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APPROXIMATION THEOREMS FOR LIMIT
(p,q)~BERNSTEIN-DURRMEYER OPERATOR

Zoltan Finta and Vijay Gupta

Abstract. In the present paper, using the method developed in [6], we prove the exis-
tence of the limit operator of the slight modification of the sequence of (p, ¢)-Bernstein-
Durrmeyer operators introduced recently in [10]. We also establish the rate of conver-
gence of this limit operator.
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1. Introduction

The applications of g-calculus in the field of approximation theory have led to
the discovery of new generalizations of Bernstein operators. The first generalization
involving g¢-integers was obtained by Lupag [13] in 1987. Ten years later Phillips
[18] gave another generalization of the Bernstein operators introducing the so-called
g-Bernstein operators. After that, several well-known positive linear operators and
other new operators have been generalized to their ¢-variants and their approxima-
tion behavior have been studied (see e.g. [3] and [11]). The concept of the limit
g-Bernstein operator was introduced by Il'inskii and Ostrovska [12], and its rate of
convergence was established by Wang and Meng [23], and Finta [7], respectively.
Nowadays, the (p, g)-calculus renders to find new generalizations of ¢-Bernstein op-
erators possible (see [1], [2], [4], [16], [22], [15], [8], [14]). Some basic definitions and
theorems of (p, ¢)-calculus may be found in the papers [9], [21], [19] and [20].

The (p, ¢)-integers [n], , are defined by

Pt —q"
Npg=——"- 470D
lpa ==,
For p = 1, we recover the well-known ¢-integers [n], = (1 — ¢")/(1 — ¢). Obviously

(1.1) (n]p.g = P" " [lg/p-
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The (p, g)-factorials [n], 4! are defined by

[]p.q! = (Upa2pg---[Mlpg, If n=>1
pa 1, if n=0,

and the (p, ¢)-binomial coefficients are given by

n 1]p,q!
=——2 — 0<k<n.
[ k Lq (Klp,q!ln — Klp,q!

Further, the (p, ¢)-power basis is defined by

(x — a)(pr — qa)(p*x — ¢%a) ... (p" o —¢""ta), if n>1
1, if n=0,

and the (p, g)-integral of f over the interval [0, a] is defined as

a e qk aqk
/ f(t>dpvqt_(p_Q)aZpk+1f<W> for 0<g<p<l.
0 k=0

In [10] the (p, ¢)-analogue of the Bernstein-Durrmeyer operators was introduced in
the following way:

DPI(f )
n 1
— ’ﬂ2 n— 2_ ) T E)
(12) = [ty Y pr o kb2 q g / b (p, pat) £ (1) dp gt
k=0

where f € C[0,1], z € [0,1],0<g<p <1,

n—k
p,q

bﬁ’i(l, ;17) = |: Z :| p(k(kfl)*n(nfl))/?rk(l o .I)
p,q

and

~ n n=
b (b, pat) = [ k } (nt)"(p © pat);,"-
p,q

In what follows we propose the following slight modification of (1.2):
Dra(f )

n 1
2 2 -~
(13) = [n+1pgy p " TFR2pa (1 a) / 624 (b, pat) £ (pt) dp gt
k=0

where b (1,2) and Eﬁﬁc (p, pgt) have got the same expressions as above. For p =
g = 1, we recover the Durrmeyer operators (see [5]).~ The goal of the paper is to
study the limit (p, ¢)-Bernstein-Durrmeyer operator D24 : C[0,1] — C[0, 1] defined
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by D24(f;z) = lim DPY(f;z), where f € C[0,1] is arbitrary. Throughout the
n—oo

paper we fix the parameters p, ¢ such that 0 < ¢ < p < 1. We establish the rate of

convergence of D2Y(f;x) using the modulus of continuity of f € C[0, 1] given by

(1.4) w(f,0) = sup{|f(z) = f(y)| : 2,y € [0, 1], [z —y[ < 6}, 6> 0.

The existence of f)gg? is proven with the aid of the method developed in [6]. More
precisely, we shall apply the following result (see [6, p. 393, Theorem 2.1] and [6,
p. 394, Corollary 2.1]):

Theorem 1.1. Let A be a set of parameters and for X\ € A let (L)),>1 be a
sequence of positive linear operators on C[0,1]. If there exist the positive sequences
(an)n>1 and (Bn)n>1 such that

a) a, -0 asn — oo,
b) there exists C1 > 0 with By + Bnt1 + - .- + Brtm—1 < Cray, for alln,m > 1,

c) there exists Cy > 0 with |Lyg — L), 19|l < CoBullg|| for all n > 1 and
g € C0,1],

then there exists C3 = C3(||Leo|) > 0 and a positive linear operator LY, : C[0,1] —
C[0,1] such that
IL3f = L% f] < Csw(f, am)

forall f € C[0,1] and n=1,2,...

We mention that || - || denotes the uniform norm on C10, 1], eg(z) =1 for = € [0, 1],
and the sequences (ay,)n>1 and (8,)n>1 may depend on .

2. Main results

First, we establish some auxiliary results.

Lemma 2.1. With the notation

)

1
WA =+ w2 [ 0 pat) 1) ot
where k =0,1,...,n and f € C[0,1], we have for x € [0,1] that
DEA(fyx) — DL (f; )

n+1-k
= (IO = VoD + 3 0.0) (e ey
[n+1p,q

k
L () g Aﬁﬁ1k<f>}+bn+1n+l<1 D) =N (D)
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Proof. We express the difference DE4(f;2) — DY, (f;2) as follows (see also [17,
pp. 411-412)):

[T @' —d'e) {Dp(f;2) = Dity (f32)}

Z AP ( [ } plEk=1)=n(n=1))/2 H (p} — g'z)~!
p,q

l=n—k

n

n+1
+ 1 - —(n n —
(2.1) —Z ,\fl’frlk [ . } p(k(k D= (n+1)n)/2,.k H (pl—ql:v) 1
p:q l=n+1—k

Because

n

n
zF H (pl _ ql$)71 — xkpfnJrk(pnfk _ qnfk H p _ q I
l=n—k l=n—k

n n—k n
— — q —
= p ntk .k H (pl —ql:E) 1 + (_) ey H (pl —ql:E) 17
=

l=n+1—k p

we get from (2.1), that
H p _q'r {Dqu(fvx) n+1(fa )}
1=0

_ Z/\p,q { ] p(k(kfl)7n(n71))/2p7n+kxk H (pl_qlx)fl
P:q I=n+1—k

n—k

n D —n(n— q -

+Z A (f {k] k(=) =n(n=1))/2 (_) I O = gt
p.q p l=n—k
= p.q n+1 (k(k—1)—(n+1)n)/2, k & 1 N—1
_Z)\nJrlk k p € H (' —q'x)
p:q l=n+1—k

Oy

n

+Z { n+1 } =)= (nt1)m) /2, H (' — g')!
p,q

l=n+1—k
_ n+1—k
x { AP () k PA_ k4 AP () k-1 g n+l—k [ 4 " — NP9 ()
n,k { nt1 } p n,k—1 [ nr1 ] p D n+1.k
k P.q k P.q

HA () = A (O T [ @ = g
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= {No) - )‘gil,o(f)}p_(n-kl)n/2
~ [ n+1 (k(k—1)—(n+1)n)/2, k 5 I 1y-1
+;[ . Lqp & I @' -da)

l=n+1—k

[n+1-— k]pyq k

k ]
n+1]p,4 P +)\ZV’3€_1(f)[]¢q " k_)\f{il’k(f)}

. {/\Zﬂc(f) [n+1]p,4

HNL () = XL (D3 T 0 = d'a)
1=0

Multiplying with [T, (p' — ¢'z), we get the assertion of the lemma. [J

Lemma 2.2. For

_ , .
bﬁ’i@apqt):[k} (pt)*(p o pgt)i*, k=0,1,...,n,

Dyq
we have
1
L (n243n—k2_ =D,
[n+ 1]y p " F3F ’“)/2/ W4 (p,pat) dpgt = 1,
0
1
_ g2 ~ ek +1]
1 (n?+43n—k? k)/2/ pPa Dtd. t — n k[ p,q
[+ 1]pqp ; k(P pat)tdp g T,

o(n—k) [k + Lpqglk +2]pq .
[N+ 2]pq[n + 3lpq

1
CZian 2 ~
[n + 1]p1qp (n®+3n—k k)/2/ b;fl,)t;g(pqut)ﬁ dp ot
0

Proof. The equalities follow from the computations used in [10, Lemma 3.1]. O

Lemma 2.3. For z € [0, 1], we have

~ - n+1
Dpo(isn) = 1, Dpe(eie) = o LIt
n p.q
Dra(iz) = P22, (2¢° + qp)p" 2 [n]p g7

7+ 2]p,q[n + 3lp,q 1+ 2]p,q[n +3lpq
¢ ["]pyq[pz [n]p,qag +p"la(l - o) .

_l’_
[n+2]pq[n +3lpq

Proof. Analogously to the proof of [10, Lemma 3.1], we get the statements of the
lemma. O

Remark 2.1. If p = p(n) and ¢ = ¢(n) such that 0 < g(n) < p(n) <1 and ¢g(n) =1 as

n — oo, then, by Korovkin’s theorem, D%?(f; x) converges uniformly to f(z) for z € [0, 1],



200 Z. Finta and V. Gupta

as n — oo. Indeed, for each n the estimates

|ﬁp’q(t'm) —z|] < L 4 ["la/v -1
o [n+2]q/p p [n+2]q/p
- 2] a\*  q) [y 1
D29(%2) — 2| < 2o/ + (2 (—) += 7P
| ( ) = [n+2]q/p[n+3]q/p p p) n+2lg, [n+3]q/p
+ (Q)S [7]q/p 1 + (Q)S [7]q/p [7]q/p _1
p [n+2]q/p 40+ 3]q/p p [+ 2]g/p [0+ 3esp ’

(Plgy /pn

and the facts that [n],, /p, — 00 and 2 e 1 as n — oo, imply our statement.

In the next theorem we prove the existence of the limit (p, ¢)-Bernstein-Durrmeyer
operator.

Theorem 2.1. Let D?9(f;x) be defined by (1.3), where p and q are fized with
0 < ¢ <p < 1. Then there exist an absolute constant C' > 0 and a positive linear
operator DE:4 : C[0,1] — C[0, 1] such that

~ ~ n/2
|2 (f1z) — DRA(f: )] < Cuw (f, (g) )

forall f € C[0,1] and n=1,2,...

Proof. We have [n+ 1], , = pFn+1—k]pq + ¢ " Flk]p, for k=0,1,...,n+ 1.
Using the notation of Lemma 2.1, we obtain for f € C[0, 1], that

1—k k
AN P 4 () ™ = N )
n+1l—k
= PE ) )
k
(2.2 B RO (1) = ()

Let g € C1[0,1] and oz, = p"+2_k% for k =0,1,...,n. Obviously, by (1.1),

we have

k
— 2k Pk A+ g _ [k + Ha/p e [0, 1],

T
PP+l 43y,

where k = 0,1,...,n. Further g(pt) = g(x) + ff: g'(u) du, where t € [0,1] is
arbitrary. Hence, by definition of A4 (¢g) and Lemma 2.2, we obtain

Ani(9) = Atk (9)
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o s 1 pt
= T D [ [g<xk>+ / g’(u)du] dp ot
0

Lk

—[n+ 2]p7qp7((n+1)2+3(n+1)7k27k)/2

1 ot
/ bty 1 (P, pat) [Q(ivk)-i-/ g'(u) du] dp.qt
0

T

_ 2 g2 L pt
= [n + 2]P,qp ((n+1)"+3(n+1)—k k)/2/ bi’ilﬁk(p7pqt) (/ g/(u) dU>
0 Tk

TP,

q

(2.3) { [n+ 1]P7qpn+2 bmk(p,pqt) _ 1} d. t

. ~ D,q
42l W24 (p,pat)

for k = 0,1,...,n. On the other hand, using [n + 2], , = p*"[n +1 — k], , +
"Mk +1],,4, we have

M+ 1pg nio biﬂc(papqt)
[+ 2pq biﬁl,k(papqt)

n n
. { A } (pt)*(p © pqt)n*
_ [n+ ];qupn+2 P,q 1
n+2 n+1 ntl—
I+ 2y [ ! } (00)*(p © pat)i
p,q

[+ 1pg p2n+1—Flpg 1

= - 1
[N+ 2]p,q [n+1]pq prti=h —pgnti=ht
= [n+1—klpg prt? 1
[n + 2];07(1 anrlfk _ panrlfkt
(2.4) = gtk ([” +1—klpq Pt [kt 1]p7q>
n+2]pg pti=F —pgnti=kt  [n+2],,
The equality [n + 2], , = p* 1 n +1— k], 4 + ¢ Fk + 1], , implies, that
(2.5) n+1—klp, < pf(k+1)'
n+2pg

Analogously, the equality [n+ 2],.4 = ¢* " n+1— k], +p" [k + 1], , implies,
that

(26) [k + 1]107(1 < p—(n-i-l—k)'
[n+2pq
Finally, the function ¢ — p*+2t/(pn*t1=F —pg"T1=Ft) is increasing on [0, 1], therefore
pEt2 B P2 _ P2
pn-i-l—k _ pqn-l-l—kt - pn+1—k _pqn-i-l—k Tk ( T +17k)
p" 1—p(F)"
pht2 prt?

(2.7)

IN

prtl—k (1 —p%) TR —g)
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Combining (2.3)-(2.7), applying Lemma 2.2 and Holder’s inequality, we find

IAY5(9) = AT (9)]
< ||g/H [n + 2]p qpf[(n+1)2+3(n+1)—k2,k]/2

! 1—k k+1 Pk+2
></0 022, (0, pat)pt — wilg" (p‘( =

prtE(l—q)

+ p—(n-i-l—k)) dp,qt

n+l-k
1+p—gq +1 e
< 7” |( ) [0+ 2] gp~ ((HD 3D =k —k)/2

- 1-—
1 1/2
@) it uopat) o1 — ) dp,qt} |

Using Lemma 2.2, we get

1
—((n 2 n —k?—
[ + 2], gp~ (HDHH3(+1) -k WQ/O Vo (0, pat) (pt — ) dy gt

P
[n+ 3]pqln +4]p4 [N+ 35,
2
nt+2—k [k + 1]p,q)
- (p [n+3]p.4

p2(n+2 k) [k + 1]p,q ([k + 2]17,11 _ [k + 1]1741)
+3lpg \[n+4pg [n+3]p4
1
3]

[n
P R e

(2.9)

Analogously to (2.6) and (2.5), we find that

[k + 1]17,11 < p—(n+2—k) and
[n+ 3]p,q [n+ 3]10 q

(2.10) [n+2—kKpq

p,q < p—

p2(n+2—k) [k + 1pqlk +2]pq _ gpnt2-—Fk [k+1]pq nt+2—k [k +1]pq

[n + 3]17,11

(k+1)

Further, using (1.1), we get [n+4], 4 = p" " [n+4],/, > p" . Hence, by (2.8)-(2.10),

we have for kK =0,1,...,n, that
1 +p
Ak (@) = ALkl < 2= 9)g

q n+1 k
(_) {p2(n+27k)p7(n+2fk) (pq)

p

> (2n—k+3)/2

e

1
(2.11) +p A

G
1+p (
i

VIR BIR

Bl — (k1) )= (n+3) }1/2

n1—k (k+1)/2
- gy ) ()
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Analogously to (2.3), we obtain for g € C[0, 1] and yx, = p"”’k[n[i]Tp]’Zq € [0,1],
where k=1,2,...,n+ 1, that 1

Ank—1(9) = A0tk (9)
1 Pt
= [n+ 1]p7qp*("2+3”*(k*1)2*(kfl))/Q/ b%)‘fc_l(p7pqt) (/ g (u) du>
0 Uk

n+2pq —(n+2—k)f5£ﬁl » (P> pat)
(2.12) X {1 - WP = b d, 4t

n+1jp,g oY (p.pat)
But [ 1
n+1jp, :
oY (p,pat) = 7 Pty (0. pat)

p.q

for k=1,2,...,n+1, hence, in view of (2.12), Lemma 2.2 and Holder’s inequality,
we find that

A G1(9) = ALk (9)]
1
2 43n— (h—1)2 — (h— P,
< gl 4 1]p gp~ DT 1”/2/ b4 (. pat)pt — y|
0

[+ 2lpg, —(nt2-k) [P+ 1pg )
x (14 LT 2pa ) —ni2-k) BT pa,y ) g g
( [n+1]pq (klp.q e

iy In 1 2],
||g/H (1+p (n+1 k)[ ; ]ZDQ>
[klp.q

. L 1 1/2
x {[n+ 1p,gp~ " 7= 1))/2/ bf{i1(p,pqt)(pt—yk)2dp,qt}
0

1 [+ 2,
= gl (1+p (n1-b | - ]pq>
[klp,q

_ 2 — —1)2— — ! T
X {[n + 1]p,qp (n*+8n—(k—1)"—(k 1))/2/ bﬁ’,?c—l(p,pqt)(pt - yk)z dpyqt}
0

= gl (1 4 p (1) [n+ 2]1741) {p2(n+2—k) [k]p,alk + 1]pq
(k]p.q 1+ 2]pqln +3]pq

nio—t Ko nsoi [Klpa wioer Wpg )7
— : k[n+2]pqp : k[n"’ ]p,q (er k[n+2]P7Q> }

1/2
— ||g/H (1 _|_p (n+1—k) ' T =lp,q 7’L + 2 ;D q pn+2 k < ]P q <[k + 1]107(1 _ [k]qu )) /
Klp,q n+2]pq \[n+3lpg [n+2]p,

IN

1/2

Thus, we have

4
)\p;q )\p7q — / n+2—k [ p,q
) - Nt = 1) (el
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0+ 2y 2=k )"’
(2.13) < (]p.q (pQ)k [n+2]p4n+ 3]p7q> .

On the other hand, by (1.1), we have [n + 2], 4 = p" ™' [n + 2]/, > p" " {k]y/p =
p" 2Rk, for k =1,2,... n+1. Further [n+3],, = p* T n+2—k, ,+¢" 2 F[k+
pg k=1,2,...,n+ 1, thus

[n+2—klpq < p—(k-i-l)

[n+3Jpq ,
moreover [kl q = p*[kly/p = "1y =Pt for k=1,2,...,n+ 1. Hence, by
(2.13), we have

1/2
(@) =X @ < 1+l ((pa)pp )
k/2
(2.14) ~ a+nlel (%)
p
Because
n+1—klpg _ —k[n+1 _k]q/P < p—k
[n+ 1]pq [n+ 1]q/p -
for k=0,1,...,n, and
Kloa . —tn1—k)_Flap < p-(n+1-h)
[N+ 1]p,q [n+ 1]q/p B

for k=1,2,...,n+ 1, we obtain, in view of (2.2), (2.11) and (2.14), that

+1— k] (k] B
AP [n P4k | AP Pa__ ntl—k _ \Pa ‘
n,k(g) [TL + 1]p,q p*+ n,kfl(g) [TL + l]p,qq n+1,k(g)
[n +1-— k] y s s [k] ) n+1— s s
> [+ 1], qp qpkp‘fljc(g) — k(9] + n +pl]qp qq i k|)‘i,?cf1(9) — Nde(9)]
n/2 3/2 n+l1—k k/2
1+p—g¢q q q q q
< B2 (9) 0 (4) rasansn (¢ ‘
q p p p p
n/2 3/2 (2n—k+2)/2
1+p—q(q q q
R () () sl (4
qg \p p p
<

(@) {5 () e

This means that we may choose £, = (¢/p)"/?, n > 1 (see Theorem 1.1). Then for
all n,m > 1, we have

q n/2 q (n+1)/2 q (n+m—1)/2
/3n+/3n+1+--'+/3n+m—1 = (_) + (_) +...+ (—)
p p p
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q m/2 n/2
- (@) s

p

Thus we may choose «,, = (q/p)"/2, n > 1. Applying Theorem 1.1, we get the
statement of our theorem.

In the next theorem we shall estimate the error [D24(f;2) — f(x)| with the aid
of the modulus of continuity (1.4). O

Theorem 2.2. For the limit (p, q)-Bernstein-Durrmeyer operator 13{)’5‘1, we have
D2(752) — 1) < 2 (£.4f30000))
for all f € C[0,1] and = € [0,1], where
Op,q(x) = ]%(p —){2p* + Bp + Va + (p° — 12"}

Proof. In view of Lemma 2.3, we have
(2.15) DPA(1,z) = 1.
Further, by Lemma 2.3 and (1.1),

DPA(t; z) = = =: [)gg? t;x
" ( ) anrl[n =+ 2]q/;D p[n + 2]q/;D _1 p ( )

_4q_
_ Pl ptdainlypr  PTTET pogtar
P1 T

as n — 00, and analogously, we have

P22 (2¢* + qp)p" 2[n]p g

DPa(t%x) = [0+ 2y + 3lpg [0+ 2]y g[n + 3lpq
+q3 ["]pyq[pz [”];qu2 +p " a(l - 2)]
1+ 2]p,q[n + 3lp,q
)2 e o _
R (p+q);§9 9" | alp+ 2(23(29 9z ;% {xz Nl PYC x)}

=: D&q(t2;x)
as n — 00. Then
DEA((t — x)%; )

1 s ¢ 1 2 2
= S+ -9 +F(p—Q)x(1—I)+F(m+2q —2p°)(p— @)z

1
P

i)

(p* —pa— @*)(p — q)z*

+

2

IN

]%(p— Q)+ %@— el — ) + %@_qm %@— Qe
(2.16) = 3,.4(2).
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For the modulus of continuity (1.4) we have w(f, Ad) < (1 + MNw(f,d), A > 0. Then

1f(t) = f(@)] S w(f, [t —2]) < 1+ 07"t = 2[)w(f, )

for ¢,z € [0, 1]. Hence, by (2.15), Holder’s inequality and (2.16), we obtain

|DEA(f;2) = f (=)

<

A

DEA(IF(8) = f(@)f;@) < w(f,8) (1+8 DIt - als))

(0 {L+ 87D - 0%} < wh,0) {1457 (o)}

Choosing § = /0, 4(z), we get the assertion of the theorem. O

Remark 2.2. Ifp = p(g) and ¢ — 1, then Theorem 2.2 implies that D% (f; ) converges
uniformly to f(z) for = € [0, 1].
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