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UTILIZING SUPRA o-OPEN SETS TO GENERATE NEW TYPES
OF SUPRA COMPACT AND SUPRA LINDELOF SPACES
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Abstract. The purpose of this article is to introduce the concepts of supra a-compact
(supra a-Lindelof) spaces, almost supra a-compact (almost supra a-Lindeléf) spaces
and mildly supra a-compact (mildly supra a-Lindelof) spaces in supra topological
spaces utilizing a notion of supra a-open sets. Several properties of each concept are
established and the relationships among them are provided with the help of interesting
examples. A notion of supra a-limit points is presented and some properties with supra
a-compactness are derived.

Keywords:Supra a-open set, Supra a-compact (Supra a-Lindelof) spaces, Almost
(Mildly) supra a-compact and almost (mildly) supra a-Lindelof spaces.

1. Introduction

In 1965, Njastad [13] presented and investigated a notion of a-open sets in topo-
logical spaces. Mildly compact (Mildly Lindelof) spaces [15] were introduced in 1974
and almost compact spaces [9] were introduced in 1975 by Staum and Lambrinos,
respectively. Mashhour et al.[11] introduced a concept of supra topological spaces
and investigated some of its properties in 1983. In 1985, Maheshwari and Thakur
[10] initiated a concept of a-compact spaces and studied some of its properties. In
2008, Devi et al. [5] generalized a notion of a-open sets in topological spaces to
supra «-open sets in supra topological spaces. Recently, Some notions in supra
topological spaces such as supra closure operators, supra compact (supra Lindelof)
spaces and supra regular (supra normal) spaces were introduced and investigated
by me [2]. In addition, a new class of generalized open sets called somewhere dense
[3] was studied and discussed in detail. It is well known that topological spaces and
supra topological spaces have been generalised and studied in many ways (see for
example, [1], [4], [7], [8], [16], [17]).

In the present article, we introduce and study the concepts of supra a-compact
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(supra a-Lindel6f) spaces, almost supra a-compact (almost supra a-Lindeldf) spaces
and mildly supra a-compact (mildly supra a-Lindelof) spaces in supra topological
spaces by using a notion of supra a-open sets. The characterizations of these con-
cepts are investigated. Apart from that some illustrative examples are presented
to point out relationships among these concepts. A notion of supra a-limit points
is introduced and some properties with supra a-compact spaces are investigated.
Several interesting results are derived which may be value of further researches.

2. Preliminaries

Definition 2.1. [11] A sub-collection u of 2% is called a supra topology on X if
it satisfies the following two axioms

(i) X belongs to p.
(ii) p is closed under arbitrary union.

Every element of p is called a supra open set and its complement is called a supra
closed set.

Definition 2.2. [5] A subset F of a supra topological space is called supra a-open
if £ C sint(scl(sint(E))).

Definition 2.3. [5] Let (X, u) be a supra topological space, (Y, ) be a topological
space and p be an associated supra topology with . A map g : (X,pu) — (V,0)
is called supra a-continuous if the inverse image of each open set in Y is a supra
a-open set in X.

Definition 2.4. ([5],[11]) Let E be a subset of a supra topological space (X, u).
Then

(i) Supra interior of E, denoted by sint(E), is the union of all supra open sets
contained in E.

(ii) Supra closure of E, denoted by scl(F), is the intersection of all supra open sets
containing F.

(iii) Supra a-interior of E, denoted by saint(F), is the union of all supra a-open
sets contained in F.

(iv) Supra a-closure of E, denoted by sacl(FE), is the intersection of all supra
a-open sets containing E.

Definition 2.5. [2] A supra topological space (X, p) is said to be
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(i) Supra compact (resp. supra Lindelof) provided that every supra open cover of
X has a finite (resp. countable) subcover.

(ii) Almost supra compact (resp. almost supra Lindelof) provided that every supra
open cover of X has a finite (resp. countable) sub-collection the supra closure
of whose member cover X.

(iii) Mildly supra compact (resp. mildly supra Lindeldf) provided every supra
clopen cover of X has a finite (resp. countable) subcover.

Definition 2.6. [14] Let g be amap of X into Y. Let {A; :i € I} and {B; :i € I'}
be a collection of subsets of X and Y, respectively. Then

@ 9(U 4) = U g(4,).

el iel

(i) ¢~ (U Bi) = U g~ (By).

i€l i€l

Throughout this paper, the set of natural numbers, the set of rational numbers and
the set of real numbers are denoted by A, Q@ and R, respectively.

3. Supra a-compact and supra «a-Lindel6f spaces

We introduce in this section the concepts of supra a-compact and supra
a-Lindelof spaces. The relationships between them are studied with the help of
examples and the equivalent conditions for each one of them are given.

Definition 3.1. A collection {G; : i € I} of supra a-open sets in a supra topo-
logical spaces (X, u) is called a supra a-open cover of a subset E of X provided
that £ C | J{G,: i e I}.

Definition 3.2. A supra topological spaces (X, u) is called supra a-compact (resp.
supra a-Lindeldf) provided that every supra a-open cover of X has a finite (resp.
countable) subcover.

In the following, we give two examples, the first one satisfies the concept of supra
a-compactness and the second one does not satisfy.

Example 3.1. Let p = {0,G, CN :Gn = {n,n+1,n+2,... : n € N}} be a supra
topology on N. Since infimum(G,) = n, for any subset Gy of (N, pu), then (N, u) is
supra a-compact.

Example 3.2. Let p = {@, G C N : 3z € G such that 2 | 2} be supra topology on
N. Now, A = {{n,n+ 1} : n € N'} is a supra a-open cover of A'. As A has not a finite
subcover, then (N, 1) is not supra a-compact.
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Proposition 3.1. FEvery supra a-compact space is supra o-Lindelof.
Proof. 1t is straightforward. O

The converse of the above proposition need not be true as shown in Example 3.2.

Proposition 3.2. Any finite (resp. countable) supra topological space (X, u) is
supra a-compact (resp. supra a-Lindelof).

Proof. (i) If X is finite, then the proof comes immediately from the fact that P(X)
is finite

(ii) If X is countable, then the largest cover with respect to the number of its
element is A = {{z} : # € X}. The countability of A completes the proof.

O

Proposition 3.3. A finite (resp. countable) union of supra a-compact subsets of
a supra topological space (X, ) is supra a-compact (resp. supra a-Lindeldf).

Proof. 1t is straightforward. O

Proposition 3.4. Fvery supra a-compact (resp. supra a-Lindeldf) space (X, )
is supra compact (resp. supra Lindelof).

Proof. This is easily obtained from the fact that every supra open set is supra
a-open. [

To see that the converse of the above proposition is not always true, we give the
following example.

Example 3.3. Let u={0,R,Gr, CR:Gp={n,n+1,n+2,...:n € N}} be a supra
topology on R. Obviously, (R, 41) is supra compact. A collection A = {Q|J{z}: z € Q°}
is a supra a-open cover of R. Since A has not a countable subcover of R, then (R, u) is
not supra «-Lindel6f.

Definition 3.3. A subset F of a supra topological space (X, p) is said to be supra
a-compact (resp. supra a-Lindelof) relative to X if every supra a-open cover of E,
reducible to a finite (resp. countable) subcover.

Theorem 3.1. Every supra a-closed subset of a supra a-compact (resp. supra
a-Lindelof) space (X, p) is supra a-compact (resp. supra a-Lindeldf).

Proof. Let F be a supra a-closed subset of X and {G; : i € I} be a supra a-open
cover of F. Then F° is supra a-open and F C |J G;. Therefore X = |J G; | F°.
i€l iel

Since X is supra a-compact, then X = U G;|JFe°. Thus F C U G;. Hence F' is
i=1 i=1

supra a-compact.
One can prove theorem similarly in case of supra a-Lindelof spaces. O
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Definition 3.4. [14] A collection {G; : i € I} of sets is said to have the finite
intersection property if every finite sub-collection of {G; : © € I'} has a non-empty
intersection.

Theorem 3.2. A supra topological space (X, u) is supra a-compact if and only
if every collection of supra a-closed subsets of X, satisfying the finite intersection
property, has, itself, a non-empty intersection.

Proof. Necessity: Let A = {F; : ¢ € I} be a collection of supra a-closed subsets
of X which has the finite intersection property. Assume that (| F; = @. Then
il
i=n i=n
X = | Ff. Since X is supra a-compact, then X = |J Ff. Therefore () F; = .
i€l i=1 i=1
But this contradicts that A has a finite intersection property. Thus A has a non-
empty intersection.
Sufficiency: Let Q = {G; : i € I} be a supra a-open cover of X Suppose 2 has

no finite subcover. Then X\ U G; # @, for any n € N. Now, ﬂ G¢ # O implies

that {G§:ie1}isa collectlon of supra a-closed subsets of X Wthh has the finite

intersection property. Therefore (| G§ # . Thus X # |J G;. But this contradicts
iel i€l
that € is a supra a-open cover of X. Hence (X, ) is supra a-compact. [

Definition 3.5. A collection {G; : i € I} of sets is said to have the countable
intersection property if every countable sub-collection of {G; : i € I} has a non-
empty intersection.

The proof of the following theorem is similar of that Theorem 3.2.

Theorem 3.3. A supra topological space (X, ) is supra a-Lindelof if and only if
every collection of supra a-closed subsets of X, satisfying the countable intersection
property, has, itself, a non-empty intersection.

Theorem 3.4. If A is a supra a-compact (resp. supra a-Lindeldf) subset of X
and B is a supra a-closed subset of X, then A B is supra a-compact (resp. supra
a-Lindelof).

Proof. We prove theorem in case of supra a-Lindelof spaces and the other case is
proven similarly.

Let A = {G,; : i € I} be a supra a-open cover of a set A()B. Then A C | G;J B¢.
i€l
Since A is supra a-Lindelof, then there exists a countable set S such that A

-
U GiUB°. Therefore A(\B C |J G;. Thus the set A( B is supra a-Lindeléf. O
i€s i€s

Theorem 3.5. The supra a-continuous image of a supra a-compact (resp. supra
a-Lindeldf) set is compact (resp. Lindeldf).
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Proof. Let g : X — Y be a supra a-continuous map and let A be a supra a-
compact subset of X. Suppose that {G; : ¢ € I} is an open cover of g(A). Now,
g(A) € U G; implies that A C |J ¢~ (G;). Since g is supra a-continuous, then
i€l i€l
g 1(G;) is a supra a-open set, for all i € I. By hypotheses, A is supra a-compact,
=n
then g(A) C |J G;. Hence g(A) is compact.
i=1
Similarly, one can prove theorem in case of supra a-Lindelof spaces. O

Definition 3.6. Let A be a subset of (X, ) and € X. A point x is said to be
supra a-limit point of A provided that every supra a—open set containing = contains
at least one point of A different than x.

The set of all supra a-limit points of A is denoted by A%,

Theorem 3.6. Let A be a subset of (X, ). Then A is supra a-closed if and only
if A5t C A.

Proof. Necessity: Assume that A is supra a-closed and z ¢ A. Then z € A°. As
A¢ is supra a-open and A°(A = @, then z ¢ A%*. Therefore A%®! C A.
Sufficiency: Let € A° and A% C A. Then = ¢ A**!. Therefore there exists a
supra a-open set G, such that G, \ {} (A = 0. As z € A° then G, (A = O.
Now, G, C A°. Therefore A° = |J{G, : * € A°}. Thus A° is a supra a-open set.
Hence A is supra a-closed. O

Corollary 3.1. Let A be a subset of supra a-compact (resp. supra a-Lindeldf)
space. Then A*®! is supra a-compact (resp. supra a-Lindeldf).

Theorem 3.7. FEvery infinite subset of a supra a-compact space has a supra o-
limit point.

Proof. Let A be an infinite subset of a supra a-compact space (X, pt). Suppose that
A has not a supra a-limit point. Then for each x; € X, there exists a supra a-open
set Gy, such that G, A\ {z;} = ©@. Now, the collection A = {G,, : z; € X}

i=n
forms a supra a-open cover of X. As X is supra a-compact, then X = |J G,.

i=1
Therefore X has at most n points of A. This implies that A is finite. But this
contradicts that A is infinite. Thus A has a supra «a-limit point. O

4. Almost supra a-compact and almost supra a-Lindelof spaces

This section is devoted to presenting some features of almost supra a-compact
and almost supra a-Lindel6f spaces. Some examples are given to illustrate the main
results.

Definition 4.1. A supra topological spaces (X, u) is called almost supra a-compact
(resp. almost supra a-Lindelof) provided that every supra a-open cover of X has a
finite (resp. countable) sub-collection the supra a-closure of whose member cover
X.
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In the following, we give two examples, the first one satisfies the concept of almost
supra a-compactness and the second one does not satisfy.

Example 4.1. Let p = {?,G, = {1,2,..,2n+ 1} or G, = {1,2,..,3n+ 1} : n € N}
be a supra topology on A. Any non-empty supra open subset of (N, u) is dense. It is
well known that every non-empty supra a-open set containing a non-empty supra open set
and then every non-empty supra a-open subset of (N, 1) is dense. Thus (N, p) is almost
supra a-compact. On the other hand, let A = {{1,2,3,z} : x € A and = > 3} be a supra
a-open cover of N. Since A has not finite subcover, then (A, i) is not supra a-compact.

Example 4.2. Let u = {@,G C Q such that G containing at least two elements} be
a supra topology on Q and let A be the collection of all sets which consist of only two
elements. Then (Q, i) is not almost supra a-compact.

Proposition 4.1. FEvery almost supra a-compact space is almost supra c-Lindelof.
Proof. Tt is straightforward. O

The converse of the above proposition need not be true as illustrated in Example
4.2.

Proposition 4.2. Fvery supra a-compact (resp. supra a-Lindelof) space (X, p)
is almost supra a-compact (resp. almost supra a-Lindeldf).

Proof. Tt comes immediately from the fact that every set is contained in its supra
a-closure. O

The converse of the above theorem does not hold as shown in the following example.

Example 4.3. Let p = {&J,G C R such that 1 € G} be a supra topology on R. Since
sacl({1}) = R, then (R, pu) is almost supra a-compact. On the other hand, let A =
{{1,2} : £ € R} be a collection of supra a-open sets. Obviously, A has not a countable
cover of R. Hence (R, u) is not supra a-Lindel6f.

Next two propositions with immediate proof and then omitted.

Proposition 4.3. FEvery finite (resp. countable) supra topological space (X, ) is
almost supra a-compact (resp. almost supra a-Lindeldf).

Proposition 4.4. A finite (resp. countable) union of almost supra a-compact
subsets of a supra topological space (X, ) is almost supra a-compact (resp. supra

a-Lindeldf).

Definition 4.2. A subset E of a supra topological space (X, u) is called supra
a-clopen provided that F is supra a-open and supra a-closed.

Remark 4.1. A subset E of a supra topological space (X, u) is supra a-clopen if and
only if scl(sint(scl(E))) C E C sint(scl(sint(E))).
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Theorem 4.1. If F is a supra a-clopen subset of an almost supra a-compact (resp.
almost supra a-Lindeldf) space (X, u), then F is almost supra a-compact (resp.
almost supra a-Lindeldf).

Proof. Let F be a supra a-clopen subset of X and let {G; : i € I} be a supra
a-open cover of F. Then F° is supra a-clopen and F' C |J G;. Therefore X =
il

U G; U Fe. Since X is almost supra a-compact, then X = L sacl(G;)|J Fe. Thus
1

i€l i=
i=n

F C | sacl(G;). Hence F is almost supra a-compact.
i=1

The p;OOf for supra a-Lindelof spaces is similar. [J

Theorem 4.2. If A is an almost supra a-compact (resp. almost supra a-Lindelof)
subset of X and B is a supra a-clopen subset of X, then A( B is almost supra a-
compact (resp. almost supra a-Lindeldf).

Proof. Let A = {G; : i € I} be a supra a-open cover of A()B. Then A C

U Gi U B°. Since A is an almost supra a-compact set, then A C D sacl(G;) | BC.
i€l i=1

Therefore A(\ B C U sacl(G;). Thus A B is almost supra a-compact.

=1
The proof for almost supra a-Lindelof spaces is similar. [0

Theorem 4.3. The supra a-continuous image of an almost supra a-compact (resp.
almost supra a-Lindeldf) set is almost compact (resp. almost Lindeldf).

Proof. Let g : X — Y be a supra a-continuous map and let A be an almost supra

a-compact subset of X. Suppose that {G; : i € I} be an open cover of g(A).

Now, g(A) C |J G; implies that A C |J ¢g7*(G;). Since g is supra a-continuous,
i€l iel

then ¢g~1(G;) is a supra a-open set, for each i € I. By hypotheses, A is almost

supra a-compact, then A C O sacl(g71(Gy)). Since g is supra a-continuous, then

i=1

sacl(g~'(G:)) € g7 (cl(Gy)). Therefore g(4) C U g((g~"(cl(G))) € U el(G).
i=1 i=1

Hence ¢g(A) is almost compact.

The proof for almost supra a-Lindel6f spaces is similar. [

Theorem 4.4. If every collection of supra a-closed subsets of a supra topological
space (X, p), satisfying the finite intersection property, has, itself, a non-empty
intersection, then X is almost supra a-compact.

Proof. Let A = {G; : i € I} be a supra a-open cover of X. Suppose {G; : i € I}
has no finite sub-collection which is the supra a-closure of whose member cover
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X. Then X\ L:J sacl(Gy) # @, for any n € N. Therefore X\ L:J G; # . Now,
=1 =1

3 1=

Zﬁn G¢ # O and this implies that {G$ : i € I} is a collection of supra a-closed
;lzlllosets of X which has the finite intersection property. Thus (| G§ # @ and this
implies that X # U G;. But this contradicts that A is a supral 6al—open cover of X.
Hence X is almoséeslupra a-compact. [

The converse of the above theorem is not always true as shown in the following:
The supra topological space (N, i) which is defined in Example 4.1 is almost supra
a-compact. A collection of supra a-closed subsets {A, : A, = {2n+2,2n + 3,...}

and n € N'} of (N, u) has a finite intersection property, whereas (] A, = @.
i=1

5. Mildly supra a-compact and mildly supra «a-Lindel6f spaces

In this section, we introduce the concepts of mildly supra a-compact and mildly
supra a-Lindelof spaces and illustrate its relationship with the previous four supra
compact spaces.

Definition 5.1. A supra topological space (X, p) is called mildly supra a-compact
(resp. mildly supra a-Lindelof) provided that every supra a-clopen cover of X has
a finite (resp. countable) subcover.

Proposition 5.1. FEvery mildly supra a-compact is mildly supra a-compact space
is mialdly supra a-Lindeldf.

Proof. Straightforward. O

If we replace R by Q in Example 4.2, then A = {{l,z,y}:x £y #1 € Q}isa
supra a-clopen cover of Q. Obviously, A has a countable cover of Q, whereas it has
not a finite subcover. Hence the converse of the above proposition need not be true
in general.

Theorem 5.1. Every almost supra a-compact (resp. almost supra a-Lindelof)
space (X, p) is mildly supra a-compact (resp. mildly supra a-Lindeldf).

Proof. Let A = {H; : i € I} be a supra a-clopen cover of (X, ). Since (X, u) is

almost supra a-compact, then X = L_J sacl(H;) and since H; is a supra a-clopen
i=1

set, then sacl(H;) = H;. Thus (X, u) is mildly supra a-compact.

The proof for mildly supra a-Lindelof spaces is similar. O
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Corollary 5.1. Ewvery supra a-compact (resp. supra a-Lindeldf) space is mildly
supra a-compact (mildly supra a-Lindeldf).

The following interesting example points out that the converse of the above theorem
is not always true.

Example 5.1. Let p = {#,G C R such that G = (a,0) or G = (—o0,b) or their
union :a,b € R} be a supra topology on R. In the following we show that every supra
a-open subsets of (R, u) is supra open and then the only supra a-clopen sets are @ and
R. Suppose that A is not a supra open subset of (R, u). Then we have the following five
possible cases.

1. A =[a,00) or A = (—00,a] = a & sint(scl(sint(A))). Therefore A is not supra
a-open.

2. A=a,o0)J(—00,b) or A = (—00,a]lJ(b,00) such that a # b = a & sint(scl(sint(A))).
Therefore A is not supra a-open.

3. A= (a,b) or A= [a,b] or their union = sint(A) = . Therefore A is not supra
a-open.

4. A= {x; :i € I} such that A is not interval = A is not supra a-open.

5. A is written as a union of any number of the above cases = A is not supra a-open.

From the above discussion, we can conclude that A is a supra a-open subset of (R, u) if
and only if it is supra open. Thus the only supra a-clopen subsets of (R, u) are R and O.
Hence (R, p) is mildly supra a-compact.

On the other hand, there is not a finite subcover that the supra a-closure of whose member
cover R, for a supra a-open cover {(—oo,b) : b € R} of R. Hence (R, ) is not almost
supra a-compact.

Proposition 5.2. Any finite (resp. countable) supra topological space is mildly
supra a-compact (resp. mildly supra a-Lindeldf).

Proof. This is easily obtained from Corollary 5.1 and Proposition 3.2. O

Proposition 5.3. A finite (resp. countable) union of mildly supra a-compact sub-
sets of a supra topological space is mildly supra a-compact (resp. mildly supra a-

Lindelof).
Proof. This is easily obtained from Corollary 5.1 and Proposition 3.3. O

Theorem 5.2. Every supra a-clopen subset F of a mildly supra a-compact (resp.
mildly supra a-Lindelof) space (X, ) is mildly supra a-compact (resp. mildly supra
a-Lindelof).

Proof. Let F be a supra a-clopen subset of X and let {G; : i € I} be a supra

a-clopen cover of F. Then F¢ is supra a-clopen and F' C |J G;. Therefore X =
icl



Utilizing Supra a-open Sets 161

U GiUF°. Since X is mildly supra a-compact, then X = U G;JF°. Thus
i€l =1

1=n
F C | G;. Hence F is mildly supra a-compact.

The p;oof for mildly supra a-Lindelof spaces is similar. O

Theorem 5.3. If A is a mildly supra a-compact (resp. mildly supra a-Lindelof)
subset of (X, ) and B is a supra a-clopen subset of (X, u), then A B is mildly
supra c-compact (resp. mildly supra a-Lindeldf).

Proof. Let A = {G; : i € I} be a supra a-clopen cover of A(\B. Then A C

U G B®. Since A is mildly supra a-compact, then A C U Gi \J B¢. Therefore
1

i€l =
ANBC U G;. Thus A() B is mildly supra a-compact.

=1
The proof for mildly supra a-Lindelof spaces is similar. O

Theorem 5.4. The supra a-continuous image of a mildly supra a-compact (resp.
mildly supra a-Lindeldf) set is compact (resp. Lindelof).

Proof. The proof is similar of that Theorem 3.5. O

Remark 5.1. A collection of all supra a-open subsets of a supra topological space (X, ),
denoted by p**, forms a supra topology on X, .

Theorem 5.5. Consider (X, %) has a supra base consists of supra a-clopen sets.
Then (X, 1) is supra a-compact if and only if it is mildly supra a-compact.

Proof. The necessary condition is clear.

To prove the sufficient condition, let A be a supra a-open cover of a mildly supra
a-compact space (X, ). Since (X, p**) has a supra base consists of supra a-clopen
sets, then every covering of X by members of this supra base has finite subcover.
This completes the proof. O

6. Conclusion

In the present work, we have studied the concepts of supra a-compact (supra a-
Lindeldf) spaces, almost (mildly) supra a-compact spaces and almost (mildly) supra
a-Lindelof spaces in supra topological spaces depending on a notion of supra a-open
sets. Also, we have investigated the main properties of these concepts and have
illustrated the relationships among them. In a next study, we use a notion of supra
R-open sets [6] to generalize some of these concepts. We hope that the results
obtained in this article will help research teams promote further study in supra
topological spaces to carry out a general frame work for the practical applications.
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