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ON MAXIMAL FUNCTION AND V-CONJUGATION

Samra Sadikovié

Abstract. In this paper we prove that on the 3-series field H' cannot be defined by
means of the V-conjugation. In other words, the norms ||f|z: and |f||;: are not
equivalent in the case of the 3-series field. This gives a new proof to the result of
Memi¢ [7], which answers a question raised by P. Simon [13]. Also, we prove that the
mean value of function f € L'(G) on the coset In—1(z) is dominated by either oary_,
or o, on some translated element.
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1. Introduction and Preliminaries

The definition of Hardy spaces is possible in several ways. The only question is
which of these possibilities is useful in respect of the Vilenkin-Fourier analysis.

For bounded locally compact Vilenkin groups, the Hardy space can be charac-
terized in two equivalent ways. The first one is by atomic structure. The atomic
decomposition is a useful characterization of Hardy spaces by the help of which
some duality theorems and martingale inequalities can be proved [19]. It is known
[9] that in the investigations with respect to the Vilenkin system the boundedness
condition plays an important part. In the bounded case the H' space is atomic.

The second way of characterizations of Hardy spaces is by maximal function.
In the theory of trigonometric series it is well known that the classical H' space
contains exactly those L!'—functions, whose (trigonometric) conjugate function is
integrable. We investigate the analogous question for the Vilenkin system.

We use standard notations and many formulae contained in [4], where the max-
imal function and maximal operator were substantially studied.
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Let (mg, m1,...,My,...) be a bounded sequence of integers not less than 2.
Put m := maxm,,.
n
Let G := HZOZO Zn,,, , where Z,,, denotes the discrete group of order m,,, with

addition mod m,,. Each element from G can be represented as a sequence (zy,)n,
where z,, € {0,1,...,m, — 1}. Addition in G is obtained coordinatewise.

The group of integers of the p-series field is similarly defined by [, Z,, where
p > 2 is an integer.

The topology on G is generated by the subgroups
I, :={x = (2;); € G,z; = 0for i < n}, and their translations I,,(y) := {z = (z;); €
G,z; = y; for i <n}.

The basis (ey)n is formed by elements e, = (§;n,);.

Define the sequence (M), as follows: My =1 and M, 1 = m, M,.

If |I,,| denotes the normalized product measure of I,, then it can be easily seen
that |I,| = M, .

For every nonnegative integer n, there exists a unique sequence (n;); so that

00
=0

The generalized Rademacher functions are defined by

and the system of Vilenkin functions by
Y (x) := Hr”" (x),n e NU{0},z € G.
i=0

The Fourier coefficients, the partial sums of the Fourier series, the Dirichlet
kernels, the Fejér means, and the Fejér kernels with respect to the Vilenkin system
are respectively defined as follows

n—1
Snf =) f(k)¢r,
k=0
n—1
D, = 1/11@7
k=0
1
onf == Skl,
n k=1
K, = ! iD
n — n ks
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for every f € LY(G).

It can be easily seen that

Suf(y) = / Doy — 2)f(x)dz,

onf () = / Koy — ) f()de,

and

We introduce the maximal function and the maximal operator:

(@) = sup o] | /  Jw

0" f(w) = supon f(2)].

We say that operator T is of type (Y, X) if there exist an absolute constant
C > 0 for which | Tf|ly < C||f||x for all f e X.
T is of weak type (L', L') if there exist an absolute constant C' > 0 for which

p(Tf > ) <ClIfll/A,

for all A > 0 and f € L'(G).

It is known that the operator which maps function f to the maximal function
f* is of weak type (L', L'), and of type (LP, LP) for all 1 < p < oo [10].

Generally speaking, the Hardy space HP(G), p > 0 consists of integrable func-
tions f for which f* € LP(G). HP(G) is a Banach space with the norm

[ fllere == 1o

Many equivalent norms are defined in [13], [19] and [1]. The boundedness of o*
from H' to L' for bounded groups was established by [3](see also [13]). However,
P. Simon proved in [13] that the boundedness of the group is necessary and sufficient
for the boundedness of the maximal operator o*. We remark that in the so-called
positive case, i.e. for non-negative functions the reverse of Fujiis inequality can be
proved in a simple way (see e.g. Schipp - Wade - Simon - P4l [11]). Theorem 1
of Fujii was extended by F. Weisz in [17], [18] and [19] on (H?, LP), for p > 3. In
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[20] F. Weisz proved that ¢* is bounded from H2 to the so-called weak L2. Later
U. Goginava in [6] (see also [2]) has shown by means of a counterexample that o*
cannot have type (H %,L%). We remark that from this it follows by interpolation
that ¢* is not bounded from the Hardy space HP to the space weak-LP for any
0<p< % Furthermore, we are concerned only with the one-dimensional case,
however, there are many works by Gat, Goginava, Simon, Weisz, etc. with respect

to the analogous questions in the two- or multi-dimensional case.

In [13] it was also proved that that the V-conjugate function is bounded from
H' to L'. However, we prove that for a conveniently chosen sequence of functions
the inverse inequality does not hold. This gives new proof to the result of Memié
[7], which answers a question raised by P. Simon [13].

The V-conjugate of an integrable function f defined in [13] has the form:

f=>_f* LDy,

k=0
where
Ak mk—l
_ J J
Ly := E T+ E Ts
j=1 J=Ak+1

Ap = [22-1], i my > 2, and Ay, = 1, if my, = 2.

In [13] Theorem 4 it has been proved that the V-conjugation is of type (H!, L!).

The question on whether || f |1 provides a new norm on H! was also mentioned
in [13].

Here we also give the expression of Ly by Simon [14]:

_ TRt

oy =1 160 P EF) (e

(Ik # O,mk = 1(2)),

b) for my = 0 (2)(my > 2) (xx # 0) we have

peap (=52 ) [L - (~1)]
- Ty ;
M

(1.1) Li(z) =1+

) sin
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¢) in the case my = 2 we have Li(z) = —(=1)" (x € G).

For s € {0,1,...,my — 1} we write

i(—1)%  icosZE + sinS™

in2t sin2%
mi mi
2. Main results

Theorem 2.1. On the group of integers of the 3-series field, the norms || f|| g
and ||f||z1 are not equivalent.

Proof. We construct the sequence of functions (fy,), as follows:

n—1

Jn = 111(60) - 111(—e0) +2- Z 3k(11k+2(ek+1) - 11k+2(_ek+1))'
k=0

We use the expression of Ly proved in [14]

for

so we have for s € {0,1,2}

. ST +si ST ST
. s 1C0S— + sin — . s cos —
I _ =D 3 3 _i(=1)* 73
k(ser) =1+ sw ST =" sm 'Y/=sm-
sin — sin — sin — sin —
3 3 3 3
If s is even, we have
ST . 5 ST
1 — cos — sin? =~
Lasex) = i Lo T
w(sex) =1 —r = 2i———%x s = itan =
sin — 2sin — cos —

3 6 6
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If s is odd, we obtain

1 ST o ST
. + cos? _ cos 5 _ ST
Li(ser) = —i s = —2i 7 57 = —icot —.
sin — 2sin — cos — 6
3 6 6
Let Bs = tan % when s is even, and s = — cot %, when s is odd.
This yields
(F+LuDu) @) = [ ) LaDan )y - a)do
= My / f(@)Li(y — x)dx
I (y)
mp—1
= M Z / f(z)Ly(y — x)dx
=0 (y-m)e(sentln)
mg—1

= My Y iBs / fly —t)dt
s=0

te(sep+Iry1)

mE—1

= 1 Z ﬂsalsc(y)a
s=0

where af(y) =M, [ f(y—t)dt.

s-ep+Ipq1

Notice that if s is odd then

—fs = cot % = tan (g - %) = tan (Lgsﬁ) = B3—s-

This is clearly also valid when s is even. Therefore,

2 2
ZﬁsalsC = ZﬁsalsC = ﬁl(alf - a]il)'
s=0 s=1
Let t € Iyo(ept1) Ulgro(—exs1) and 0 < k <n — 1, then

Lit1Dagy, % fa(t) = iBr(af T (1) — a2 (1)) = —2-3%ip,.

Ift € Ix4o and 0 < k <n —1, then

Lit1Dary,y * fo(t) = 4- 3.
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Moreover,
LsDyy, * fr(t) =0,

ift € Iyqro(ept1) U lpyo(—ers1) and s > k + 2. Also,
Lo * fu(t) = —ip1,
for every ¢ € I1(eg) U I1(—ep), and
Lo * fo(t) = 2i64,

ift € I;.
Using these facts, we obtain that

fn(t) = _iﬂlv
for every t € I (eg) U I1(—ep).
On I \ In41,
_ n k+1
fu(t) = ZLSDMS * fu(t) = ZLSDMS * fu(t),
s=0 s=0
ift € Iy1 \ Ipyo. It follows
} k
fn(t) = 2iBy + 4if 235—1 —i2-36, =2if(1+3*—1-3" =0.
s=1

Finally, on I,,41,

Fu(t) = LiDur, * folt) = 2if1 +4ify Y 377" = 213",

s=0 s=1
It follows that A
[ fallzr = 551-

It is also easily seen that

2 — 3k 2 4
1Fllern =1l £2lle = (3 +4) )P = (3 + )b
k=0

O

The second result does not give a characterization of Hardy spaces, but it is
connected with Lemma 2.2 [7] in which it was proved that there exists a constant
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C > 0, only depending on the sequence (my,),, such that

|f*L,Dp,| <C . sup }|SMn+lf(3:—|—sen)—SMnf(x)|.
s€{0,...,m,—1

Namely, we prove that the mean value of f on the coset In_1(x) is dominated by
either opy_, or o, on some translated element.

Theorem 2.2. Let x € G, N € N. Then,

[Snvy 1 f(2)| < dmax(loary , f(z + jen—1)|; loamy f(z + jen—1)]),

for at least some j € {0,1,...,my_1 — 1} , where j depends on x.

Proof. Notice that the expression in the right side is constant on each Iy-coset.

Assume that for some z € G, N € N,

[Sny oy f(z)| > dmax(loary , f(z + jen—1)|; loamy f(z + jen-1)|),

for every j € {0,1,...,my—1 — 1}. In [4, Lemma 2.6], it was proved that for
z € G\ In, Kpy(2) = #&Bt), if z—1de, € Iy, 4 = 0,1,...,my — 1, and

Ky (2) = 0 otherwise. It was also noticed in the proof of [4, Theorem 2.1] that

Ky (2) = Ma=L if 2 € Iy.

Following the proof of [4, Theorem 2.1], we have

=

N—-1m¢—1 Mt MN _1
) ouf@) =3 3 g [y sy

t=0 1i=1

From our assumption, it follows that

mN,1—1

> o+ jen-1)| < TE Sy f(@).
j=0
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Applying formula (2.1), we get

my-1—1 my-1—1

> omflr+jen)

My —1
5 / f(y)dy
j=0 j=0 IN(z+jen—1)
N—-1m;—1 my—1—1

+ Z Z 1 — Tt Zet JZO /IN(erietJrjeNl) f(y)dy
N—

t=0 =1
1ms—1
My —1 / /

= y+ f(y)dy
2 INfl(I) ; ; 1 — Tt Zet) IN71(1+’L'€t)
N—-2m.—1

MN-—-1 1
(B - S+ X Y T /fmﬂ-et)f(” y

t=0 1i=1

. My_1
oy . /1 o

1—ry-1(ien—1)

Using the formula

z —
1—TN 1(ien—1) 2 ’

obtained in the proof of [4, Lemma 2.3], we get from the assumption and (2.1) that

melfl

. my— 1
> o flatieno) = (T = o) S
=0 N-1
N—-2m.—1
+ / f(y)dy
tz% Z; 1—” (iee) Sy s (otics)
my_1— 1
+ N%MN—I/ f(y)dy
IN 1(%)
MmN-—-1 1
p— - S
( 2 2MN—1) My _1
N—-2m.—1
+ / f(y)dy
tz% Z; 1—” (ies) Sy s (otics)
MN, -1 mpy— -2
b [y MY e [ S
In_—1(x) In-1(z)

1
— d
+ 2/1N1<m)f(y) Y
= (mel - ]‘)SMN—lf(I) + UMN—lf(I)5
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hence,

S. Sadikovié

[(mav—1 = DSy, f(@) + oar (@) < 5 San, S (@),

which leads to the contradicting fact

10.

11.

12.

13.

14.

15.

my—-1

|O'MN71f(:E)| > T|SMN71f(:E)|
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