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JENSEN’S TYPE TRACE INEQUALITIES
FOR CONVEX FUNCTIONS OF SELFADJOINT OPERATORS
IN HILBERT SPACES *

Sever Silvestru Dragomir

Abstract. Some Jensen’s type trace inequalities for convex functions of selfadjoint
operators in Hilbert spaces are provided. Applications for some convex functions of
interest are also given.
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1. Introduction

Let (H,(-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of
H. We say that A € B(H) is a Hilbert-Schmidt operator if

(1.1) > el < oo

iel

It is well know that, if {e;},c; and {f;},; are orthonormal bases for H and A €
B (H) then

(1.2) Do ledll* =Y 1AL =141

i€l JeI JeI

showing that the definition (1.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.
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Let By (H) the set of Hilbert-Schmidt operators in B(H). For A € By (H) we
define

1/2
(1.3) 1Al := <Z|A6i|2>

iel
for {e;},c; an orthonormal basis of H. This definition does not depend on the choice
of the orthonormal basis.

Using the triangle inequality in {? (I), one checks that By (H) is a vector space
and that [-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)l/2 .

Because |||A4| z|| = ||Az| for all x € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and [|A|, = |||A]|ly. From (1.2) we have that if A € By (H), then A* €
By (H) and [|A]ly = [[A"]l5 -

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 1.1. We have
(1) (B2 (H),|ll,) ts a Hilbert space with inner product

(14) <A, B>2 = Z <A€i, B€l> = Z <B*A€i, 6i>

icl iel

and the definition does not depend on the choice of the orthonormal basis {ei}iel;

(i) We have the inequalities
(1.5) 1Al < [|All,
for any A € By (H) and
(1.6) AT ||y, [T Ally < T 1Al

for any A€ By (H) and T € B(H);
(iii) B (H) is an operator ideal in B(H), i.e.

B(H)By (H)B(H) C Bz (H);

(iv) Byin (H) , the space of operators of finite rank, is a dense subspace of Ba (H) ;

(v) Bo (H) C K(H), where K (H) denotes the algebra of compact operators on
H.

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if

(1.7) Al = (4] ei,e:) < o0.

icl
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The definition of ||A||; does not depend on the choice of the orthonormal basis
{ei},cr - We denote by By (H) the set of trace class operators in B (H).

The following proposition holds:

Proposition 1.1. If A € B(H), then the following are equivalent:
(i) A€ By (H);
(ii) |A]'"* € By (H);
(i) A (or |A|) is the product of two elements of By (H) .

The following properties are also well known:

Theorem 1.2. With the above notations:
(i) We have

(1.8) Al = 147, and (Al < [[All,

for any A e By (H);
(i) By (H) is an operator ideal in B(H), i.e.

B(H)B, (H)B(H) C By (H);

(i) We have
By (H) Bz (H) = By (H);
(iv) We have
[All; = sup{(A,B), | BBz (H), |B|l <1};
(v) (By (H), |1],) is @ Banach space.

(iv) We have the following isometric isomorphisms
By (H)= K (H)" and B, (H)" =B (H),
where K (H)" is the dual space of K (H) and By (H)" is the dual space of By (H).

We define the trace of a trace class operator A € By (H) to be

(1.9) tr(A) =) (Aei e,

iel

where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (1.9)
converges absolutely and it is independent from the choice of basis.

The following result collects some properties of the trace:
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Theorem 1.3. We have
(i) If A€ By (H) then A* € By (H) and

(1.10) tr (A%) = i (A
(i) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(1.11) tr (AT) = tr (T'A) and |tr (AT)| < || Al |IT[;
(i1i) tr (+) is a bounded linear functional on By (H) with ||tr]| = 1;

(i) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Bfin (H) is a dense subspace of Bi (H) .

Utilising the trace notation we obviously have that
(A, B), = tr (B*A) = tr (AB*) and [|A|? = tr (A*A) = tr (|A|2)

for any A, B € By (H).

For the theory of trace functionals and their applications the reader is referred
to [37].

For some classical trace inequalities see [5], [7], [34] and [48], which are continu-
ations of the work of Bellman [2]. For related works the reader can refer to [1], [3],
[5], [28], [31], [32], [33], [35] and [45].

Consider the orthonormal basis £ := {e;};,c; in the complex Hilbert space
(H,(-,-)) and for a nonzero operator B € By (H) let introduce the subset of in-
dices from I defined by

1573 = {iEIZ Bel;éO}
We observe that I¢ g is non-empty for any nonzero operator B and if ker (B) = 0,
i.e. B is injective, then I¢ p = I. We also have for B € By (H) that

tr (|B|2) =t (B*B) = (B*Bej,ei) = > |Beil’ = Y || Beil®.

el iel i€le B

In the recent paper [26] we obtained, among others, the following result for
convex functions:

Theorem 1.4. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous
convex function on [m,M], £ := {ei};c; is an orthonormal basis in H and B €

Ba (H)\ {0}, then tr(é@,'g) € [m, M] and

(1.12) f <%) tr (|B|2)
J. (£:4,B) < v (1B £ (4))
< s (Fmy e 1B (M1 = )] + 7 (M) e [IBF (A= m1n)] ),
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where

(1.13) . (fiAB) = > f( (B* ABez,ez>> 1Beil|?.

ielen 1Bes|®

For related functionals and their superadditivity and monotonicity properties
see [26].

For some inequalities for convex functions see [8]-[12], [27] and [44]. For inequal-
ities for functions of selfadjoint operators, see [14]-[23], [38], [40], [41], [42], [43] and
the books [24], [25] and [29)].

Motivated by the above results we establish in this paper other trace inequalities
for convex functions of selfadjoint operators. Some examples for convex functions
of interest are also given.

2. New Inequalities for Convex Functions

We recall the gradient inequality for the convex function f : [m, M] — R, namely

(2.1) f)=f(m)zé5(1)(c—7)
for any ¢, 7 € [m, M] where 67 (1) € [f_ (1), f} ()], (for T = m we take 65 (1) =
f4 (m) and for 7 = M we take §; (1) = f (M)). Here fi (m) and f’ (M) are the
lateral derivatives of the convex function f.

The following result holds:

Theorem 2.1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous
tr(|B|?A)

convez function on [m, M] and B € By (H)\ {0}, then we have <z € [m, M],
(2.2) 5 (tt(éi!‘;)) tr(lB*\‘:’Q?;lt;)(\BFA)
wr(|B*2£(4)) w(1BI? A)
< S - ()
where
tr (|B|2A) e (|B|2A) [t (|B|2 A)

and the Jensen’s inequality
tr (|B|2A) tr (|B|2 f (A))

w(i5f) ) = (187)

(2.3)
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Proof. Let £ := {ei},;
Utilising the gradient inequality (2.1) we get

o)

for any ¢ € [m, M], since obviously, by Sp (A4) C [m, M] we have

be an orthonormal basis in H.

m || Bei|* < (ABe;, Be;) < M ||Be;|,
for ¢ € I, which, by summation shows that
tr (|B|2A)

The inequality (2.4) implies in the operator order of B (H) that

(25) [(A)- (trtr((]a;g)) b 2 05 (trtr((Bj_;/;)) (A_ mlfl) |

which can be written as

€ [m, M].

tr(|B|2A
(26) @ -1 (el e
tr(|B|?A) tr(|B2A)
> — 7 [ Ul i
= 6f ( tr(|B\2) > <<Ay5y> tr(|B\2) <yay>) )
for any y € H. This inequality is also of interest in itself.
Taking in (2.6) y = Be; we get

tr(|B|A)

(f (A) Bes, Be:) — f ( i ) (Bey, Bes)
> 5, (M) ((ABei, Bey) — SUBLA) g, Bei)> ,

tr(|B|?) tr(|BI?)

which is equivalent to

tr(|B|?A)

27) (B () e — 1 (2400 ) (B e

> 5 (f&f;;‘?) <<B*ABel-,ei> - tt(éfjg"“;) (I8P ee>) ,

for any i € 1.
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Summing in (2.7) we get
28 S (B Bee) - £ () Sy (1B eres)
However

Eie] <B*f(A)BeZ,el> Zzel <BB* ( )eiv€i>
et (1B £ (A)eives) = (187 £ (4))
and

B*ABe;, ;) = BB*Ae;,e;) = tr B**A).
> )= )=t (1B 4)

i€l iel
By (2.8) we get

29) (187 () - £ (54 ) o (1)

iy (S (e 1) o0 ().

and the inequality (2.2) is thus proved.

Taking in (2.6) y = B*e; we also get

tr(|B|?A)

<f (A) B*ei,B*ei> — f ( tr(|B\2) ) <B*€i,B*€i>

> 5, (%) <<AB*ei,B*el-> - tt“(%‘f;) <B*ei,B*ei>> ,

which is equivalent to

(2.10) (B (4) Bresed) — £ (B4 ) (BB
2 6f (%) (<BAB*6i,€i> - % <BB*61‘,61‘>> 5

for any i € I.
Summing in (2.10) we get

tr(|B|A)

(2.11) Ylier (Bf (A)Beiei) — f ( (157 ) 2ier (BBYei,€i)
Z 6f (%) (Ziel <BAB*6i,€i> — % Zie] <BB*61‘,61‘>> .
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Since
S (BS (4) Breie) =t (Bf (A) BY) = tr (B*Bf (4)) = tr (1B’ £ (4))
el
Y (BBeiei) = tr (BB*) = tr (B*B) = tr (|B|2)
el
and

3 (BABe;,e;) = tr (BAB*) = tr (B*BA) = tr (|B|2A) ,
el
then by (2.11) we get

tr (|B|2A)

and the inequality (2.3) is obtained. O

tr (1B f(4)) - f tr (1B°) = 0

Remark 2.1. The inequality (2.3) is obviously not as good as the first part of (1.12).
However it is the natural alternative of Jensen’s inequality for trace and provides simple
and nice examples for various convex functions of interest. The proof here is also simpler
than the one from [26] and has some natural reverses as follows.

Corollary 2.1. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuous

convex function on [m,M] and P € By (H)\ {0}, P > 0 then t(PA) ¢ [m, M] and

tr(P)
)

The proof follows by either (2.2) or (2.3) on choosing B = P'/2, P € By (H)\{0},
P >0.

The following lemma is of interest in itself:

Lemma 2.1. Let S be a selfadjoint operator such that v1g < S <T'ly for some
real constants I' > . Then for any B € By (H) \ {0} we have

tr(|B|2S?) tr(|BJ*s) ’
(2.13) 0= w(|BP) ( tr(|B|2))
tr(|BJ2S)
S~ ey )

(oest) _ (w(oes)\7]
1 tr tr 1 2

< 0= ) gy e (187
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Proof. The first inequality follows by Jensen’s inequality (2.3) for the convex func-
tion f (t) = t2.

Now, observe that

(2.14) ey o (181 (5= F) (5 - b))
_mtr<|B|2S(S is)lH»
Sy (1817 (5 - e ) )

_ u(1BPS?) <tr(|B s))

tr(|BI?) tr(|BI?)

since, obviously

o (157 S_tr(|B|QS)

S [ —
fr (|B|2)
Now, since y1g < .S <T'lgy then
'+~ 1
S——"1 I -
} 5 H} 2( )

Taking the modulus in (2.14) and using the properties of trace, we have
Aoy - (365

tr (|B|2 (5 - %1,{) (S - %m))’
o) (- )
< % T=7) tr(\}gﬁ) tr ( N t;(‘BIzS) 1HD )

(1B1%)
which proves the first part of (2.13).

By Schwarz inequality for trace we also have

1 tr(|B\25)
(2.16) tr(|B2)tr( ~ 1HD
. o\ 71/2
< ltr(}eﬁ‘) o (|B|2 (S_ ;((2%)1}1) )]

97 1/2
| e(1BI2S?) tr(|B|2S)
- l w([B]?) (tr(|B|2) ) ] :

1

IN
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From (2.15) and (2.16) we get

tr(|B|2S?) tr(|B)2S) 2
w(1B]?) ( tr(1B]?) )

(o5 (u(zrs)\]
1 tr(|B|?S? tr(|B|?S
<2(=7) l w7y < w(157) > ] |
which implies that

tr(|B|25’2) tr(|B|2S)

w(isf) -\ w(inP)

By (2.16) we then obtain
2
g _ w(1BPs), D

(e ('3'2 ()

971/2
tr(|B|2S?) tr(|B|2S)
< [ cr(\B\z) - < tr(|B\2) > ] < % (F - ”Y)

that proves the last part of (2.13). O

2 1/2

<s(T=9).

N =

Remark 2.2. Let S be a selfadjoint operator such that y1g < S < I'ly for some real
constants I" > 4. Then for any P € B1 (H) \ {0}, P > 0 we have

(2.17) 0< 25 (cr<PS>)2

tr(P) tr(P)

r(PS
< % (=) tr(lp) tr (P ’S - tcf(ﬁ?)) 1HD

tr(PS2 r 2 1/2
<30-v |- ()] <ie-vn

The following result provides reverses for the inequalities (2.2) and (2.3) above:

Theorem 2.2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuously
differentiable convex function on [m, M] and B € By (H) \ {0}, then we have

(1B 2£(4)) tr(|BI?4)
(2.18) 0< =sm) _f< (ER) )
a(|B*f/(A)A)  (|BPA) (|BTPF(4))
=7 w(IBP) tr(|B]?) tr(|BJ?)
and
w(IB2f(A)) er(1B24)
(2.19) 0<—mm (W)

< tr(|B|? £/ (A)A) _ tr(|B|*A) . tr(| B2/ (4)) _
= w(|B]?) tr(| B|?) tr(|B|?)

K (f',B, A).
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Moreover, we have

(2.20) K(f'.B,A)
) tr(\B\QA)
tr |B| AfﬁlH
LIf (M) — f (m)] ( A

IN

. (18127 (4)
o 1B |f(A) - —pmy Lo
(M —m) ( tr(|B‘2)‘ | >
517 (M) = f(m) [tr(mw) . <tr(Bl2A))2- .
3 wr(1B]?) tr(1BI*)
. J
w1 @) (u(per)\’] v
3 (M —m) l w(lB?) < or(1BI7) ) ]

< gl ) = f (m)] (M —m).

Proof. By the gradient inequality we have
(2.21) fFO)=f) < f()(r=9)

for any 7,¢ € [m, M].

This inequality implies in the operator order

fA)—f (trtr((]i;/;)) g < f'(A) (A— trtr((Bl;?lH)

that is equivalent to

tr(|B|*A)

(2:22) @ - 1 (eaat)
< (7 () Ayy) - S (7 ()

for any y € H, which is of interest in itself as well.
Let £ :={ei},;c;
If we take in (2.22) y = Be; and sum, then we get

be an orthonormal basis in H.

tr(|B|?A)

Ser U1 (4) Bes, e - 1 (S8 ) Sy (B B

<3, (f (A) ABe;, Bey) — % S, (f (A) Bey, Bes) |
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which is equivalent to

(1B14)

>ier (B*f(A) Bei,e;) — f (t;OBz) >Zi€] (B Bei,ei)

tr(|B|*A)

< Sier (B'f' (4) ABes,ei) = el e (B (4) B, )

and the inequality (2.18) is obtained.
If we take in (2.22) y = B*e; and sum, then we get

()

Dier (f(A) B e, Brei) — f (tzr(mz) > >icr (Bei, Brey)

< >ier (f'(A) AB%e;, BYe;) — % > ier (f'(A) B*e;, Be;)

that is equivalent to

(1B14)

(2.23) Yier (Bf(A)Beiei) — f (t;OBz) )Zie] (BB ei,eq)

(1B14)

< Cier (B (A) AB"es, ) = ey Sier (BS (4) Bes, )

and the inequality (2.19) is obtained.

Now, since f is continuously convex on [m, M], then f’ is monotonic nondecreas-
ing on [m,M] and f'(m) < f'(t) < f'(M) for any ¢t € [m,M]. We also observe
that

e (|B|2 [ () - Lm0y | [A B %lHD
o (|B|2f’ (4) [A - %?“’D
_ Lm0 Ok <|B|2 [A - tt(‘(ﬁ;g) IHD

=K (f/v Bv A) .
Since , (M )
p ) - LT | Ly - )1,
then by taking the modulus in (2.24) and utilizing the properties of trace we have
(2.25) 0<K(f,B,A)
<1
= t(1B?)
tl“( 2 {f/ (A)— f’(m);f,(M)lH} |:A ‘IBB‘IA ”)
, , \B| A
<0700 — £ ()] sy o (1814 - S ).
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and the first inequality in the first branch of (2.20) is proved.
We have mly < A < M1y and by applying Lemma 2.1 we can state that

-z

(2.26) L__tr <|B|2

tr([B?) tr(|B|?)

1/2
w(BPa?)  (u(1B2a))’ .
= [ w([B]?) < tr(1B]%) > ] <5(M-m).

Making use of (2.25) and (2.26) we deduce the second and the third inequalities in
the first branch of (2.20).

We observe that K (f/, B, A) can be also represented as

K(f',B,A)
= iy = (100|710 - S | (4 - ) ).

Applying a similar argument as above for this representation, we get the second
branch of the inequality (2.20).

The proof is complete. O

Corollary 2.2. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with m < M. If f is a continuously
differentiable convex function on [m,M] and P € By (H)\ {0}, P > 0, then we have

tr(Pf(A)) tr(PA
(2.27) 0< (tr(lg) - f( tS(P)))
r(Pf(AA)  wpa) t(Pf(A))
— tr(P) tr(P) tr(P)

(PlA- B 1
LI (M) — f () SEA ey tol)

£ )

w(P)
tr(P)

L{F (M) — £ (m) [“ffzﬁf L (Tﬁfﬁ’ﬂ :

<M—mﬂﬂﬂﬂﬂﬂ_(umwmfr“

- u(r

[N

IN

N[

tr(P) tr(P)
< gl ) = f (m)] (M —m).

Remark 2.3. Let M, (C) be the space of all square matrices of order n with complex
elements and A € M, (C) be a Hermitian matrix such that Sp(A) C [m, M] for some
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scalars m, M with m < M. If f is a continuously differentiable convex function on [m, M],
then by taking P = I, the identity matrix, in (2.27) we get

(2.28) 0< tr(f(A)) —f (nm))

n

r(f (A)A tr(A) tr(£/(4))

tr(|a- A, |)

=

£ (m)] n

{ - f(A) %In)
7 (M)~ 1 (m) [ﬂ - ()] ™

1/2

SIS

IN

3. Some Examples

We consider the power function f : (0,00) — (0,00), f(t) = t" with ¢t € R\ {0}.
For r € (—00,0) U [1,00), f is convex while for r € (0,1), f is concave. Denote
Bi (H) := {P with P € By (H) and P > 0} .

Let » > 1 and A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m, M with 0 < m < M. If P € B (H)\{0},
then

tr(PA" tr(PA)\"
(3'1) 0< t(r(P)) - ( tE(P)))

IN
<

|:tr(PAT) tr(PA) tr(PATl)]
tr(P) tr(P) ~ tr(P)

A_t(PA)
Ir (M=t —mrt) (PlA ey i) =P Lo

IN

N r—1
PATflit (I;?P) )1H>

r(M —m) “(

1
2 tr(P)

rel ey | 8(PA%)  ((pa))?
37 (M7 =m") [ tw(P) ( tr(P) )

1/2

IN

1/2

2
tr(PA2(r—1) tr(PAT!
%T(M_m) [ ( tr(P) ) _ ( (tr(P) )> ]

<Ir(MTTt—mtH (M —m).
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Consider the convex function f : (0,00) — (0,00), f(t) = —Int and let A be a
selfadjoint operator on the Hilbert space H and assume that Sp (A) C [m, M] for
some scalars m, M with 0 < m < M. If P € B (H)\ {0}, then

tr(PA tr(Pln A
(3.2) 0< 1“( tE(P))) - (tr(P) )
tr(pA) tr(PATY) 1
= tr(P) ’ tr(P) -
Mem t(PlA- 555 1)
2mM tr(P)
< _
. tr| P Ailftr(t}:%)ll}q )
3 (M —m) t(P)
M—m | tr(PA?) tr(PA)) 2 1z
2mM tr(P) — \ tr(P)
<

1/2

-2 tr -1\ 2
(M —m) [ r(tf(;) ) ( (t]:(f;) )> ]

(M—m)*

S 4dmM

Consider the convex function f (t) = tInt and let A be a selfadjoint operator on
the Hilbert space H and assume that Sp (4) C [m, M] for some scalars m, M with
0<m< M.If PeBf(H)\{0}, then

tr(PAln A tr(PA tr(PA
(3.3) 0< (tr(P) L - tE(P)) m( tE(P)))
< tr(PAln(eA)) tr(PA) tr(Pln(eA))
= tr(P) T Tw(P) T w(P)
1y B(PIA- R 1 )
31 (57) tr(P()P)
<
tr(P|ln(eA)—tr(P;r1M1H|)
3 (M —m) o
1/2
tr(PA? tr(PA) 2
%ln(%) [ t(r(P)) - ( ti(P) )

1/2
tr( P[ln(eA))? r(Pln(eA 2
%( m) |: ( tr(P) ) (t (tr(lg) ))) :|

<1 (M—-m)n ().
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