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Abstract. Non-invariant hypersurfaces of an e— para Sasakian manifold of an induced
structure (f, g, u, v, \) have been studied in this paper. Some properties followed by this
structure have ben obtained. A necessary and sufficient condition for totally umbilical
non-invariant hypersurfaces equipped with (f, g, u, v, A) — structure of e—para Sasakian
manifold to be totally geodesic has also been explored.
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1. Introduction

In 1976, Sato [1] introduced a structure (¢, &, n) satisfying ¢? = I—-n®¢ and (&) = 1
on a differentiable manifold, which is now well known as an almost paracontact
structure. The structure is an analogue of the almost contact structure [2, 3] and is
closely related to almost product structure (in contrast to almost contact structure,
which is related to almost complex structure). An almost contact manifold is always
odd-dimensional but an almost paracontact manifold could be even-dimensional as
well. In 1969, T. Takahashi [4] introduced almost contact manifolds equipped with
associated pseudo Riemannian metrics. In particular, he studied Sasakian man-
ifolds equipped with an associated pseudo— Riemannian metric. These indefinite
almost contact metric manifolds and indefinite Sasakian manifolds are also known as
e—almost contact metric manifolds and e—Sasakian manifolds respectively [5, 6, 7].
Also, in 1989, K. Matsumoto [8] replaced the structure vector field £ by —¢ in an
almost paracontact manifold and associated a Lorentzian metric with the resulting
structure, calling it a Lorentzian almost paracontact manifold. In a Lorentzian al-
most paracontact manifold given by Matsumoto, the semi—Riemannian metric has
only index 1 and the structure vector field £ is always timelike. These circumstances
motivated the authors in [9] to associate a semi—Riemannian metric, not necessar-
ily Lorentzian, with an almost paracontact structure, and they called this indefinite
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almost paracontact metric structure an e—almost paracontact structure, where the
structure vector field ¢ is spacelike or timelike according as e =1 or € = —1.

In [9] the authors studied e—almost paracontact manifolds, and in particular,
e—para Sasakian manifolds. They gave basic definitions, some examples of e —almost
paracontact manifolds and introduced the notion of an e—para Sasakian structure.
The basic properties, some typical identities for curvature tensor and Ricci tensor
of the e—para Sasakian manifolds were also studied in [9]. The authors in [9]
proved that if a semi—Riemannian manifold is one of flat, proper recurrent or proper
Ricci—recurrent, then it can not admit an e—para Sasakian structure. Also. they
showed that, for an e—para Sasakian manifold, the conditions of being symmetric,
semi—symmetric or of constant sectional curvature are all identical.

On the other hand In 1970, S. I. Goldberg et. al [10] introduced the notion of a
non—invariant hypersurface of an almost contact manifold in which the transform
of a tangent vector of the hypersurface by the (1, 1) structure tensor field ¢ defining
the almost contact structure is never tangent to the hypersurface.

The notion of (f,g,u,v,\)— structure was given by K.Yano [11]. It is well
known [12,13] that a hypersurface of an almost contact metric manifold always
admits a (f, g,u,v,\) — structure. Authors [10] proved that there always exists a
(f,g,u,v,\) — structure on a non-invariant hypersurface of an almost contact metric
manifold. They also proved that there does not exist invariant hypersurface of a
contact manifold. R. Prasad [14] studied the non-invariant hypersurfaces of trans-
Sasakian manifolds. Non-invariant hypersurfaces of nearly Trans-Sasakian manifold
have been studied by S. Kishor et. al [15]. The present paper is devoted to the study
of non-invariant hypersurfaces of e—para Sasakian manifolds. The contents of the
paper are organized as follows:

In section-2 some preliminaries are given. Section-3 deals with the study of non-
invariant hypersurfaces of e—para Sasakian manifolds. A necessary and sufficient
condition for a totally umbilical non-invariant hypersurface of an e—para Sasakian
manifold to be totally geodesic is found.

2. Preliminaries

Let M be an almost contact metric manifold with almost contact metric
structure (¢,&,n, g) where ¢ is (1, 1) tensor field, n is 1— form and g is a

compatible Riemannian metric such that

(2.1) P =I-n®¢ nE)=1, ¢ =0, nop=0,
(2.2) 9(@X,0Y) = g(X,Y) —en(X)n(Y),

(2.3) 9(X,9Y) = g(¢X,Y), g(X,§) =en(X)
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for all X,Y € TM.

An almost contact metric manifold is an e—para Sasakian manifold if
(2.4) (Vx9)(Y) = —g(6X,0Y) — en(Y)$* X

for for all vector fields X, Y on M where ¥ is the operator of covariant differentiation
with respect to g. From (2.4), we have

(2.5) Ux& =epX

A hypersurface of an almost contact metric manifold M (¢, £, 7, g) is called a non-
invariant hypersurface, if the transform of a tangent vector of the hypersurface under
the action of (1, 1) tensor field ¢ defining the contact structure is never tangent to
the hypersurface. Let X be a tangent vector on a non-invariant hypersurface of an

almost contact metic manifold M, then X ¢ is never tangent to the hypersurface.
Let M be a non-invariant hypersurface of an almost contact metric

manifold, then defining

(2.6) 6X = FX + u(X)N,
(2.7) ON = U,

(2.8) €=V AN, A = n(N);
(2.9) n(X) =v(X),

A
where f is a (1,1) tensor field, u,v are 1—forms, N is a unit normal to the hyper-
surface, X € TM and u(X) # 0, then we get an induced (f, g, u, v, A) structure on
M satistying the conditions [11,12] :

(2.10) fP=-T+uU+vaV,

(2.11) fU ==XV, fV =AU,

(2.12) uof = v, vof = —Au,

(2.13) w(@)=1-X, w(V)=vU)=0, o(V)=1-\2

(2.14) g(f X, 1Y) = g(X,Y) = u(X)u(Y) — v(X)o(Y),
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(215)  g(X, fY)=—g(fX,Y), 9(X,U)=u(X), g(X,V)=0v(X),

A
for all X,Y € TM, where A = n(N).

The Gauss and Weingarten formulae are given by

~ N
(2.16) VxY = VxY +o(X,Y)N,
~ A
(2.17) VxN=-4,X,

for all X,Y € TM, where ¥V and V are the Riemannian and induced Riemannian

~ A
connections on M and M respectively and N is the unit normal vector in the normal
bundle T+ M. The second fundamental form o on M is related to Aﬁ, by

(2.18) o(X,Y)=g(A, XY), forall X,Y € TM.

3. Non-invariant Hypersurfaces

Lemma 3.1. Let M be a non-invariant hypersurface with (f,g,u,v,\) —structure

of an e—para Sasakian manifold M, then

(31) (Txd)Y = (Vx/)Y —ulY)A X +0 (X, YV)U + (Vxu)Y +0 (X, FY)ON
(3.2) (Vxn)Y = (Vxu)Y — Ao (X,Y)

~ A
(3.3) Uk = (vxv - AAJAVX) + (0(X,V) + XA)N
forall XY € TM.

Proof. : Consider

(Vxo)Y = Vx(9Y)—d(VxY)
_ %X(fYM( IN) = 6(VxY + o(X, V)N
— Tx(Y) + Vx(u <Y>JAV> — [(TxY) ~ u(VxY)N — o(X,Y)(-D)
= Vx(fY) +o(X, FYIN +u(Y)(~Ag X) + Tx (V)N — f(9x)

—u(TxVIN + (X, VU
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which gives,

(TxO)Y = (VxD)Y —ul(Y)(AL X) +o(X,Y)U + (V)Y + (X, [Y)N
Also,
(Vxn)Y = Vxn(Y)-n(VxY)
— Tx (V) —0(TxY) — o (X, V) (V).

Therefore N
(Vxn)Y = (Vxu)Y = Xo(X,Y)

Now consider

~ A
Vx¢ = Vx{+o(X, N
A A
= VxV+VxAN +o(X,V)N

A A A

= VxV—=AVxN+ (XA)N+0o(X,V)N

which gives
~ A
V€ = (vxv - AAZAVX) + (0(X, V) + XAN.
O

Theorem 3.1. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M, then

(3.4) o(X, U = —ef?X + eu(X)U + f(Vx§),
and
(3.5) u(Vx§) = —eu(fX)

Proof. Consider

(Fx0)e = Tx (60 -0 (x¢)
= —c¢(¢X)
(3.6) (Fx0) € = —<6 (/X + u(X) N

Also we know that

(3.7) (Vx0) € = —0 (vx&) + o(X,)U
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From (3.6) and (3.7) , we have

~6(VxO) +o(X,OU = —d(fX +u(X) N
—e¢ (fX) + eu(X)U
Now from (2.6) & (2.7), we have
—F (Vx8) —u(VxEN + 0(X, U = —=(f (£X) + u(fX)N) + cu(X)U
Equating tangential and normal parts, we get
o(X, U = —ef?’X + eu(X)U + f(Vx§),

and
u(Vx§) = —eu(fX)

Theorem 3.2. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M, then

(3.8) (Vx )Y = —g(X,Y)V +ev(Y)X + o(X,YV)U + u(Y)A, X

(3.9) (Vxu)Y = -\ (X)Y) — o (X, fY)
Proof. From equations (3.1) & (2.4), we have
(VxD)Y —u(Y)A X +o(X,Y)U + (Vxu) ¥ +0 (X, fY)N

— g(X,Y)V = A (X, V)N +eo(Y)X

Equating tangential and normal parts in the above equation, we get (3.8) & (3.9)
respectively. O

Theorem 3.3. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M, then
(3.10) (%Xqﬁ) Y = —g(X,Y)V = Ag (X, Y) N 4 e0(Y)X +20 (X,Y)U
Proof. Consider

(%Xﬁb) Y = Vx (@Y) — ¢ (%XY>

A A

= VUx(fY)+Vx <u(Y)N> — f(VxY)—u(VxY)N,
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This implies
(3.11) (Tx6) Y = (x /)Y —u(¥) A, X+o(X, V)U+(Vxu) Y + 0 (X, fY)) N
Using (3.8) & (3.9) ,above equation reduces to
(%«b) Y = —g(X,Y)V = Ag (X, V) N + eo(Y)X + 20(X,Y)U
O

Furthur, we proceed for some results on totally geodesic non—invariant hyper-
surfaces.

Theorem 3.4. Let M be a totally umbilical non-invariant hypersurface with (f, g, u,v, \) —

structure of an e—para Sasakian manifold ]\}, then it is totally geodesic if and only
if

(3.12) cu(X)— XA=0

Proof. Consider

~ A
Vx§ = Vx{+o(X,§N
A A
— Ux(VAAN) +o(X, V)N
AN A
= VxV+VxAN+o(X, V)N
A AN A
= UxV+ AN+ (XNN +o(X, V)N
or
~ AN
(3.13) V€ = (vXV - AA]AVX) + (0(X, V) + XAN,

Now from (2.5), the above equation is reduced to

N

E(FX +u(X)N) = (VaV = M, X) + (0(X,V) + XA)N,
Equating normal parts on both the sides, we get
(3.14) o(X,V)+ X\ =cu(X)
Now if M is totally umbilical, then A]Q = (I, ( is Kahlerian metric and equation

(2.18) reduces to o (X,Y) = g (A]AV)Q Y) = g(CX,Y) = Cg(X,Y),

Therefore
o (X,Y)=(g9(X.,Y),
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and equation (3.14) implies

C9(X,Y) + X\ = ceu(X)
or
(3.15) eu(X) = XX — (9(X,Y)=0

Now if M is totally geodesic i.e. { =0, then (3.15) gives
eu(X)— XA =0.
a

Theorem 3.5. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M. If U is parallel, then we have
(3.16) EAX + f (A]AVX) — g(6X, UV — exo(X)V =0

Proof. Consider

FxoN = TxoN o (%ﬁ)
= —VxU- (A, X)
= XU~ (f(-A %) - u(AJAvX)J%
This gives
(3.17) (T xd)N = —vxU + F(AX)

From equation (2.4), we have
(318) (Fx@)Y = —g(6X, V)V — Ag (9X,6Y) N +en (Y) X — en(X)n (V)€
Substituting ¥ = N, we have
(3.19) (Txd)N = g(6X, U)WV + Ag (6X,U) N — eAX + exo(X)€

Now from (3.17) and (3.19), we have

XU+ f(ALX) = g(6X, V)V +Ag (6X,U) N — eAX + eho(X)€
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Equating tangential parts on both the sides, we have

(3.20) VxU = f(43 X) = g(6X,U)V = eAX + eXo(X)V

—_

10.

11.

12.

13.

14.

Now if U is parellel, then

EAX — f(Ay X) + g(6X, U)V — eXo(X)V =0

REFERENCES

I. SATO, On a structure similar to the almost contact structure, Tensor, N.S., 30, No.
3(1976), 219 — 224.

S. SASAKI, On differentiable manifolds with certain structures which are closely related
to almost contact structure I, Tohoku Math. J., 12, No. 2 (1960),459 — 476.

D.E. BLAIR, Riemannian Geometry of Contact and Symplectic Manifolds, Progress in
Mathematics, 203, Birkhauser Boston, Inc., Boston, MA (2002).

T. TAKAHASHI, Sasakian manifold with pseudo-Riemannian metric, Tohoku Math. J.,
21, No. 2(1969), 644 — 653.

A. BeJancu, K.L. DUGGAL, Real hypersurfaces of indefinite Kaehler manifolds, In-
ternat. J. Math. Math. Sci., 16, No. 3(1993), 545 — 556.

K.L. DUGGAL, Space time manifolds and contact structures, Internat. J. Math. Math.
Sci., 13(1990), 545 — 554.

K.L. DUGGAL, B. SAHIN, Lightlike submanifolds of indefinite Sasakian manifolds, Int.
J. Math. Math. Sci., Art. ID 57585(2007), 21 pp.

K. MarsumoTo, I. MiHAI, R. RoscA, £—null geodesic gradient vector fields on a
Lorentzian para-Sasakian manifold, J. Korean Math. Soc., 32, No.1 (1995),17 — 31.

M.M. TripaTHI, E. KiLiCc, S.Y. PERKTAS, S. KELES, Indefinite almost paracontact
metric manifolds, Int. J. Math. Math. Sci., Art. ID 846195(2010), 19 pp.

S. I. GOLDBERG, K. YANO, Non-invariant Hypersurfaces of Almost Contact Manifolds,
J. of Math. Soc. Japan, 22(1970), 25 — 35.

K. YaNo, M. OKUMURA, On (f,g,u,v,\) —Structures, Kodai Math. Sem. Rep.,
22(1970), 401 — 423.

K. YANO, M. OKUMURA, Invariant Submanifolds with (f,g,u,v,\) —Structures, Ko-
dai Math. Sem. Rep., 24(1972), 75 — 90.

D. E. BraIrR, G. D. LUDDEN, Hypersurfaces in Almost Contact Manifold, Tohoku
Math. J., 22(1969), 354 — 362.

R. PRASAD, On Non-invariant Hypersurfaces of Trans- Sasakian Manifolds, J. Inter.
Acad. Phys. Sci., 6(2002), 33 — 40.



10

15

16.

17.

18.

19.
20.

S. Kishor and P. Kanaujia

. S. KiSHOR, S.P. YADAV, On Non-invariant Hypersurfaces of Nearly Trans-Sasakian,
Manifold, J. of Mathematics, Hindawi, Math. Sci., Art. ID 657690(2014), 5 pp,
dx.doi.org/10.1155/2014/657690.

K. Yano, M. OKUMURA, Invariant Hypersurfaces of Manifold with
(f, g,u,v, \) —Structures, Kodai Math. Sem. Rep., 23(1971),290 — 304.

K. YaNO, SANG-SEUP EuM AND U-HANG Ki, On Transversal Hypersurfaces of an
Almost Contact Manifold, Kodai math. Sem. Rep., 24(1972),459 — 470.

S. S. EuM, On Complex Hypersurfaces in Normal Almost Contact Spaces, Tensor,
19(1968), 45 — 50.
B. Y. CHEN, Geometry of Slant Submanifolds, Katholieke Universiteit Leuven, 1990.

S. YAMAGUCHI, On Hypersurfaces in Sasakian Manifold, Kodai Math. Sem. Rep.,
21(1969), 64 — 72.

Shyam Kishor

Department of Mathematics & Astronomy
University of Lucknow

Lucknow 226007, Uttar Pradesh, India.

skishormath@gmail.com

Prerna Kanaujia

Department of Mathematics & Astronomy
University of Lucknow

Lucknow 226007, Uttar Pradesh, India.

prerna.maths@gmail.com



