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ON THE MEASUREMENT OF GROWTH PROPERTIES OF
ENTIRE AND MEROMORPHIC FUNCTIONS FOCUSING THEIR
RELATIVE TYPE AND RELATIVE WEAK TYPE

Sanjib Kumar Datta and Tanmay Biswas

Abstract. The concepts of relative growth indicators such as relative order, relative
type, relative weak type, etc. have widely been used to avoid comparing growths of
entire and meromorphic functions just with exp functions. Using the notions of several
relative growth indicators as mentioned earlier, in this paper we would like to find out
the limits in terms of classical growth indicators (i.e. order, type, weak type etc.) in
which the relative type, relative weak type, etc. of meromorphic functions with respect
to entire functions should lie.
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1. Introduction, Definitions and Notations

Let C be the set of all finite complex numbers. Let f be an entire function
defined on C. The maximum modulus function corresponding to entire f is defined
as My (r) = max {|f (2)| : |z2| = r}. The order ( lower order) of an entire function
f is defined in terms of the growth of f with respect to exp z function which is as
follows:

. loglog My (r)

= 1 _— =
P R loglog Ma - (1)
log log M

Af = liminf—) = liminfw .
: r—oo loglog Mexp » (1) r—00 log ()

— limsup loglog M (r)
r—00 log (r)

loglog M (r

When f is a meromorphic function, My (r) cannot be defined as f is not
analytic. In this case one may define another function 7' (r) known as Nevanlinna’s
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Characteristic function of f, playing the same role as maximum modulus function
in the following manner:

Ty (r) = Ny (r) +my (1),

where the function Ny (r,a) (]\7 7 (r, a)> known as counting function of a-points
(distinct a-points) of meromorphic f is defined as

T

Ny (r,a) = /n'f (t’a);nf (O’a)dtJrn_f (0,a)logr

0

T

]\Fj'(r,a):/nf (t;a);nj (O’Q)dt—l—n} (O,a)logr ,

0

moreover we denote by ny (r,a) (n} (r, a)) the number of a-points (distinct a-

points) of f in |z| < r and an oo -point is a pole of f. In many occasions Ny (r, c0)

and ]\_7f (r,00) are denoted by Ny (r) and ]\_7f (r) respectively.
Also the function my (r,00) alternatively denoted by my () known as the
proximity function of f is defined as follows:

1 271' X
my(r) = %/0 log ™ |f (rele)| do,

where
logt x = max (logz,0) for all z >0 .

Also we may denote m (r, ﬁ) by my (r,a).
If f is an entire function, then the Nevanlinna’s Characteristic function
Ty (r) of f is defined as
Ty (r) = my (r) .

Further, if f is a non-constant entire then Ty (r) is strictly increasing and
continuous function of r. Also its inverse ijl : (Tr (0) ,00) — (0,00) exist and is

such that lim T’ ! (s) = oo. However, in case of meromorphic functions, the growth
§—00

indicators such as order and lower order which are classical in complex analysis are
defined in terms of their growths with respect to exp z function as the following:
log Ty (r) log Ty (r)

= limsup——————+— = limsup————~= = limsu M
pr="msp log Texp - (1) ey log (£) oy log () + O(1)

log T log Ts log T
A = liminf 08T ) e l0e T () g e loeTr ()
r—oc log Texpz (T‘) r—oo  log (%) r—oo log (T‘) + 0(1)
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Next, we give the definitions of type and weak type of meromorphic functions
which are also another type of classical growth indicators used for comparing the
relative growth of two meromorphic functions having same non zero finite order
with respect to another meromorphic function:

Definition 1.1. The type oy and lower type 7 ¢ of a meromorphic function f are
defined as

Ty T
o¢ = limsup s (1) and oy = lim inf f(r), 0<pr<oo.

rooco TPf r—oo  rPf

Datta and Jha [4] introduced the definition of weak type of a meromorphic
function of finite positive lower order in the following way:

Definition 1.2. [4] The weak type 77 and the growth indicator 7; of a meromor-
phic function f of finite positive lower order Ay are defined by

= i sun LT L Ly ()
Tf_hirisip m and Tf—llrﬁl}géf mya

0<Af<oo.

Extending the notion of relative order as introduced by Bernal {[1], [2]},
Lahiri and Banerjee [7] gave the definition of relative order of a meromorphic func-
tion f with respect to an entire function g , denoted by pg (f) as follows:

pg (f) inf {pe > 0: Ty (r) < Ty (r*) for all sufficiently large r}

: log Ty ' Ty (r)
= limsup————.
r—00 1Og r

The definition coincides with the classical one [7] if g (z) = exp 2.

In the same way, one can define the relative lower order of a meromorphic
function f with respect to entire g denoted by A, (f) in the following manner :

log T 1T,
Ag (f) = liminfw'

r—00 logr

In the case of meromorphic functions, it therefore seems reasonable to define
suitably the relative type and relative weak type of a meromorphic function with
respect to an entire function to determine the relative growth of two meromorphic
functions having same non zero finite relative order or relative lower order with
respect to an entire function. Datta and Biswas [5] also gave such definitions of
relative type and relative weak type of a meromorphic function f with respect to an
entire function g which are as follows:
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Definition 1.3. [5] The relative type o4 (f) of a meromorphic function f with
respect to an entire function g are defined as
Ty Ty (r)

oq (f) = limsupngT, where 0 < pg (f) < o0.

r—>00
Similarly, one can define the lower relative type 7, (f) in the following way:

~1
a4 (f) = 1iminfw

minf—= where 0 < p, (f) < o0.

Definition 1.4. [5] The relative weak type 7, (f) of a meromorphic function f
with respect to an entire function g with finite positive relative lower order Aq (f)
is defined by
T, Ty (r)
i infld
o () =R =S
In a like manner, one can define the growth indicator 7, (f) of a meromorphic
function f with respect to an entire function g with finite positive relative lower
order A\, (f) as
T, Ty (r)
— — 1 g
Tg (f) lgsgp ’I”)‘g(f)
Considering g = exp z one may easily verify that Definition 1.3 and Defini-
tion 1.4 coincide with the classical definition of type (lower type) and weak type of
a meromorphic function.

For entire and meromorphic functions, the notion of the growth indicators
of its such as order, type and weak type are classical in complex analysis and during
the past decades, several researchers have already been continued their studies in
the area of comparative growth properties of entire and meromorphic functions in
different directions using the growth indicator such as order, type and weak type.
But at that time, the concept of relative order and consequently relative type and
relative weak type of meromorphic function with respect to another entire function
which have already been discussed above was mostly unknown to complex analysts
and was not known for the technical advantage given by such notion which gives an
idea to avoid comparing growth just with exp function to calculate order, type and
weak type respectively. In the paper, we investigate some relative growth properties
of entire and meromorphic functions with respect to another entire function on the
basis of relative type and relative weak type. We use the standard notations and
definitions of the theory of entire and meromorphic functions which are available in
[6] and [9]. Hence we do not explain those in details.

2. Lemma

In this section we present a lemma due to Debnath et al. [3]:
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Lemma 2.1. [3] Let f be a meromorphic function 0 < Ay < py < oo and g be an
entire function with 0 < Ay < pg < co. Then

A , {/\f Pf} {/\f Pf} Py
L <minq —, = > <max{q —,—~ p < < = .
> g(f)_ Xy Pg Xy Pg Py (f) Ay

3. Main Results

In this section we state the main results of the paper.

Theorem 3.1. Let f be a meromorphic function 0 < Ay < pr < 0o and g be an
entire function with 0 < Ay < pg < 0o. Then

1 1 1 1 1
i g g Ed g Pg - Pg
max{ |:ﬂ:| J ’ [2:| J } S oq (f) S mln { |:E:| J ’ |:2j| g ’ |:z_f:| g }
Ty Tg ' Ty Og Og
1 1 1 1 a1 1 1
[@} *g <2, (f) gmin{[?} 2 {ﬂ} 2 [T_f] *g | [2] xg | r_f} 2 {Z—f} pg} |
Tg ’ Og Og Ty Tg Og Og

Proof. From the definitions of oy and &y, we have for all sufficiently large values of
r that

(3.1) Ty (r) < (of+¢)-r°7,

(3.2) Tp(r)> (oy—¢)-rff
and also for a sequence of values of r tending to infinity we get that

(3.3) Ty (r) > (of —€)-rP7,
(3.4) Tp(r) < (oy+e)-r°7.

Similarly from the definitions of o, and &, it follows for all sufficiently large values
of r that

Ty (r) < (og + ) rPice, v T (o +€) i, T, (r) 2 Kﬁ>] ,

Ty(r) > (Gy —¢) -rPoie., r> T<171 (@g —e)-r™]ie., T(fl )= [(ﬁ) E‘|
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and for a sequence of values of r tending to infinity, we obtain that

Ty (1) 2 (0 = &)r7icen 72 T (0 = &) 177, T, (1) < ngr_a))pg] ,

Ty (r) < (g + ) rPie, v < T, (g +) - rP]ie., Tyt (r) 2 [(ﬁ) ﬂ '

Further from the definitions of 7¢ and 7, it follows for all sufficiently large values
of r that

(3.5) Ty (r) < (Fp +e) -1,

(3.6) T (r) > (1p —¢€) -1
and also for a sequence of values of r tending to infinity, we get that

(37) Ty (r) 2 (7p — €)™,

(3.8) Ti(r) < (17 +¢) -1 .

Also from the definitions of 7, and 74, we obtain for all sufficiently large values of
r that

Ty (1) < 7y +e)rvie, r ST [(F, +e) - o] ie, T () > [(ﬁﬂ :

T (1) > (1) — &) - rMie, 1> Tg—l (75 —€) -r’\g] i.e. Tg—l (r) < [((Tgr_ E))M]

and for a sequence of values of r tending to infinity, we obtain that

Ty(r) 2 (F=e)-rrie. r2 T [(Fy =) ™ e, T () < [(mr_a—))ﬂ |

)\L
T, (r) < (1, +¢)-rie., r < T, [(m9 +¢) 1] de., T, (r) > [<( ! €)> g] .
. ‘ o —
Now from (3.3) and in view of (3.9), we get for a sequence of values of r tending to
infinity that
Ty Ty (r) = Ty oy —€) 7]

g
(o0f —€)- )
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wf—@]w s 1;W}@>>{wf—@]%
- o 2 lEval
Since in view of Lemma 2.1, :—]; > p, (f) and as € (> 0) is arbitrary, therefore it
follows from above that

limsupw > [Q]Ei.e., oq(f) > [ﬁ]ﬁ .

r—00 T)pg(f) Fg

Similarly from (3.2) and in view of (3.9), it follows for a sequence of values of r
tending to infinity that

Tﬁle (r) > T;l [(6f —e) .Tpf}

g

1
— N PP\ g
i, Ty VT (r) > (M>

(19 —¢)

g

_ L 1 _ L
(fff—@]*" e, 0 [("f_a)]“ .
Xg (79 +€)

9

ie, T, 1Ty (r) > [

Since in view of Lemma 2.1, it follows that ;—f > pg (f). Also € (> 0) is arbitrary.
So we get from above that

T-1T 5% R
limsupgif(r) > [ﬁ] i.e., og(f)> [ﬁ} ‘o

7—00 ’I”pg 0 7'g

Again in view of (3.9), we have from (3.5) for all sufficiently large values of r that

Tg_le (r) < Tg_1 [(?f +e)- r’\f}

1
= S ANRY]
i.e., Tg_le (T) < (M) 9

(19 —¢)
T i by T-1T — i
ie., T, Ty (r) < [M] S iie., -8 Af(f“) < |:(Tf+€)] .
(19 —€) L (r, —2)

Af

Since in view of Lemma 2.1, we get that L < p, (f) and as € (> 0) is arbitrary.

Therefore it follows from above that
1
T, Ty (r) _ r_f] =

1
Tyl
NI ie., o4(f) < [T—q] .

lim sup
T—>00

Tg
Again in view of (3.5), we have from (3.1) for all sufficiently large values of r that

T, Ty (r) < Ty (o +2) -]
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1
.pPf\ Pg
e T Ty (1) < (%)
@y —€)

rg ot quTf(r)S{(a,»Jra)]%

. _ (Uf +e)]» .
ie., T'T (r) < [_7 “rrege., —
o (@5 —¢) ot @ —¢)

As in view of Lemma 2.1, it follows that f;—f < pg (f). Since € (> 0) is arbitrary, we

get from (3.9) that
Ty Ty () os] %0
limsup=Zr < | ]
1

ie., og(f) < [;—ﬂ

Further in view of (3.5), we have from (3.5) for all sufficiently large values of r that
T Ty (r) < T (7 + ) 1]

= LS i
ie., T 1Ty (r) < (Tf_—i_#
g (Gg—¢)

—~

i.e., T(fle (ry < {(;i:” S

-1 L
e SO )
TPy ’
A—f < pg (f) and as € (> 0) is arbitrary.

Since in view of Lemma 2.1, we get that >
Therefore it follows from above that

T, Ty (r) 7,159
. g . Tr | Pg
e

QI|:\

@
[E—
3=

ie., og(f) < [

Thus the first part of the theorem follows from (3.9), (3.9), (3.9), (3.9) and (3.9)
) and in view of (3.9), we get for all sufficiently large values of

Further from (3.2

r that
-

o Ty (r) =T (@ —€) -]

e T7T () <%>_

f
i.e. le T [ Uf+z):| Ag
Ty () 5,-)] %
o, m;;:;}
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Now in view of Lemma 2.1, it follows that i—i > pg (f). Since € (> 0) is arbitrary,
we get from above that

T-T
lim inf -2 s (r) [
T—00

~I\|:3|

1
i|/\g

T_Pg(f) g

ie., 7, (f) > [ﬁ—f}_ .
Also in view of (3.5), we get from (3.1) for a sequence of values of r tending to

infinity that
T, Ty (r) < Ty (o +¢) -]
1
. pPi N\ Py
ie., T7VT) (1) < log &) 1?7y
g (g —¢)

EE
i.e., Tg_le (ry < [Engg} "9 Py
- Ty (r) - Py ey
ie., 2 7% < [Eggfg] )
TP

Again in view of Lemma 2.1, 5—f < pg (f) and e (> 0) is arbitrary, so we get from

(3.9) that
7T En
lim inf —Z s (1) < [Z—ﬂ g

r—00 rPg(f)

1

e, 7y (f) <[Z]7
Likewise from (3.4) and in view of (3.5), it follows for a sequence of values of r

tending to infinity that

T, Ty (r) T, (@ +2) -]
ey Ty Ty (r) < <(E;E;;75_)'€;"pf>z

_ L P
(ngrs)} Py reg

i.e., T(;le (T) < |:((7g_€)

i T Ty () {@ﬂ-)}z
O T S|

Analogously, we get from (3.9) that

T1T¢ (r e
liminf—¢ 7/ (r) < |ZL|’
PN TE) Ty

Al

ie. 7 () <[Z]7
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since in view of Lemma 2.1, £L < p, (f) and (> 0) is arbitrary.
g

Further in view of (3.9), we get from (3.5) for a sequence of values of r tending
to infinity that

Ty (r) < T, [(Fr +e) 7]

(Tg—¢)
— )\L Af
i.e., Tg_lTj (ry < [E;jtg} Y p%g
TOT ) enlh
. g (Ts+e) | Mg
i.e., 5 < {(?ﬁ_a)}
T e

As in view of Lemma 2.1, we get that i—f < pg (f) and as € (> 0) is arbitrary.
Therefore it follows from above that

T-'T; (r =
lim inf —2— P (7;>( ) [ }kg
r—00 r 9 g

ie. T, (f) < [f—f}_ .

Similarly from (3.8) and in view of (3.9), it follows for a sequence of values of r
tending to infinity that

*II|;\\

T, T (r) < Ty, ' (1 +¢) -]

1

ie., T, Ty (r) < (%) 5

1 A
ie, T Ty (r) < [—(Ters)] Xy

g (1g—¢)

i.e.

T, Ty (r) < {(Tf+a)} g
’ A - (7575) '
9

Af

Also in view of Lemma 2.1, we get that £ < p, (f) and as € (> 0) is arbitrary,

therefore it follows from above that

lim infgprim S
r—00 rte

ie. T,(f) < [T—f]ﬁ .

Tg

T, Ty (r) [T_f}%

Again in view of (3.5), we get from (3.5) for a sequence of values of r tending to
infinity that

Ty Ty (r) < Ty [(Fr +e) 7]
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1
=, CpAE Pg
e TVT (r) < <w>

(0g—¢)

_ 1 Ay
ie., T, 'Ty(r) < [E;i:” P9 pg
T—lT - 1
e, 0 <[]

79

Since in view of Lemma 2.1, we get that 2—f < pg (f) and as € (> 0) is arbitrary, so
. 4
it follows from above that

lim inf —Z <
00 rpg(f)

Tﬁle (r) [?_f} %
Tg
1

ie. T, (f) < [j_fr .

Similarly from (3.8) and in view of (3.5), it follows for a sequence of values of r
tending to infinity that

T;le (r) < T;l [(Tf +e)- rAf}

1

LELREAY

i.e., Tg_le (r) < ( Go=9)

1 Af
i, T 1Ty (r) < [M} "y

g (Eg —e)

71T (r =
P9

As in view of Lemma 2.1, we get that 2—f < pg (f). Also as e (> 0) is arbitrary,
therefore it follows from above that
T-'T

() [

lim inf -2 )
r—00 rP9

ie. T, (f) < [E_f}_

Hence the second part of the theorem follows from (3.9), (3.9), (3.9), (3.9), (3.9),
(3.9) and (3.9). O

Theorem 3.2. Let f be a meromorphic function 0 < Ay < py < 00 and g be an
entire function with 0 < Ay < pg < 0o. Then

€L B R R B €L R
el (2 20 (2 [ enan< 2
Tg Tg Og Og Tg Tg Og
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and
‘“{P]_[—’]_[E—T} ng<f>smm{{;_§] E__f]—}

Og Tg Tg

Proof. We obtain from (3.7) and (3.9), for a sequence of values of r tending to

infinity that
Iy

Ty (r) =T, [(Fp—e)-r

]
Tp—e)- >AL

- —1
ie., T, Ty (r) > < Fot o)

{(Ff*‘f)} b . r%

i.e., Tg_le (r) Eoem)
7T, - =
i.e., # > [E;g;z;] Xg

-
Since in view of Lemma 2.1, we get that v~ > A, (f) and as £ (> 0) is arbitrary,
therefore it follows from above that

TOT () 1

. « f el
limsup—=t7— 2 ]

1

. — Xg

ie., T (f) > {;_ﬂ g

Further we obtain from (3.6) and (3.9), for a sequence of values of r tending to

infinity that
Ty Ty (r) 2 T, (75 =€)

]
€=Tg1Tf(7°)2<Tf_€ )

! (r1-9)]%7 | 2L
. _ SRS b - o
ie., T, Ty(r) > [(7575)} r*e
T 1Ty (1) =
. g f (tp—e)] *a
ey 21— = [(=g]
T Ag

As in view of Lemma 2.1, we get that > A (f) and as € (> 0) is arbitrary,

therefore it follows from above that
T T (r) {T_f} .

. g
lim SUp———75— =
r

T—>00
e, Tg(f) >



On the Measurement of Growth Properties of Entire and Meromorphic Functions 1023

Now from (3.3) and in view of (3.5), we get for a sequence of values of r tending to

infinity that
Ty Ty (r) 2 Tyt (g —€) - 1]

(Uf—E)'T“”f)”lg

1
ie, T,y (r) > [%‘Z,j;jﬂ T
Ty Ty (r) [(gffs)}%
= [(og+e)

i.e., 7
T rY

Analogously from (3.2) and in view of (3.5), it follows for a sequence of values of r

tending to infinity that
—1 _ Pf
T ) =T, (- o) r”]

-1
T,
1
T — Pi\ g
i, T 1Ty (r) > (07 =€) 177 7
I (@4 +e)
-1 &)1
ie., T, Ty(r) > [(Eﬁﬂ)} P9
Ty Ty () [2z2] 7
= [ (@g+e)

i.e., o
TPy

As in view of Lemma 2.1, 'Z—j > Ag (f) and as € (> 0) is arbitrary, we get from (3.9)

}

—

that
—1
lim su T, T () > [ﬂ} "
r—»oop Tkg(f) %9
1
e, 7 () 2 (2]
Simialrly, we get from (3.9) that
T (o h
. g o'_f Pg
hgs;p oD = |7,
1
. — T P
ie, Tq(f) > g—’;] °

|

since in view of Lemma 2.1, Z—§ < Ag (f) and € (> 0) is arbitrary.
Likewise from (3.3) and in view of (3.9), we get for a sequence of values of r

tending to infinity that
Ty Ty (r) 2 Ty [(og =€) - r™7]
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) I S
e 00 2 ]
Ty (r) (0;—)] %7
ie., 57 =z [(rﬁé}

rie

Since in view of Lemma 2.1, we get that —;f > Xy (f) and as € (> 0) is arbitrary,
; ‘
therefore it follows from above that

Tg_le (T) {g} ’\17

Ag(f
Tg()

Y

lim sup

T
r—00 g

1

e 7y (F) 2 2]V

Further from (3.2) and in view of (3.9), it follows for a sequence of values of r
tending to infinity that

g
1
- . 33 Ng
ie, T-UTy () > [ @1 =80T
. (79 =€)
_ Py
ie, T, 'Ty(r) > [((i;_;)} e
ie Tg_le (T) S {(offs)}t
o [ = [ (rg—9)
g

As in view of Lemma 2.1, we get that ;—f > Ay (f) and also as ¢ (> 0) is arbitrary,
g9
it follows from above that

Ty Ty (r)

1
T A
> |:(Tfj| 9
B el
r g(f)

lim sup —
g

T—>00
1

ie., Ty(f) > [f—f} R
Again from (3.5) and (3.5), we have for all sufficiently large values of r that
Ty Ty (r) < T, [(Fp+e) - r]

1
(Tr+e) -7‘>‘f>”9

i.e., Tg_le (r) < ( G
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i.e., T;le (ry < {(EQ_E)

T (r - o
e Bl <[]
P9

Since in view of Lemma 2.1, we get that =2 < X\, (f) and as e (> 0) is arbitrary,
therefore it follows from above that

T, 'Ty (r) 7170

. g f T_f:| Pg
hmsup=C— < [E

I

ie., T ;—f} "o

Thus the first part of the theorem follows from (3.9), (3.9), (3.9), (3.9), (3.9), (3.9)

and (3.9).
Further from (3.6) and in view of (3.9), we get for all sufficiently large values of
r that
T, Ty (r) > T, " (15 —¢)

]
7 —e)- )f

: -1
ice., Ty Ty (r) > < ot o)

{m a)}w At

ie., Ty Ty (1) (Fote)
Tg_le (T) > |:(Tf*6):| ’\_lg
= [ (Fg+e)

i.e., v,
79

Since in view of Lemma 2.1, we get that )\—f > XAy (f) and as € (> 0) is arbitrary,

therefore it follows from above that

T, Ty (r) 1%
liminf > (2
1

e 7y (f) = [
Again from (3.2) and in view of (3.5), we get for all sufficiently large values of r

that
T, Ty (r) > T, (G —e) - r*7]

ie., T, Ty (r) > (%_?@M)é

rr
i, T,y Ty (r) [é}jﬁ)} r7s
. Tle(T) z
e, L0 gy

P9
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1026
As in view of Lemma 2.1, Z—f > Ay (f) and e (> 0) is arbitrary, we get from (3.9)

1

that
T, Ty (r) 7177
. g G| Pg
hmlnfirxgm > [U—ﬂ
1

™00
o5

e, Ty (f) 2|2
Again from (3.2) and in view of (3.9), we get for all sufficiently large values of r

g

that
T, Ty (r) > T, [(Gf —e) - r*7]

-1 (=) % L
ie., T, Ty (r) > [(?;‘ 5 Xg
T (r) [@Fs)}i
= [ (Fgte)

Since in view of Lemma 2.1, we get that ’;—’; > Ag (f) and as € (> 0) is arbitrary,

therefore it follows from above that
71T (r

lim inf—4———+—= (ff)( ) >

T—00 r9

1
Gr | A
Tg

[

=

[

e 1y () =[]

]

Moreover, we get from (3.5) and (3.5) for a sequence of values of r tending to infinity

T, Ty (r) ST, [(Tp +2) - e
=, S

i.e., Tg_lTj (T) S <(7-f +E) T
(09 —€)

that

As in view of Lemma 2.1, we get that 2—£ < Ay (f) and also as € (> 0) is arbitrary,

it follows from above that
T-1T¢ (r T
lim inf 4 ———+—= (jf)( ) < T—f} "
r—00 ro Og
1
. T 14
ie, 74(f) < {;—ﬂ g
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Similarly, from (3.8) and in view of (3.5), it follows for a sequence of values of r
tending to infinity that

T,y (r) < Ty (7 4 2) -]

(0g—¢)

1 (t5+¢) é 2r
ie., T, Ty(r) < {(31;75)} P9
ie T(;le (T) |:(Tf+6):| Pg
Y Ar (Tg—¢)

TPy

Since in view of Lemma 2.1, we get that ’;—; < XAg (f) and as € (> 0) is arbitrary,
therefore it follows from above that

lim inf —Z Y Ea) <
7—00 r9

e, T, (f) < [%}E .

Hence the second part of the theorem follows from (3.9), (3.9), (3.9), (3.9) and
(39). O

T, 'Ty (r) [Tf} 7
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