;
(11) quasi para-Kenmotsu if
(VDO)(E, G) + (Vopd)(¢F, G) = n(E)6(G, D) + 20(G)é(D, E)
and dn = 0;
(12) nearly para-Kenmotsu if (Vpyp)D = —n(D)eD and dn = 0;
(13) nearly para-cosymplectic if (Vpp)D = 0;
(14) closely para-cosymplectic if (Vpp)D =0 and dn = 0;
Following [5, 10], it is known that
NO(D, E) = N,(D, E) - 2dn(D, E):.
N®(D,E) = (L,pn)E — (L,En)D, where £ denotes the Lie derivative.

Moreover, if N(Y = 0 then N(® = 0. The vanishing of the tensor N(*) means
that the manifold is normal.

Note that almost paracontact metric manifolds have been studied by Dacko [2],
Dacko and Olszak [3], Kaneyuki and Williams [6], Sato [8, 9], Zamkovoy [17] among
others.

Some Examples

Following A.M. Blaga [1], let M = {(z,y,2) € R®: 2 # 0} and
setting n = —%dz, &= —z%;

Note by Mapm+1(R) the set of (2m + 1) real matrices.
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Taking ¢ € Mapm4+1(R) such that

01 0
p=11 00 ,
0 0 0
it is easy to verify that (¢, &, n) is an almost paracontact structure.
0 1 0
Now, considering ¢ = -1 0 0 , we have that (¢,£,n) is an almost
0 0 0

contact structure.

In [3], Dacko and Olszak constructed an example of para-cosymplectic structure
in the following way. Let (N, J,G) be a para-K&hlerian manifold. Consider the
structure (¢, &,n,g) defined on the product manifold M = N x R by ¢ = (J,0),
n=dt = % and g = G x dt? where t is the Cartesian coordinate on R. Then
(p,&,m, g) is para-cosymplectic.

Following the previous example, others can be constructed by taking (N, J, G)
in the various classes of almost para-Hermitian manifolds such as: almost para-
Kahlerian, quasi para- Kahlerian and so on. Thus, we obtain the defining relations
of almost para-cosymplectic and quasi para-cosymplectic respectively.

3. Almost paracontact submersions of type II

Let (M?*™H+L g ¢, €, 1) and (M'2m/ , g’y J') be an almost paracontact metric manifold
and an almost para-Hermitian one. By an almost paracontact metric submersion
of type II in the sense of [15] see also [11, 12], one understands a Riemannian
submersion

T M2m+1 N M/2m/

satisfying m.p = J'm..
Recall that the tangent bundle T'(M) of the total space M has an orthogonal

decomposition
T(M)=V(M)& H(M),

where V(M) is the vertical distribution while H (M) designates the horizontal one.
In [7], O’Neill has defined two configuration tensors T and A, of the total space of
a Riemannian submersion by setting

TpE =HVypVE +VVypHE;

ApE =VVypHE + HVypVE.

Here, H and V designate the horizontal and vertical projections respectively.

A vector field X of the horizontal distribution is called a basic vector field if it
is m—related to a vector field X, of the base space M’. Such a vector field means
that m, X = X,.
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On the base space, tensors and other objects will be denoted by a prime ’ while
those tangent to the fibres will be specified by a carret " For instance, N denotes
the Nijenhuis tensor of J on the fibres and N;» on the base space. Herein, vector
fields tangent to the fibres will be denoted by U, V and W.

The fibres of almost paracontact submersions, say of type I, have been treated
n [13]. Let us say something about the structure of the fibres of the under consid-
eration type of submersions.

Proposition 3.1. Let 7 : M?>m™+1 — M2™ be an almost paracontact metric
submersion of type II. Then, the fibres are almost paracontact metric manifolds.

Proof. Clearly the fibres are 2(m—m')+ 1-dimensional submanifolds. Let (g, ¢, &, 1)
be the almost paracontact metric structure of the total space; note by (g, ¢, &, 7)

its restriction on the fibres. The problem is to show that (g, $,&,%) is an almost
paracontact metric structure. Indeed, let U and V' be two vertical vector fields
tangent to the fibres. We have

Next, we overview some of the fundamental properties of this type of submer-
sions, which also appear in [15].
3.1. Fundamental properties

Proposition 3.2. Let 7 : M?>mt1 — M2™ be an almost paracontact metric
submersion of type I1I. Then,

(1) = = ¢;

(2) U € V(M) implies that U € V(M);
(8) X € H(M) implies that X € H(M);
(4) & € kermy;

(5) X € H(M) implies that n(X) = 0;
(6) T, NV = N

Proof. Let X and Y be basic vector fields. We have

T (X,)Y) = Q(mX, 1Y)
= ¢J(mX,J'nY)
= ¢ (mX,mpY)
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g (X, pY)
9(X, 9Y)
= ¢(X,Y).

Thus 7*Q(X,Y) = ¢(X,Y) which establishes (1).

It is known that if U is vertical, then it is in the kernel of ..
But 7. U = J'm,U. Since U = 0, then m,oU = 0 which shows that ¢U is vertical
because it is in the kernel of .. This is the proof of assertion (2).

Concerning assertion (3), let X be horizontal and U vertical. At assertion (2),
we have shown that ¢U is vertical so that g(X,oU) = 0. On the other hand,
9(X,oU) = —g(pX,U); therefore pX is horizontal because it is orthogonal to U
which is vertical.

Let us examine the case of assertion (4). It is clear that J'm.& = mp€ = 0
because & = 0. This is to explain why J'm.£ = 0 which implies that 7. = 0 and
so & € kerm,.

To establish assertion (5), remember that n(X) = g(X, &) = 0 since £ is vertical
and X is horizontal.

Regarding assertion (6), since 7, is an isometry on horizontal vector fields, one
has
mND(XY) = 1. N,(X,Y) — 7. (2dn(X, Y ))m.E.

As m,£ =0, then
mnND(XY) = 1. N,(X,Y).

With 7, = J'm, in mind, we have

mNH(X,)Y) = Nyp(mX,mY)
= Np(X.,Y.)

Thus 7. N (X,Y) = Ny (X.,Y:) from which m,N() = N, follows. O

Proposition 3.3. Let 7 : M?m™+ — M2 be an almost paracontact metric
submersion of type I1. Then,

(1) X is basic associated to J' X, if X is basic;
(2) H(Vx@)Y is basic associated to (V' J')Y. when X andY are basic.

Proof. (1) We have shown that o X € H(M) because X € H(M).
Since m,pX = J'm. X, and 7, X = X,, then 7, J'X = J' X, which shows that pX
is basic associated to J' X,.

According to [7], H(V x )Y is basic associated to (V’x_Y.), we then have H(Vx @)Y
is basic associated to (V'x J')Y.. O



On the Base Space of an Almost Paracontact Submersion 1047

3.2. Structure of the base space

Proposition 3.4. Let m : M?*™tl — M”™ be an almost paracontact metric
submersion of type II. If the total space is para-cosymplectic, quasi para-Sasakian
or para-Kenmotsu, then the base space is para-Kahlerian.

Proof. In this proposition, the proof consist in showing that dQ' = 0 = N.. Let X,
Y and Z be three basic vector fields. For a para-cosymplectic manifold, we can refer
to its defining relation Vx¢ = 0 which gives (V'y_).J’ = 0 and this is the defining
relation of a para-Kahler structure on the base space.

Concerning the quasi para-Sasakian structure, the defining relation d¢ = 0 gives
dQ' = 0. Since N = 0 then N = 0. We then reach the defining relation of a
para-Kahler structure on the base space.

Consider the case of a para-Kenmotsu manifold, which is defined by
d¢(D, E,G) = 2G {n(D)$(E,G)}, dn = 0 and N =0,
These relations become d¢(X,Y,Z) = 2G {n(X)¢(Y,Z)} and Ny = 0 on the

base space. Since 7 vanishes on horizontal vector fields, we have
do(X,Y,Z) = 0, which gives d©2 = 0. On the other hand,

Ny(X.,Y,)=NY(X,Y)=0.

Therefore, the base space is defined by d2 = 0 = N/, which are the defining
relations of the para-Kahler structure. O

Proposition 3.5. Let w : M?*™+tl — M”™ be an almost paracontact metric
submersion of type II. If the total space is almost para-cosymplectic or an almost
para-Kenmotsu manifold, then the base space is almost para-Kdhlerian.

Proof. As in the preceding proposition, the problem is to show that d€2’ = 0 which
is the defining relation of an almost para-Kahler structure.

Let the total space M be endowed with an almost para-cosymplectic structure.
As in the preceding proposition, on the base space, its defining relation gives d2’ =0
which defines an almost para-Kéhler structure.

Concerning the case of almost para-Kenmotsu structure, we also have
dQ' = 0 because d¢ = 0 which gives dQ’ = 0 as already established. [

Proposition 3.6. Assume that 7w : M?>™t1 — M”™ is an almost paracontact
metric submersion of type II. If the total space is nearly para-cosymplectic, nearly
para-Kenmotsu or closely para-cosymplectic, then the base space is nearly para-
Kahlerian.

Proof. To establish that the base space is nearly para-Kahlerian, we have to show
that (V' J)X. =0.
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Note that a nearly para-Kéhler structure is defined by (VpQ)(D, E) = 0 which
can be expressed as g(E, (VpJ)D) = 0. With this, we see that (VpJ)D is orthog-
onal to E. But on the base space, since X is horizontal,

g(X, (Vs J")X.) = 0 implies that (V_J')X, = 0.

Let us consider the case of nearly para-cosymplectic, defined by
(Vpp)D = 0. It is clear that on the base space one has
(V’x.J") X, = 0 defining a nearly para-Kéhler structure.

In the same way, a closely para-cosymplectic structure is defined by
(Vpy)D = 0 = dn so that on the base space we have (V' J') X, = 0.

Consider the case of nearly para-Kenmotsu structure which verifies
(Vpp)D = —n(D)eD and dn = 0. On the base space, this condition becomes
(V’x.J") X, = 0 because n(X) = 0, we then get the nearly para-Kéhler structure. [

Proposition 3.7. Let © : M?™t! — M be an almost paracontact metric
submersion of type II. If the total space is quasi para-K -cosymplectic or a quasi
para-Kenmotsu manifold, then the base space is quasi para-Kdahlerian.

Proof. A quasi para-Kéahler structure means that
(V. JWYa o+ (Vo S = 0.

If the total space is quasi para-K-cosymplectic, as in the preceding cases, the
base space verifies (V'y J')Yi + (V') x J')J'Ys = 0 because of the vanishing of
1 on horizontal vector fields. Thus one obtains the defining relation of a quasi
para-Kahler structure.

Considering the case of a quasi para-Kenmotsu manifold, we have
(V% ) (Ys, Zo)+ (V' x V) (J'Ys, Z,) = 0 which is the defining relation of a quasi
para-Kahler structure. O
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