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BIFURCATION OF NONTRIVIAL PERIODIC SOLUTIONS FOR
LEISHMANIASIS DISEASE MODEL *

Fatima Boukhalfa, Mohamed Helal and Abdelkader Lakmeche

Abstract. We develop an impulsive model for zoonotic visceral leishmaniasis disease
on a population of dogs. The disease infects a population D of dogs. We determine the
basic reproduction number R, which depends on the vectorial capacity C'. Our analysis
focuses on the values of C' which give either stability or instability of the disease-free
equilibrium (DFE). If the vectorial capacity C is less than some threshold, we obtain the
stability of DFE, which means that the disease is eradicated for any period of culling
dogs. Otherwise, for C' greater than the threshold, the period of culling must be in
a limited interval. For the particular case, when the period of culling is equal to the
threshold, we observe bifurcation phenomena, which means that the disease is installed.
In our study of the exponential stability of the DFE we use the fixed point method,
and for the bifurcation we use the Lyapunov-Schmidt method.

Keywords: impulsive differential equations, mathematical models, periodic solutions,
bifurcation, stability

1. Introduction

In this paper, we investigate a mathematical model of zoonotic visceral leish-

maniasis (ZVL). The model studied here is inspired by [8], [11] and [15]. Zoonotic
visceral leishmaniasis (ZVL), caused by leishmania infantum, is a disease of humans
and domestic dogs (the reservoir) transmitted by phlebotomize sandflies. According
to the World Health Organization, leishmaniasis is one of the diseases affecting the
poorest in developing countries, with 556 million people estimated to be at risk of
contracting leishmaniasis (see [22]).
Some mathematical models for ZVL are considered in [8], [11], [12] and [15], where
the behavior of the infection, stability of the disease free equilibrium, and endemic
equilibria are studied. Many other papers have considered leishmaniasis diseases
(see, for instance, [9], [17] and [23]).
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The model considered here is from [8] and [11], where total dog population size
D is constant and divided into two categories, ever-infectious dogs (that become
infectious) and never-infected dogs. The ever-infectious dogs category is partitioned
into three subclasses: susceptible (uninfected), latent (infected but not infectious)
and infectious dogs, with sizes (numbers) denoted by S, L and I, respectively. The
never-infected dogs category is partitioned into two subclasses, i.e. uninfected and
infected dogs, with sizes denoted by R and @), respectively.

The sum S+ L+ I + R+ Q is the total population D. The natural death rate ¢ is
assumed to be identical in all subclasses. A proportion « of dogs born susceptible to
ZVL with 0 < a < 1. Consequently, the birth flux into the susceptible class is oD
and into the resistant class is (1 — a)8D where § is the natural birth rate of dogs
as in [11] and [15]. We also consider that 8 = §, elsewhere D is non-constant and
D will tend to zero or infinity for § > 8 or § < 3, respectively. Latent dogs become
infectious and re-enter the infected class with the rate o. The force of infection
is CI/D, where C' is the vectorial capacity of the sandfly population transmitting
the infection among dogs. It is denoted by CIS/D (resp. CIR/D) for the contact
between infectious and susceptible (resp. infectious and uninfected) dogs.

Following the above assumptions, the obtained epidemic model is governed by the
following system of ordinary differential equations (see [8] and [11])

S = aBD- 4S5 65,
L = as (o +6)L,
(1.1) I = oL-94I,
R = (1-a)BD-YE 4R,
0 = -5

with initial conditions
(1.2) S(0) > 0,L(0) > 0,1(0) > 0,R(0) >0 and Q(0) > 0.

In [8], the well-posedness of (1.1), (1.2) is proved and the local stability of equilibria
is investigated. In fact, the disease free equilibrium

Ey = (SO,LO,IO,RO, QO) = («D,0,0,(1 —a)D,0)

is locally asymptotically stable for Ro(C) = % <1, and unstable for Ro(C) >

1, where Ro(C) is the base reproduction number. For Ro(C) > 1, the endemic
equilibrium

E*=(S*,L*,I",R*,Q")

[ aD  8D(Ro(C)—1) 6D(Ro(C)—1) (1—a)D (1—a)D(Ro(C)-1)

- Ro(C), oC ’ C ’ RQ(C) ’ RQ(C)

exists and is locally asymptotically stable.
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In this paper, we consider the case of controlling the disease ZL by killing infected
dogs. As in [11], a fraction 6 € (0,1) of infected dogs is culled periodically in order
to reduce or eradicate the disease from the dog population. We obtain the following
model

(1.3) Z1(t) Fi(x1, 22, 23, 24, 25),
(1.4) &o(t) = Fo(x1, 22,23, T4,25),
(1.5) t3(t) = F3(21, 22,73, 74,75),
(1.6) &4(t) = Fu(z1,22, 23,24, 25),
(1.7) &5(t) = Fs(x1,22, 23,24, 25),
for t > 0 and t # t;, where t; is the time of the i*" control,
Fl(l'l,l‘Q,Ig,I’4,$5) = CY/BD - Oxlxg - 5I1,
Cxiz
Fy(x1, 22,23, 24,05) = Dl 2 - (0 +0)z2,
F3(x1, 72,23, 74,25) = 0Tz — 0x3,
Fy(z1, 72,23, 24,25) = (1—a)BD — CZED3$4 — 0xy, and
Cxsx
Fs(x1, 2, 3, 24, 5) = D3 L bus.
For t = ¢; we have
(1.8) zi(tf) = O1(zi(ti), x2(ts), w3(ts), wa(ts), x5 (ts)),
(1.9) za(t]) = Oa(wi(ts), ma(ts), z3(ts), za(ts), z5(t:)),
(1.10) w3(t7) = Os(wr(ti), wa(ts), x3(ts), valti), w5 (L)),
(1.11) za(t]) = Oulwi(ti), w2 (ts), w3(ts), wa(ts), x5 (ts)),
(1.12) 5 (t;) Os (21 (i), x2(ti), x3(ti), xa(ts), z5(L;)),
where ; () = liin z;(t), (j =1,...,5) is the size of z; just after the i‘" culling.
t—t;
In our case we have
O1(x1(ti), x2(ti), x3(ti), walts), z5(t;)) x1(t),
Oa(x1(ti), x2(ti), x3(ts), va(ts), x5(ts)) = x2(ts),
Os(w1(t), w2(ts), w3(ts), xa(ts), x5(t:)) = (1 —0)xs(ts),
Ou(w1 (i), w2(ts), x3(ts), xa(ts), 25(t:)) = wa(ts),
Os(x1(ti), x2(ti), 3(ti), valts), z5(t;)) x5 (t;).

The variables are
x1 = S: ever-infectious dogs,
= L: latent (infected but not infectious) dogs,
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x3 = I: infectious dogs,

x4 = R: never-infectious dogs are either uninfected dogs,

x5 = Q: never-infectious dogs are either infected dogs, and

7: term of the first culling, it is the period between two controls, that is ¢; = 7,
1€ N.

We obtain a special kind of differential equations called impulsive differential equa-
tions. To have more details on this kind of differential equations see [1]-[6] and [13].
Impulsive models in population dynamics were investigated widely in the last thirty
years. We can cite the following papers [7]-[8], [18]- [21].

Our aim is to study (1.3)-(1.12), more specifically, we study the existence of periodic
positive solutions and their stability in order to obtain conditions for eradication of
the disease.

After the use of the impulse control E; remains as the equilibrium of (1.3)-(1.12)
but the endemic equilibrium E* disappears, so eventually we will have a periodic
solution to (1.3)-(1.12) as a new equilibrium of the model with impulse control.
The aim of this paper is to study the stability of the disease free equilibrium of
(1.3)-(1.12) which corresponds to the eradication of the disease by culling dogs. If
we find periodic solutions using the bifurcation analysis as in [7] and [18]-[20], then
the stability of the disease free equilibrium is lost and the disease is installed. So,
the aim of this paper is to determine the values of the vectorial capacity and the
period of culling dogs to eradicate the disease.

This paper is organized as follows. In the following section we study the existence
and stability of the equilibrium of similar situations, and in Section 3 we analyze
the bifurcation of nontrivial periodic solutions. Conclusions are given in Section 4,
while in the final section we provide Appendix.

2. Stability of the disease free equilibrium FE;

We can show that ((¢t) := (o = (D,0,0,(1 — «)D,0) = E is a constant
equilibrium of (1.3)-(1.12), it is called a trivial solution.
To study the stability of ( we use the same approach of the fixed point process as
in [7] and [18]-][20].
Since the solution of (1.3)-(1.7) exists globally in R, and is nonnegative (see [8])
we have

(2.1) X(t) = (t, Xo),t > 0

where X (t) = (21,22, 23,24, 25)(t), X(0) = Xo = (aD,0,0,(1 — «)D),0) and ®
is the flow associated to (1.3)-(1.12). Since the culling of dogs is used periodically
with period 7 > 0 then the solutions of (1.3)-(1.12) for ¢ € (0, 7) are given by (2.1).
The term X (77) denotes the state of the population after the culling, X (7+) =
O(X (1) = 6(8(r, Xo).

To have periodic solution we must have X (77) = X that is Xy = O(®(7, Xp)).
Let ¥ be the operator defined by

(2.2) ¥ (1, Xo) = O(2(7, Xp))
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and denote by Dx ¥ the derivative of ¥ with respect to X. Then X = ®(., Xy) is
a 7-periodic solution of (1.3)-(1.12) if and only if

(2.3) (1, Xo) = Xo,

i.e. Xp is a fixed point of ¥(7,.), and it is exponentially stable if and only if the
spectral radius p(Dx (7, .)) is strictly less than 1 (see [16]).

We have Dy U(r, Xo) = DxO(d(r, XO))S—;};(T, Xy).

Then for X¢ = (p and 7 = 79 we have
Dx¥(79,60) = Dx O(®(70,0)) 5% (70, o)

921 (70,¢0)

921 (70,¢0)

921 (70,¢0)

0 0
oz oz oz
(1) ’ 8 8 8 0 34)2{;73»(0) 6<I>28<73,<o> 0 0
— 0 0 1—60 0 0 0 34)3573»(0) 34)3573»(0) 0 0
00 0 10 0 a«mf&co) amf&co) 024 (r0.Co) 0
0 0 0 0 1 0 3‘1)5(71'3,40) 3‘1)5(71'3,40) 84 9%5(70,¢0)
Oxo Oxs 5
9% (70,¢0) 9% (70,¢0) 9%, (70,¢0) 0 0
oxq Oxo dxg
9%®2(70,¢0) 9%®2(70,¢0)
0 Oxo O3 0 0
— 0 (1-0) 9‘%@(;’0»(0) (1-0) 34)35;0@0) 0 0
0 34)4@("’0&0? 34’46(7'07&)? 34)45"’0&0) 0
0 3‘1)557%'3,40) 34’5(?&0) 34 3‘1)55707(0)
To T3 5
The equilibrium ¢ is exponentially stable if and only if the spectral radius is less
than one.
We have
01 (70, Co) 094(79, o)
2.4)  det(DxV (T —ul) = — —
(2.4) (Dx¥(79,C0) — pul) ( P I D2s Iz
0P5(70, Co)
>< - -
( e ) x(p)
where
0P 0P
2 2 3
(25)x(n) = p* = 5—(10,¢)+ (1 —=0)5—(70,0) | 1t
8:172 8:173

0P 0P 0P 0P
+(1-9) (8—:1722(7-0’@)8733(70’(0) - 8—1723(70’@)8732(7—0’@)) :

From (2.4) and (2.5), the equilibrium ¢ = Ey is exponentially stable if and only if
%(TO,CO) <lforj=1, 4, 5and |us| < 1. Where

= Z%(ro,co>+<1—02>§%g<ro,co)i\/£ o

nd

2
(2.6) A= (%(Tm@) - (1- 9)%(70@0)) +4(1-0)

8:173 8—$2
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From the variational equation % (Dx®(t,(p)) = (Co)—;}}(t,CO), we have for all
0<t< T
9®1(tCo) _ 9%Paltlo) _ 9%5(to) _ —6t € (0,1),
Oz - 8;64 Oxs -
Volotdal)+o Voo tdal)—0o
03 (1.6o) ( Voot +a)e Y2 L fo(eH1a0) —o) ¥>
D5 (t,C0 _
Oz B 2\/U(U+4QC) > 07
7&( 7\/0(U+4QC)+ot \/o(a+4ac)7ot>
—0oe € 2 —e 2
0P (t,G0) _
Ox3 - \/0(0'-1—4010) s 07
s ) e %t ((\/o'(a'+4o¢C)—o')e a(o+4o<C' 12 +(y/o(c+4aC) +a)ewt>
D3 (t, o)
O3 B 2\/0(0+4aC) > O’
0®3(t,60) _ aC 9%2(t,6o) >0
BT - o Ox3 .

(see Appendix, Subsection 5.1.).
Proposition 2.1. For all 19 > 0 we have 0 < p— < pig.
Proof. Since ‘g‘fe‘ (70, (0)%(70, Co) > 0 then A > 0. Moreover,

0P 0P 0P 0P
x(0) = 02y 2(07C0) 2 s 2( 07C0) 2

then there exist two posmve roots puy of x such that pe >p—>0. 0O

(T07 <0) = e—(0'+25)7'0 > 07

(707C0)

We deduce the following result.

Theorem 2.1. 1. 10 <& UH) (i.e. Ro(C) < 1), then the trivial solution ¢
is exponentially stable for all 70 > 0.

2. If C > 6(015 (i.e. Ro(C) > 1), then there exists 7§ > 0 such that the trivial
solution ( is exponentially stable for all 7o < 75, and unstable for 1o > 7.

Proof. The inequality py < 1 is equivalent to

(2.7) VA < Hi(),
where
H, (7_0) — 9_ (\/U(J+4aC)+a’+(\/o(o+4aC)a’)(10) o \/U(f’+40‘2c')+”+25 To
2\/U(U+4OLC)
\/a (oc+4aC)— <7+(\/0'(0'+4a0)+a')(1 0) VU(”+40‘2C)*C’*257.0
2\/0' (o+4aC)
and

(\/o'(o'+4ac +0—(1-0)(y/o(o+4aC)— o')) +160aC(1-6) o (e TT I+ +20)70

A= 40 (oc+4aC)

2
(\/o'(o'+4aC)7o'7(179)(\/0'(o'+4ac)+o')) +160aC(1-0) e(\/m70_726)7_0

+ 40 (oc+4aC)

(\/a(a+4ac)+07(179)(\/U(a+4ac)7a)) (\/U(U+4QC)7<77(170)(\/0(0+4ac)+0)) —1600C(1-0) >

+ 20 (c+4aC)
xe—(0+28)70
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The inequality (2.7) is equivalent to Hi(m) > 0 and Ha (7o) := (H1(70))?> — A > 0,
where

Ha(10) = (Hi(m0) — VA)(H1(70) + VA)
=4+4(1 — e (@280 _ Volotial)tot(y/olo+4aC)—0)(1-0) efwm

\/o'(o'+4aC)
_9 \/o(o+4ac)7o+(\/a(a+4ac)+a)(170) eiva(”“o‘zmn).
\/o'(o'+4ac)
We have
/ _ yo(o+4aC)+0o+25 \/a(U+4ac)+a+(\/o(o+4ac)fa)(170) ,7WWTO
Hi(m0) = 3 e 2
2\/0'(o'+4ac)
_ Vo(o+4aC)—o—26 \/a(U+4ac)7o+(\/a(a+4ac)+a)(170) eiva(f"“o‘zwn)’
2 2\/0'(o'+4ac)

Hj(10) = —4(c + 20)(1 — )e~(e+29)70

o(o o o(o —o)(1— _Vo(otd4al)to+24
+( /O'(U+4OCC)+O'+26) Vo(ot+4aC)to+(y/o(o+4aC)—0)(1-0) e > T0

Vo (o+4aC)
_(\/m - 25) Vo(c+4aC)—o+(y/o(c+4aC)+0o)(1-0) eiv‘r("%wn)
Vo (o+4aC)

and

Hy(ro) = —doa (C _ 5(g+5)> (\/a(a+4aC)+a+(\/o(o+4aC)fa)(170) 677“““’“‘2“’“’”70

o 2y/o(c+4aC)
doa (C _ 5(g+5)> (\/U(U+4aC)7U+(\/U(U+4QC)+0)(170)) JRLICEETIELES P
oo 2\/U(U+4ac)

where Hs(rp) = (72970 H (7).
We consider two cases R, < 1 or R, > 1.

1. Casel: If C < 27 (je :, < 1), then H](r9) > 0 and Hj() > 0 for all
7o > 0. Since H1(0) = 0 and H3(0) = 4(0 + 6)0 > 0 we have H;(7p) > 0 and
Hs(mp) > 0 for all 79 > 0. That is, Hj(79) > 0. Since H2(0) = 0 we have

H2(TO) > 0 for all 79 > 0.

2. Case2: If C' > % (i.e. Mo > 1), then Hi(r) = 0 if and only if

0 =T8¢

N (\/U(U+4ac)+a+26)(\/U(U+4aC)+U+(\/a(a+4ac)fa)(170))
= n .
Vo (o+4aC) (v o(oc+4aC)—oc—24) (\/o'(o‘+4aC)7o'+(\/o'(o'+4aC)+o')(179))

Hi(19) > 0 for all 79 < 73 and Hj (7o) < 0 for all 79 > 77.

Since lim,, o0 H1(70) = —00, there exists 75 > 74 such that H;(73) = 0 and
Hl(To) > 0 for all 79 < Tg.

Moreover Hj(1p) < 0 for all 79 > 0. Since H3(0) > 0 and lim,_, 4o Hs(10) =
—oo then there exists 73 > 0 such that Hs(73) = 0 (that is Hj(rg) = 0),
Hs(1o) > 0 (that is Hi(m9) > 0) for 79 < 75 and H3z(m0) < 0 (that is
Hi(m9) < 0) for 70 > 73, then H> has a maximum positive at 73. Since
H>(0) = 0 and Hy(73) = —A, then 7§ < 7¢ and there exists 7§ € (73,78)
such that Ha(70) > 0 for all 79 < 7§ and Ha(79) < 0 for all 79 > 7¢.
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Remark 2.1. If C > W (i.e. Ro > 1) we have ut < 1 for 79 < 79 and py =1 for
70 = 7o. That is we have a critical case at 70 = 7.

Remark 2.2. From theorem 2.1, we show that in the case of low vectorial capacity

(< W) we can choose any period 7y of culling dogs to have eradication of the dis-
§(c+9) )

ease. Otherwise, for high vectorial capacity C(> , the eradication of the disease
is acquired only for period 79 less than some threshold 7. It is interesting to show what
happens for 7 = 7.

3. Bifurcation Analysis of nontrivial periodic solution

In this section, we analyze the bifurcation of nontrivial periodic solutions of
the system (1.3) — (1.12) from ¢ at 79 = 7¢. This case is possible for C' > 6(2:5)
(i.e. Mo > 1) (see theorem 2.1). The bifurcation of nontrivial periodic solutions
means that the disease free equilibrium lost its stability and becomes unstable. The
bifurcated solutions means that the disease is installed.

Let 7 and X such that 7 = 75 +7 and X = (o + X. The equation (2.3) is equivalent

to
(3.1) M(7,X) =0,

where M (7, X) = (My(7,X),...,M5(7, X)) :== o+ X — (15 + 7, (o + X).

If (7, X) is a zero of M, then ( + X) is a fixed point of U(7§ + 7,.). Let

a b ¢ x *
* d e *x %
* h 1 j =
x k | *x m
For (7, X) = (0,(0,0,0,0,0)), we have
ap bo co *
* do eg *
DXM(O,(O,O,O,O,O)) = * fO g0 *
* ho 0 Jo @ *
* ko lo * mo
where ao = 1 - i?9?0)11 (TO’CO) bo = _gigl Tgaco)a Co = _%(Tgvgﬂv dO =1
G2, 0 = — 52 (15,C0)s fo = —(1 - 9)%(7{{,(0), g =1-(1-02%(,G)
ho = agm (75, o), 0 = —‘gi’;‘ (Tgégo), jo =1-— ‘g‘i’z (78, Co), ko = _gfs (25, o),
lo = Bz: (T07C0) and mo = 1-— Bzi (TS,CQ).

We have py = 1 if and only if ‘94’2 2 (75, C0) + (1 — 9) 2(75.Co) + VA = 2. From
(2.6) we obtain

(3.3) do + go = V/(do — g0)? + 4foeo = V/(do + g0)? — 4(godo — foeo),
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that is

(34) godo — foeo =0.

Put

__0Gi(m0) fo = _ (1-8)aCGi(10) L do - _ Ga(m0) L G3(710)
v o(o+4aC) » JO v o(o+4aC) 2y/o(c+4aC) U(G’+40¢C)7
where
_ Vo(o+4aO)+o+26 Vo(o+4dal)—o—25
Gi(m) =e 2 0 _ e 2 7o

)
\/(T(d+40¢20)+(7‘+25 0

G2(70) —2\/0 o+ 4aC) — \/a' (o +4aC) +o)e
~(\/o(o ¥ 4a0) - 0)eTTE T and
G(r0) = 2/a(0 1 4aC) — (1 — 0)(\/o(o + 4a0) — o)e~ 520

~(1- 0)(/o{o + 1aC) + o)
Then we have

Proposition 3.1. Let C > UH) (i.e.;Ro > 1).

1. For all 79 > 0 we have ag > 0, bg >0, cg >0, eg <0 fo <0, hg >0, 79 > 0,
jo >0, kg <0, lp <0 and mg > 0.

2. There exists 79 > 0 such that dy = 0 for 19 = Ty, dg > 0 for 19 < 7y and
do <0 fO’r’To > 1.

3. There exists 79 > 0 such that go = 0 for 790 = Ty, go > 0 for 19 < 7o and

go <0f07’7’0 > 7.

Proof. Let C > 5+U).

1. We have G1(m9) < 0 for all 79 > 0, then fy < 0 and eg < 0 for all 79 > 0.
The signs of ag, by, co, ho, 0, jo, ko, lo and mg can be deduced from signs of

9%;
afj (7-0*5 CO)

2. We have
G, (T()) (/o (c+4aC) +U+26)(\/U(U+4ac)+a) 7M T0
2

_ (fo(o+4a0)—a— 26)(\/0(0+4ac) a) v(o+4a20) o=28
then G4(19) = 0 if and only if

4 1 1n<(\/0(0+4040)+0+26)( 0(0—}—4@0)4—0)).

T Voot 4a0)  \(Valo + 4a0) — 0 - 20)(,/a(o + 4aC) — o)

Since G2(0) = 0 then there exists 7o > 0 such that G2(7y) = 0, Ga2(79) > 0 for
To € (O,f'o) and G2(T0) <0 for 9 € (7A'0,+OO).
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3. We have
a (7_0) _ (1 )(w/o'(o'+4ac +o‘+25)(1/o'(o'+4ac) o-) 3\/"(54’420)*”*25 0
3 =
oo o o(o o— _Vo(o+4aC)—0—25
_(1 — ) WoloHaaOrt ><\2/ (7+4aC)— 26)(1 f)e— LTI

then G%(19) = 0 if and only if

5 1 (Vo(o+4aC) + o +2)(y/o(o + 4aC) — o)
ToI=TH = .
o (a+4aC) (Vo(o+4aC) — o —2)(y/o(o + 4aC) + o)

Since G3(0) = 0 then there exists 7y > 0 such that G2(7y) = 0, G3(19) > 0 for
70 € (0,70) and G3(19) < 0 for 79 € (7o, +00).

O

Remark 3.1. From (3.3), (3.4) and Proposition 3.1 we have do + go > 0 and dogo =
foeo > 0 then we must have dp > 0 and go > 0, that is 75 must be less than 7y and 7o.

Put G4(To) = 2\/0'(0 + 40(0)(g0d0 — fo@o).

Proposition 3.2. For C > 540-;7) we have 7§ < min(7o, 7o).

Proof. Let C > 5+U) . We have
% =2y/0(c + 4aC) — (\/U(U + 4aC) — 0) e YT

- (VAT TaC) + o) T

and
%—2 (0—1-4040)(1—9)—( U(U+4aC)+U)e

Then
(G4(T0)—02(T0) )/e\/m o—26 o0 (a/cr(cr+4aC) o— 25)(\/0’(0’4’40{0) a’)
(1—0)67(U+25)TU
(\/ (o4+4aC) +U+26)( U(U+4aC)+a’) \/mﬂ)

Vo(o+daC)—o—26
—Velerte ) Te T2 0

and

(G4(TO)_G3(TO))/6\/U(U+40¢C) o—26 0 _ (a/cr(cr+4aC —o— 25 Y(v/o(o+4aC)+0)
e—(o0+28)mg
(\/cr(cr+4aC +a’+25 Y(v/o(oc+4al a’)e /G'(G'+40tc)7'0

Since

(v/o(c+4aC)—c—26)(1/c(c+4aC)—0o) < (v o(c+4aC)+0+426)(y/o(c+4aC)+0)
2 2

and

(v/o(c+4aC)—oc— 26)( o(oc+4aC)+o0) (\/ (o4+4aC) +O‘+2§)(\/O‘(U+4ac

we obtain

/ /
(%) < 0 and (%) < 0. Moreover, we have
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Galdi=520) = G4(0) — G5(0) = 0, that is Ga(ro) < Ga(m) and Ga(r) < Ga(m).
This implies that 7§ < min(7, 7). O

We have M(0,(0,0,0)) = 0. Let DxM(0,(0,0,0)) = E, then dimker(E) =
codimR(E) = 1. Denote by P; and P, the projectors onto ker(F) and R(FE) re-
spectively, such that P + Py = Idgs, P{R® = span{Yy} = ker(E), with Yy =
(41,42, 1,04, G5), @1 = S — 2 gy = — 2, gy = Ghe — o g5 = folo o apq
P,R5 = span{(1,0,0,0,0), (0,1,0,0,0), (0,0,0,1,0), (0,0,0,0,1)} = R(E).

Then (I — P,)R® = span{(1,0,0,0,0), (0,1,0,0,0), (0,0,0,1,0), (0,0,0,0,1)} and
(I — P)R® = span{(0,0,1,0,0)}.

Equation (3.1) is equivalent to

Ml(?7ﬂ)/}/0+z) - Oa
M2(7_’7FY}/0+Z) = Oa
(3.5) Ms(7,vYo +Z) = 0,
M4(77-7’7Y70+Z) = 07
M5(77-7’7Y70+Z) = 07

where Z = (z1, 22,0, 24, 25), (7, X) = (7,7Yo + Z) and (7, 21, 22, 24, z5) € R,
From the two first and two last equations of (3.5), we have

M1 (0,(0,0,0,0,0))  dM;(0,(0,0,0,0,0)) M1 (0,(0,0,0,0,0)
dz1 Oz 0z4
(0,0,0,0,0))  9M2(0,(0,0,0,0,0))  9M2(0,(0,0,0,0,0)

(

( 9M1(0,(0,0,0,0,0))
(
(
(

Oz
M>(0,(0,0,0,0,0))

(
OM> (0, (
(
(

N2 N N Nl

det 921 023 024 025
9M4(0,(0,0,0,0,0)) 9M4(0,(0,0,0,0,0)) 9M4(0,(0,0,0,0,0) 9M4(0,(0,0,0,0,0))
0z1 025 0z4 0z5
dM5(0,(0,0,0,0,0)) dM5(0,(0,0,0,0,0)) 0M5(0,(0,0,0,0,0) dM5(0,(0,0,0,0,0))
0z1 Oza 0z4 Jzs
ao bo 0 0
0 dy 0 O .
= det 0 ho j() 0 = aodojomo 75 0.
0 ko 0 mo

From the implicit function theorem, there exists a unique continuous function Z*
such that

Z*(?, '7) = (Zf(?‘, '7)7 25(77_7 '7)7 0, 21(77-7 '7)7 ZZ(%v 7))7 Z*(Ov O) = (07 0,0,0, O)
and

(3.6) M; (7, (q1y + 21 (T, 7), @27 + 25 (T.7), v, qay + 25(7, %), a7 + 25 (7, 7)) = 0,

forv=1, 2, 4, 5, with v and 7 small enough.
We have ¢; <0, g2 > 0, g4 < 0 and g5 > 0 for 79 < min(7p, 7o).

Moreover, we find %(O, 0)= 88—27*(0, 0) (see Appendix, subsection 5.3.).
Then M(7,X) =0 if and only if

(3.7) w(7,v)=0

where

w(T,7) = M3 (T, (17 + 21 (T,7), @27 + 23(T,7), 7> qay + 25(T,7), @577 + 25(T, 7)) -
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Equation (3.7) is called determining equation, it determines the number of periodic
solutions of (1.3)-(1.12) (see [10]).
To solve (3.7) we need Taylor development of w near (7,7) = (0,0). We find

w(0,0) = 0 and M = %’oy,o) = 0 (see Appendix, subsection 5.5.).

Let A = w B = aaw(aoo and C = %. It’s shown that A = 0 (see

Appendix, subsectlon 5.6.). Hence

2
_ _ Y _
w(F,y) =By +Co o (I +7),

where

@3 (70, 93 (10, 9* @3 (70,
¢ = -5 {20nRES L SRR ¢ TR

9%® , 9%d , oD o) 8222(0,0
+2q2 6;3((‘/9’(;50)_,’_ %(I‘Fg,{o)_,’_ 36(;'2,@) 2827(2 )}

and

_ _o® 0%®s3(r0,60) | 0P (1o Co) 9223(0,0) | 92®3(70,60))
B ~ Oy {q 0w, T Omsoroy T 0rdes |-

Proposition 3.3. For 79 < 7" := min(7y, 7o) (see Appendiz, subsection 5.2. and
5.4.) we have
02®3(t,C0) _ /t VATHAOEIRTE (5 1) o —bs

azgaxl D
v o(o+4aC)+o+(y/o(oc+4aC)—c)e™V o(o+4aC)(s—t) 6q>3(57<0)d8 >0
2\/U(U+4OLC) Ox3 ’
t
8% ®5 (t, CO) a’C 67‘ U(g+4azc)+a+2é (s—t)e—6s ef\/m(sft)fl 9®3(s,40) ds > 0
Ox3011 0 \/a'(a'+40cC) Oz
82@2(15,{0) _ c te\/cr(T4a20)+o+26 (s—t) \/o'(o'+4aC)+o'+(\/o'(o'+4aC)70')67 Vo(o+dal)(s—t)
Bx30wy D o 2y/0(o+4aC)
0®3(s,¢0) 9P1(s,60) | 9P1(s,60) 9P3(s,¢0)
X ( Ozxg Oxo + dxs Oxo ) ds < 07
t
*@3(t.C0) _ o¢ VTHACNHoH0 (4 (2 Vo(THAaD D g
O0x301To 0 \/a (o+4aC)
0®3(s,60) 0P1(s,60) | 9P1(s,60) OP3(s,60)
x ( 613 612 + 613 ox ) dS < 07
920 (t.60) _ w0 te\/m+o+26(s + /o (0+1aC)+o+(y/o(0+4aC)—o)e™ o(o+dal)(s—1t)
az§ D 2\/0'(o'+4ac)
9‘1’3(5»Co) 921 (s,¢0)
XTow om 9 <0
9225(t,¢0) _ 20C eiv‘*(”‘*af T2 (s [ e Vot D 1 ) 9%y (s,¢0) O (s @)ds <0,
2 D \/a(a+4a0) Ox3
2®5(t.¢0) _ C ft64v0(6+4a20J+0+25(s,t) Vo (o+4aC)+o+(y/o(0+4aC)—g)e Vo (oH4aC)(s—t)
Oxq10wo 0 2\/a(a+4aC)

9%1(s,¢o) 9%3(s,¢0)
XTl()AdS>O

02Bs(t.60) _ oC f 1/0(0‘#4&20 Vhot28 (oo HIa) 0 1\ 00y (s,¢0) OPals, ) gs > 0,
0x10x2 o€ \/a(a+4aC) 0x1 Ox2
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32q>2(t G) _ 2¢ f \/W+”+25(S,t) \/a(a+4ac)+a+(\/0'(0'+4QC)70)&7 o(o+4aC)(s—t)
0 2\/o(o+4aC)
« 921(5:60) 9‘1’3(5 Co)ds <0,

Oxzo
3% ds5(t, Co) 20C f ei‘Wr(s—t) e~ Volotda) (=) _1 ) 991(s,{0) IPa(s, Co)ds <0.
812 D Jo \/a'(a'+40cC) Oxo Oxo
9°23(0,0) _ 692@’(%;@0)) 9% ®5(70,¢0) 9% ®5(70,¢0) 2 0 ®5(70,C0)
972 Oxa 20192 Ox2011 +2q1 0r3071 +a 032
9 ®5(70,¢0) 02 ®5(70,¢0)
202 5,00, T 02 <0,
q 62‘I>2(T0,<0) + 6 ‘PQ(T(),C()) 20 U(U+40‘C) e—(o’+25)7’0
27 070z, 070x3 2d0\/o(o+4a0)
\/0'(0'-1—4010 +o'+25)o' V”(“+4°‘20)+"+2570
2d0\/0'(0'+4ozC)
+(\/U(0+4aC) o— 25)067V"(”+4‘120)*"*2570 >0,
2dg\/a'(a'+4aC)

8223 (0, 0) _ 902(®(10,$0)) 1 8% ®2(70,¢0) 8% ®5(70,¢0)
6%67’ . Om; 2 do q2 8?7'8;32 = + 8?7'8;33 9 >O, and

q 923 (t,¢0) i 0°®3(t,¢o) _ 49y/a(o+4aC) o—(0+28)70
2 OT0x2 OT0x3 4d0\/g(o+4ac)
_ (Vo(o+4aC)+0+25)(y/o(o+4aC)— (7) _Volotial)tor2s
4d0\/<7 (o+4aC)
/ 7(c+4aC) —0—25
+( o(o+4aC)—o—26)( \/a G’+40¢C)+O’) . s 0.
4d0\/<7 (o+4aC)

Proof. The signs of 2 a%gfo) and a?;igg’ci”) can be deduced from those of a (t o).
Let

*®2(10,60) | 92P2(70,60) . ~(o428)m0
R+ TR = e Gt
where
(r(d+4o¢C) oc—268
Gs(r) = (\/o(o +4aC) + o + 28)e 5"
Vo(ot4a o426
+(y/o(oc +4aC) — 0o — 25)8M70 —2¢/o(0 +4aC).
We have
ar (7_0) _ _ U(U+4ozC)+<7+25)2(\/a(o+4aC)—a—26)ei\/0(0+40<20)7<77257_0
+( U(U+4ozC)+<7+25)2(\/o'(a'+4o¢C)—o'—26)87\/"("%"%70 >0
2
a121d G5(0) = 0 then G5(rg) > 0. That is go2 21(5';);(0) + & d(;i(aﬂ;),Co) > 0, then
9222(0,0)
P00,
L€t2 ( ) ( ) . (o+29)
82 B3 (10,0, 82 B3 (70,0, —(o+28)70
PR+ PR et G
where

\Vo(oc+4aC)—oc—26
B St

Ge(mo) = \/W+U+26 o(o + 4aC) —o)e
/A FAaC) - 0 — 20/l ) + o) T

+40+/o (0 + 4aC).

We have
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Glﬁ(To) _ (W o(c+4aC)—c—26)(y/o(c+4aC)+0+25)(1/o(c+4aC)—0) e_v“'(U*‘mzc)*U*% o

2

+(\/a(a+4o¢C)+0'+26)(\/U(U+4aC)—0—25)(\/0'(0'4-4(10)4—0)e 0(U+4a20)+cr+267_0 -0
2

and G¢(0) = 0. Then Gg(70) > 0, that is go 622;(55;%) + 62%2(55;%) > 0.
O

From the last proposition we have C > 0 and B < 0 for 79 < 73*. Put 7 := £y then

w(€Y,7) = Tg(&.7) where g(€,7) = 2BE+C+ 0y (1 +£) . Then 94(¢,0) = 2B and
g(&,0) = 2B + C. The implicit function theorem is applicable for g if B # 0 and

& = %. We find a function () such that for v small enough g(£(7y),v) = 0 and
£(0) = & = —35-

Then, w(é(v)y,7v) = 0 for v small enough.

In conclusion we have the following theorem.

Theorem 3.1. Let C > % (i.eRo > 1). For 19 = 75 we have a supercritical
bifurcation of nontrivial periodic solutions of (1.3)-(1.12) with period T(v) = 13 +
7(vy) starting from (o +~vYo + Z*(7(7), ) for all v(> 0) small enough where 7(v) =

—5=v +0(7).

Remark 3.2. From theorem 3.1, we deduce that for a high vectorial capacity C(>
W) and a period of culling dogs 70 = 73 there is loss in the stability of the dis-
ease free equilibrium and we note the presence of endemic periodic solutions, which means

that the disease is installed for the period 7o(7) close to 74
4. Conclusions

In this paper we have developed an impulsive model for zoonotic visceral Leish-
maniasis diseases under control by culling infectious dogs. Our model is inspired
by those of [11]. In the absence of control the model is studied in [8] where they
study the existence of a trivial equilibrium Fyand an endemic equilibrium £* which
exists only when the basic reproduction number $Rg > 1. The trivial equilibrium
Ey is stable for Ry < 1, but for Ry > 1 Ey is unstable and E* exists and is stable.
Here, we obtain conditions for eradication of the diseases corresponding to the ex-
ponential stability of the trivial solution, that is, we have eradication of the disease.
When stability is lost we obtain conditions for persistence of the diseases. This is
translated by the bifurcation phenomena.

The reproduction number Ry can be expressed by some parameters of the model,
which we take depending on the vectorial capacity of transmitting infection C' be-
tween dogs. In the presence of impulse control the equilibrium E* disappears,
so we have only E; which is exponentially stable for low vectorial capacity, that

is, C < % (i.e. Mo < 1) and for all 7p > 0. For a high vectorial capacity
C > @ (i.e. Mo > 1) the exponential stability of E is possible only for 79 < 7¢
where 75 (> 0) is the critical period for which bifurcation of nontrivial periodic posi-
tive solutions appears. Note that 75 depends on the amplitude of the control §. We
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conclude that eradication of the disease is possible for the control period 7y less than
some critical value 7. For 79 = 7§, however, we have a bifurcation of nontrivial
periodic positive solutions which correspond to the persistence of the infectious dog
population, that is, the disease is not eradicated. It is therefore recommended to be
careful with the period of the culling of dogs in the case of high vectorial capacity.
Following this study, we can develop new models with delays in the time between
the determination of infectious dogs and culling. In addition, if latent dogs are re-
moved from the model, we could have a more realistic model with delays. Another
concern is the case where the death rate § is different from the birth rate 8. In that
case, we will have a nonconstant population D which goes to zero for § > £ or to
infinity if 6 < B. In the latter case the model must be modified to be more realistic
and a logistic model could be a good suggestion.

5. Appendix

5.1. First derivatives of ®

For all t € (0,7], we have £ Dx(®(t,¢)) =
condition Dx (®(0,¢p)) = Irs, where

9E ((o) 22 (¢, (o) with the initial

6<I>1(t ¢o) 8@2)(15,40) 8@1(15 o) B‘I’g(t;Co) 3‘1’1(t Co)
(t Co) 3@2(1752,@) (t o) 6‘1’2(175%40) (t ¢o)
d d (t o) a<1>?(zt2.<o) (t o) acbf(zf@) (t o)
ZDx(9(t,0) = 5 b,
aq>4(t o) (9@48@,@) a<1>4(t Co) 6@48(15,40) 8@4(16 o)
)( o) a<p5(gﬁt2,go) a<I>-;(t o) 8<I>s(zt%40) 3<1’5(t o)
Ox1 Oxo Oxs Oxy RET
aFla(mgl(t)) 0 aFl( (*) 0 0
0 BFz( (t) ( () 0 0
Oxa
g—F(ﬁo) _ 0 B(x () ( ) 0 0
0 0 8F4( {0) 3F48(C(t)) 0
0 0 orldt) 0 2R (1)
Oxs Ox3
-5 0 —aC 0 0
0 (0+0) aC 0 0
0 0 —(1-a)C =6 0
0 0 (1-a)C 0 -0
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and
a‘bl(t o) 921(t,¢0) a‘bl(t o)  921(t,¢0) a‘bl(t o)
ox ox
<t Q) 9% (f¢o) <t Q) 9%a(tato) <t %)
P Oxa Oxq
¢ _ (t o) 9%3(t,¢0) (t Co)  923(t.¢o) (t o)
6X( ’CO) - Oxo Oy
6‘1’4(15 o)  9%a(t,60) 64’4(15 o)  9%a(t,C0) 64’4(15 ¢o)
ox ox
olhc)  OBsic) Dol ovelice)  9%elhc)
8LE1 Oz 8LE3 Oxy Oxs
From Cauchy Lipschitz theorem (uniqueness of solution) we obtain that %
0, 1 € {4, 5},
022(000) — 0, i € {1, 4, 5}, 22aL) — 0, j € {1, 4, 5}, 2D — ¢ € {1, 5}

and % =0, i € {1, 4}. Moreover, we have

)

)

(5.1) d (5‘1>1(f= Co)) _ OF(¢(t)) 091(2, o)
' dt 0z B 0x1y oz

(5.2) d (5‘1>1 (t. )\ _ 9Fi(¢(t) 01t o) n OF1(¢(t) 9Ps5(t, Go)
' dt 8$2 a 8171 8:172 8$3 8$2

(5.3) d <3 1(t, ¢o) ) _ ORC() 99(t o) | OF1(C(Y)) 9s(t, o)
' dt (91‘3 - 6,@1 6$3 (91‘3 (91‘3

(5.4) d <3‘1>2 (t, <o) ) _ OR(C(1) 9%s(t, ) 3F2(<( ) 0@3(t Co)
' dt (91‘2 6$2 6$2 (91‘3 (91‘2 ’

(55) d (3‘1)2 (t, o) ) _ OB (<) 0%a(t, Co) n OF3(¢(t)) 0%3(t, Co)
' dt 8$3 B 8:172 8:173 8$3 8$3 ’

(5.6) d (5‘1>3 (t, o) ) _ OF3(¢(t)) 092(1, o) n OF3(¢(t) 9Ps5(t, Go)
' dt 8$2 a 8:172 8:172 8$3 8$2

(5.7) d <5‘1>3 (t, o) ) _ OF3(¢(t)) 092(1, o) n OF3(¢(t) 9Ps(t, Go)
' dt (91‘3 - 6$2 6$3 (91‘3 (91‘3

63 (PG _ O OG) | IR 00100
' dt (91‘2 - 6$3 6$2 (91‘4 (91‘2 ’

(5.9) d <3‘1>4 (t, ¢o) ) _ OFy(C() 0%s5(t, Co) N OFy(((t)) 0Pa(t, o)
' dt (91‘3 - 6$3 6$3 (91‘4 (91‘3

d (0P4(t,00)\ _  OFu(C(t)) 0Pa(t, Co)

(5.10) dt ( 0xy ) B 0x4 Oxy

(5.11) d (5‘1>5 (t, o) ) _ OF5(¢(t)) 093(1, o) 5F5(C( ) 0Ps5(t, o)
' dt 8$2 a 8:173 8:172 8$5 8$2 ’

(5.12) d <3‘1>5 (t, o) ) _ OF5(¢(t)) 09s3(t, Co) 3F5(<( )) 0®5(t, o)
' dt (91‘3 - 6$3 6$3 (91‘5 (91‘3 ’

d (095(t, o) OF5(¢(t)) 0951, Co)
(513) E < (91‘5 ) 6$5 6$5
From (5.1), (5.10) and (5.13) we obtain 2250l — 0P4ltco) _ D2eltdo)

=€
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9®2(t,60) 0%2(0,60) 1
From (5.4) and (5.6) we have 8@‘3@(0) = et4 6%‘%’5@) = et4 ( 0 > ,

Oxo Ox2
where
OF3(¢(t))  9F2(L(1))
_ ox ox — —0—9 aC = -1
A= < R (1) oFs () ) = < o = > =PVET,
Oxo Ox3
_ 4204 /o(r41a0) 0
_ 2
V= 0 _o¥20/eltia0) |
2
) 1 o++/0o(c+4aC) —aC
B 1 2\/d(d+4o¢C) \/U(U+40¢C)
P—( U,\/g(g+4ac) a+\/o(o+4a0) )’P - —o+y/o(c+4aC) aC ’
2aC 2aC 2\/g(g+4ac) \/o-(o-+4ozc)
and
_ o425t y/o(e+1al), 0
2
ethd = petVp-l=p € o+25—/o(c+4aC) P
0 e =z !
_oreeny/olerany, [ ky(t)  ka(t) >
= e 2 )
ks(t) ka(t)
_ ot+y/o(04+4aC)+(—o++/ (o t4aC))eV7 (7 H1a0) _ —aCtaCeVoltiadt
kl(t)— 2\/ akQ()_ ’
o(o+4aC) \/0(0-1—4(10)
o(oc+4aC)t —0 o(o « o oo 6] 6\/m
kylt) = =g LT (1) =~V Ko el eC) .
o(oc+4aC) 2\/0(0-1-4(10)
We obtain
o0s(16e) | -T2V (04 [oloFH00) | (—oy/alordal))e T TH IO
Oxo - 2\/0(U+4aC) 2\/0(0"‘40‘0) ’
s — € Vo(o+1aC) | fo(o+aaC) )

0®2(%,¢0) 9%2(0,¢0) 0
From (5.5) and (5.7) we have 6@2(13@) = et4 a¢fﬁ)f<0) = et4 ( 1 ) . We

Ox3 Ox3
obtain
OPa(t,¢0)  _ e,"“‘”i Wt _aC i aCeVo(e+ial)t
Oz \/a'(a'+4o¢C) \/a'(a'+4o¢C) ’
9%®3(t,¢o) _ 6_M+7 \Wt —o+y/o(c+4aC) + (04+/c(0+4aC))eV(otiaC)
O3 2\/0’(0'-'1-4(10) 2\/0(04—4010)

From (5.2) we have

9%1(¢,60)
Oxo

=€

t
PP 10210.00) [ P (1-9) OFK(s)) 085 (:G0) g
Oxo 0 e Oxs Oxo S,
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then
001 (t:Co) _ ot [ =202C2 (e~ THRO ) gt
Oz Vo (o+4aC)(o+1/o(0+4aC)) Vo (o+4aC)(o0—y/o(o+4aC))

From (5.3) we have

t
01 (t,¢o) Mt@@ (0,¢0) 2ELCW) (1) DFL(C(s5) D3 (5,C0)
éwgo =€ 8I30+ Oe on 1613 28 Od
then
—o—\/o(c+1aC)
P4 (t,{o) _ aCe“;t (c—+/o(c+4aC))(e 2 tfl)
Ox3 \/a'(d+4aC)(a'+\/o(o+4aC))

\/a' (oc+4aC) (o \/a' (oc+4aC))

(o+ e )(807 Volotial), 1)>

From (5.8) we have

t
0®a(t.Go) _ Tt 994(0.60) S0 (t—-5) 0F1 (C(s)) 93 (s.C0)
éwgo =e€ %Igo + Oe = 213 28 . dS
then
0300 _ ot [ zoa)c2 TR ) agoaere A0
Oz \/U(U+4OZC)(O'+\/O'(O'+40[C)) \/a (oc+4aC) (o \/a (oc+4aC)) ’

From (5.9) we have

P4 (t,60) _ ewtam(o ¢o) +/t OELED) (t—s) 9F4(C(5)) a<1>3(s <o>d
Oxs Oxs 0 Ox3
then
—o—\/o(o+4a0),
9%4(t,C0) _ (1 _ 04)087& (o0—y/o(o+4aC))(e 2 —1)
O3 2\/a(a+4aC)(a+\/U(U+4aC))

(ot /olraa e YD)
2\/0' (c+4aC) (o \/U(U+4OLC))

From (5.11) we have

t
005 (t.¢0) _ 250 995(0,¢0) OO (t—s5) OF5 (((5)) O3 (5,60)
gwgo =€ 8I20+ Oe ors 613 28 Od
then
05 (t.C0) _ —t [ all—a)CPe 2 gy ama)c(e T
Oz 2\/U(U+4aC)(U+\/a(o'+4o¢C)) 2\/U(U+4aC)(U—\/a(o'+4aC))
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From (5.12) we have

OP5(t,C0)

t
a(t0) _ T 0930.00) +/e%‘;“><t—s>m<c<s>> 03 (5.00) g
3
0

Oxs Oxs Oxs

then

—o—y/o(c+4aC)
felln) — (1 - a)Ce™ (/o)) (=
Oz 2\/a(a+4aC)(a+\/U(U+4aC))

3 (04+/o (0 Aa0)) (e~ an)

2\/a(a+4aC)(a—\/U(U+4aC))

5.2. Second derivatives of ®; and &3

The second partial derivatives of ®5 and ®3 can be obtained from the following
differential equations

5 5
d (L(tc‘)) AF>(C(1) 0%®4(t,¢0) < 92 Fa(¢(1) 8% (t.Co) | 8D (t.Co)
dt 6138:61 - 8:61 6138:61 8I1611 8LE3 8LE1
i=1 i=1

5 5
+ ( 2P (¢(t) 3<I>i(t7Co)> 9%2(t,60) + < 92 F(¢(1)) 34’1’(%‘0)) 9®3(t,6o0)
611612 8LE3 611 8I1613 8LE3 8LE1
i=1 i=1

5 5
+ ( *Fy(¢(t) 6%@&0)) 9%4(t,¢0) + < PR (¢(1) 34’1‘(’%&))) 0%®s(t,60)
811’814 axg 3:61 8%,;8:65 axg axl
=1 =1

with the initial condition % =0, then
(5.14) d (0%05(t,G0)\ _ OF:(C(t) 07 ®a(t, o) n OF(C(t)) 9*P5(t, o)
' dt 8%381171 8:172 8I38$1 8:173 8ZE38$1
+32F2(C(t)) 9%3(t, Co) 91 (t, Co)
81738:171 8:173 8171

9225(0,60) _ 0
6138:61 - :

with the initial condition

5 5

d (L(tc‘)) _ N C2E(0) 22i(1¢0) < 9 F5(¢(1) 8% (t.Co) | 01 (t.Co)

dt 6138:61 - 8:61 6138:61 8I1611 8LE3 8LE1
i=1

i=1

5 5
+ ( *Fs(¢(t) 6%@&0)) 9%2(t,¢0) + < O’ Fs(¢(1) 34’1‘(’%&))) 0®3(t,¢0)
811’812 (9 3:61 axiaz:; (9 (9
=1 =1

x3 T3 ZT1
5 5
+ ( *Fs(¢(t) 6%@&0)) 9Pa(t,Co) + < O Fs(¢(1) 04’1‘(’%&))) 0%®5(t,60)
811’814 axg 3:61 8%,;8:65 axg axl
i=1 i=1

2
with the initial condition 6;;37(80’%) =0, then
301

a (62‘1’3@7(0)) _ OF3(¢(t) 9*@3(t, Go) n IF3(¢(t)) 0*Pa(t, o)
dt 8%38$1 B 8:173 8I38$1 8:172 81738:171

(5.15)
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with the initial condition £2%<) — 0. From (5.14)-(5.15) we have

Ox30x1
d (9Pt Go) _ 9R(E®) O ®y(t, o) n IF>(¢(t) 9°®3(t, o)
dt 8%381171 8:172 8I38$1 8:173 8ZE38$1
+32F2(C(t)) 9P3(t, Co) 0P (t, Co)
81738:171 8:173 8171
d (°®s(t,G)\ _ 9F3(¢(t) 9*®s(t, o) L 95(C(1) P (t, o)
dt (91[:36,@1 6$3 6$38$1 6$2 6$38$1
with the initial condition
2 ®5(0,¢0) 0
8I3611 I
9%®35(0,40) o ( 0 ) '
8%3311
Then
°®3(t,¢0) 9°®2(0,60) t 2 Fy(C(s)) OP3(s,C0) 0Py (5,C0)
Jx30z _ otA Jx30T t—s)A 230 z ©
( (924):(15-,(:10) ) =e < 32<I>:(0-,%o) >+/0 e( ) ( Ox30x1 (903 Oz
Ox30xT1 Ox30T1
where
oA — 677"“‘”Wt L(t) la(t)
B l3(t) la(t) )’
I (t) _ o+4/0(c+4aC) + (—a+«/o’(o’+4ozC))eVU(°+4D‘C)t
! 2\/0(0+4aC) 2\/U(U+4aC) ’
l (t) _ —aC aCe\/mt
2 o \/0'(0'-1—4010) \/a'(a'+4o¢C) ’
la(t) = o= 4 22
3 o \/cr(cr+4aC) \/cr(cr+4aC) ’
_ —ot+y/o(o+4aC) (64+/0(0+4aC))eV(otiaC)
lu(t) = + .
2\/0(0+4aC) 2\/0(04—4010)
We obtain
az?s(atflo) _ %fg eff+25+7 W“‘”e‘“h(f—s)a@%(;fo)ds
2 o+26++/0c(c+4aC) s
Phiti g1 S gy o,

5 5

d (32‘}2(’57%)) _ AF(¢(1) %P4 (¢,40) + < 2Fa(¢() 9%4(¢,60) | 891 (¢,40)

dt 6138:62 - 8:61 6138:62 8I1611 8LE3 8LE2
=1

i=1

5 5
+ D2 Fa(¢(1) 0% (t,Co) | 9P2(t,0) + D2Fa(C(1) 9% (t,Co) | 93 (t,Co)
611612 8LE3 612 8I1613 8LE3 8LE2
i=1 i=1

5 5
+ 2 Fa(¢(1) 9% (t,¢0) | 8Pa(t,C0) + 2Fa(¢() 9%4(¢,60) | 8%s(¢,¢0)
81i814 axg 812 axiaz5 axg axg
i=1 i=1
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2
with the initial condition %?7(80’@ =0, then
3072

(5.16) (M) _ OR(C(h) 9Pa(t,Go) | OF(C(1)) 9*®s(t: Go)
dt \ O0z3015 B O0xa 0x3072 Oxs Jr30xy
a?pg(g( )) 0®3(t, (o) 01 (t, (o)
81738:171 8:173 81172
a?pg(g( )) 0®1(t, o) O3 (t, (o)
0x30x1 0x3 O0xa

%®5(0,¢0) _ —=0.

with the initial condition ErY)
r30T2

5

d (82<I>3(t Co)) Zan (t)) 8%2®,(t,¢0) +< 82 F5(¢(t) 8P (t,C0) | 01 (t,¢0)

dt Ox30To ox; 8x3812 Ox; 01 O3 Oxo
=1

5 5
+ < 9% Fs(¢(t) 04’1(%40)) 0% (t,¢0) + ( 2’F3(¢(1) 64’1‘(‘%%)) 0®5(%,¢0)
Ox; 0w Oxs Oxa Ox;0xs3 Oxs Oxa
=1

5

B’ F3(¢(1) a%1(t.¢0) | 0% tc) O’ F5(¢(1) 3Pi(t,Co) | 0%s(t.40)

+ < Bziaau (;I'g : ) 4 . + (Z zsax) O3 . ) gz2 .
=1

9°$3(0,¢0)
with the initial condition W =0, then

(5.17)

4 <32<I>3(t,§0)) _ OF3(C(1) 9 @3(t, Co) n IF3(((t)) 0*Pa(t, o)
dt 81'3(9112 B 6$3 6,@3(9&[:2 6$2 6,@38,@2

with the initial condition 22200} — (. From (5.16)-(5.17) we have

8138%2
d (0%05(t,¢0)\ _ OF3(C(1) 9 Pa(t, o) L 9F2(C(t) 9 ®5(t, o)
dt 81'3(9112 (91:2 81'3(9112 6$3 6,@3(9&[:2
+32F2(C(t)) 025(t, Go) 001 (t,¢0) | 9Pt Co) 9Ps(t Go)
6$38$1 6$3 (91:2 (91:3 6$2
d (0%03(t,¢0)\ _ OFs(C(t) 0°®s(t o) n OF;5(G(t)) 9°®a(t, o)
dt 6,@3(9&[:2 (91:3 6,@38,@2 (91:2 81'3(9,@2
with_the initial condition
9*®2(0,¢0) 0
8%3812 —
9%23(0,40) B ( 0 ) ’
8I3612
Then
82®5(t,Co) 9295(0.¢0)
< 813812 ) — etA ( 8138I2
%3 (t,¢o) 9%®3(0,¢o)
Ox30xTo 302
. 32F2(C(5)) (3%(5 ,60) 0®1(s,60) + 0%1(s,60) 34’3(57(0))
+ fO e(t* A Ox30x1 Oxs 6102 Oxs Oxo ds

603

)
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We obtain
O 0altle) _ O [t TV (o) (3@5(57(0) 0%1(5.C0) | D%a(s.Co) a<1>3<s7<o>)
Ox30x2 ~ D JO Oxs Oz Oxs Oz
% o++/0c(c+4aC) + (—o++/o(0+4aC))e” Vo lotiaO)(s=t) ds
2\/0'(a'+4ocC) 2\/0'(a'+4ocC)
82¢3(t7C0) _C ft670+25+\/W(57t) —0 + Uef\/m(sft)
Odzzdz2 ~ D JO \/a(a+4o¢C) \/a'(a'+4o¢C)
023(s,60) 0P1(s,60) | 9P1(s,60) OP3(s,40)
x ( 613 612 + 613 612 ) dS'

dt 02 ox; 02 Ox;0x1 Oxs Ox3

5 5
d (M) — N2E(0) 2i(1¢) | < D2 FL(C(1)) 00, (t,Co) | 0% (£,Co)
=1 =1

5 5
+ ( 92F(¢(t) 34’1’(%‘0)) 9%2(t,60) + ( 9’ Fa(¢(1)) 8<I>i(t,gg)> 9®3(t,¢0)
8I¢612 8LE3 8LE3 awlaiﬂg 613 8LE3
=1 =1

5 5
+ 2F(¢(1) 9%4(¢,60) | 8%Pa(t,¢0) + 2F(¢() 9%4(t,¢0) | 9%s(¢,40)
Ox;0x4 Oxs Oxs Ox;0xs Oxs3 Ox3
=1 =1

2
with the initial condition 6@827;2’%) =0, then
3

(5.18) d (P(t,C0)) _ 9F(C(t) 9PPa(t, o) n IF>(¢(t) 9°®3(t, o)
' dt 0% N Oxa 0% Ox3 023
+232F2(C(t)) dP3(t, Co) 0P1(t, (o)
0x30x Jrs Ox3

9°®2(0,60) _ 0.

with the initial condition P
T3

5 5

4 (9°23(t.6) fzan(C(t))y‘Pi(tvCO)_i_ O®F3(¢() 8%i(t,¢o) | 921 (t.Co)

dt amg - 8:61’ amg axiazl axg 8:63
i=1

i=1

5 5
+ < 22 F3(¢(v) (9‘1%'(75,&))) 9%®2(t,¢0) + < D’ F5(¢(1) (9‘191(157(0)) 0®3(t,¢0)
Ox;0x2 Oxs Oxs Ox;0x3 Oxs Ox3
=1 1=1

5 5
+ ( 22 F3(¢(t) 34’1(’%@)) 9%®4(t,¢0) + ( > F3(¢(t) (9‘1%(157C0)> 0%5(t,¢0)
Ox;0xq Oxs Oxs3 Ox;0xs Oxs Ox3
=1 =1

2
with the initial condition 64’5‘7;2’%) =0, then
3

(5.19) d (52<I>3(f,Co)) _ OF3(C(t) 0*®s(t, Go) n OF3(¢(t) 9*Pa(t, o)

dt ox3 - Ozs ox% Oxa ox%
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with the initial condition £20<) — 0. From (5.18)-(5.19) we have

axg
(5.20) 9?®y(t, o) _ 9R(E®) 9?®y(t, o) n OF,(((t)) 0*®3(t, Co)
dt x3 Ozo x3 Oz3 0z}
49 32F2(<( ) 0®3(t, (o) OP1(t, (o)
0x30x1 0xs Ox3
d (0%®3(t,¢0)\ _ OF3(C(t) 0°®s(t,Go) n IF3(¢(t) *Pa(t, o)
dt ox3 Ox3 ox3 Oxa ox%
with the initial condition
o2 @2(0 o)
O . 0
3<I>%(0C0) _<O)'
8;E
Then
6 @2(t C()) 8 @2(0 C())
890 _ etA Bz
3? <I>%(t ¢o) 2? <I>'a(0 o)
8;63 613
D°Fa(¢(5)) 9%3(s.¢0) 9%1(s5,60)
+fg elt—s)A < 2 81238961 %I% ° 1390% ) ) ds.
We obtain
9284 (1,(o) c ft ev+25+7 Volotdad) (5_y) ( a<1>g(s Co) 091 (s, go))
61§ D Jo Oxs
% o+4/o(c+4aC) (—o++/0 o'+4aC )e~ Vo(ot+dal)(s—1) ds
2\/0(0+4aC) 2\/0(04—4010)
22 ®3(t,¢0) c ft 6”2‘”7 W(S_t) ( a<1>3(5 Co) 991 (s, Co))
Bzg D JO Ox3
. ermw t)
x (\/G’(U+4QC) + \/o(o+4aC) ) ds.

d(82<I>2(tCo)) Zan ¢(t) 8%, tC0)+ Zaz ¢(t) 8%, (tCo) 8P4 (¢,¢0)

dt Ox30T4 axg T4 Ox; 01 Ox3 Oy

Ox; 0o Ox3 Ox;0x3 O3 Oxy

5 5
+ ( 2’ F>(¢(t) 3‘1%'(75;@)) 9%®2(t,¢0) + ( D2 F3(¢(1) 3‘1%'(157(0)) 0®3(t,¢0)
Oxy
zgl Zgl
+ ( D’ F>(¢(t) 3@(&@0)) 94 (t,60) + ( O’ F>(¢(1) 8<I>i(t,gg)> 9®s5(t,60)
Ox;0x4 Oxs Oxy Ox;0xs Oxs Oxy
=1 =1

92 $5(0,¢0)
with the initial condition W =0, then

521) 2 (82%(@@)) _ OB(L) P 0a(t,Go) | OF(L() 0°Ps(t,Go)
' dt 85638264 B 8172 81738264 8173 81738(174
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2
with the initial condition %?7(80’@ =0.
30T4

5

d (achg(t co)) AF3(¢(t)) 2@, (¢,¢0) + Za2F3 (1)) 0% (t,¢0) | 91 (¢,¢0)

dt Ox30x4 Oz, 8903814 Ox; 0z Oxs Oxq
=1

5 5
+ ( O F5(¢(1)) 8%@,40)) 0%®3(t,60) + ( O’ F3(¢(1) B‘I’i(t7Co)> 0%®3(t,60)
8Ii812 axg 8I4 aziaxg 8:63 8x4
=1

i=1

4

5 5
+ ( 2°F3(¢(t) 34’1(’%@)) 924 (t,¢0) + ( > F3(¢(t) (9‘1%(157C0)> 0®s5(t,¢0)
Ox;0x4 Oxs Oxy Ox;0xs Oxs 0.
=1 =1

with the initial condition 6;;37(8%%) =0, then

(5.22) % <32‘I)3(taC0)) _ OF3(¢(®)) 9*®3(t, o) 4 OF3(¢(t)) 9°®a(t, Go)

(95[:3(91:4 6$3 6,@3(91:4 6$2 6,@38,@4
with the initial condition 6;;37(8%?) = 0. From (5.21)-(5.22) we have
4 (Pa(t,G0)  _ OF(C() Pa(t,Go) | OFb(C(H) 97 25(t Go)
dt 81'3(9,@4 - 6$2 6,@3(91:4 6$3 6,@3(91:4
d (0PP3(t,60)\ _ OF(C(t) 9*@s(t Go) n OF3(¢(t) 9°®a(t, o)
dt 81'3(9,@4 - 6$3 6,@3(91:4 6$2 6,@3(91:4

with the initial condition
(9 q>2(0 CO) O
8I3614 e
8%2®3(0,¢0) ( 0 ) :
8%2314
Then

22 ®5(t,40) 0
8%3814 J—
32®3(t,Co) - ( 0 ) :

8LE3 614

5

d (8 22 (t,¢0) ) Zan () 82®,(t,¢0) + < O*Fa(¢(t) 0% (t,60) | 991 (t,0)

dt Ox30xs ox; 8z3615 Ox;0x1 Oxs oxs
=1

8I¢612 8LE3 8LE5 awlaiﬂg 613 8LE5

5 - 5
+ ( 2’ F>(¢(1) 3@(&@0)) 92 (t,60) + ( O’ F>(¢(1) 8<I>i(t,gg)> 9®3(t,¢0)
i51 151
+ ( 2’ F>(¢(t) 3@(&@0)) 9P (t,60) + ( O’ F>(¢(1) 8<I>i(t,gg)> 9®5(t,60)
8I¢614 8LE3 8LE5 awlaiﬂs 613 8LE5
=1 =1

2
with the initial condition Z220:0) — o then
r30Ts5

523 2L (82%(@40)) _ OB(L) P 0a(t,Go) | OF(L() 0°Ps(t,Go)
' dt 8%38$5 B 8:172 8I38$5 8:173 81738:175
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2
with the initial condition %?7(80’@ =0.
30T5

5 5
d (32%(7&(0)) _ OF3(¢(t) 9°®4(t,¢0) + < O’ F5({(1) 0P (t,C0) | 91 (t,C0)
dt dx30xs - dzx; dx30xs Oz ;0x1 dx3 Oxs
=1 =1

5 /5
I ( 8ZF3(6<(t>> a‘l’é(t7C0)> 8@;(@@) T < *Fs(¢(1)) 8<I>i(t,<o)> %3 (t,¢0)
x;0T2 T3 Ts5
=1 =1

Ox;0x3 Oxs Oxs

5 5
+ ( *Fs(¢(t) 6%@&0)) 9Pa(t,Co) + < O Fs(¢(1) 04’1‘(’%&))) 05 (t,60)
0x;0x4 Oxs3 oxs
=1 =1

Ox;0xs5 Oxs3 Oxs

2
with the initial condition Z230:¢0) — o then
r30Ts5

(5.24) d <32‘I)3(taC0)) _ 0F5(¢(t)) 9*23(t, Go) 4 OF3(((t)) 02t o)
' dt 81'3(9115 - 6$3 6,@3(91:5 6$2 6,@38,@5

with the initial condition Z322(0:%0) — 0. From (5.23)-(5.24) we have

4 (62‘1’2@,(0)) _ OF3(((t) 9*Pa(t, Co) n OF(C(t)) 9 P5(t, o)
dt 8%381175 B 8:172 8I38$5 8:173 8I38$5
4 (62‘1’3(f,C0)) _ OF3(C(1) 9*@s(t, Co) n OF;5(C(t)) 9 Pa(t, o)
dt 8%381175 B 8:173 8I38$5 8:172 8I38$5

with the initial condition

(9 q>2(0 CO) 0
8I3615 I

8%®3(0,¢0) - ( 0 ) :
axaazg

Then
32®4(t,(0) 0
8I3615 e
8% ®3(t,Co) ( 0 ) :
axaazg

5
d (6 Py tco)) Z@Fz(c(t)) 82@ (t ) 4 < ’Fo(L(1) 9% (t,60) | 9P1(£:C0)
dt axl Ox;0x1 Oxq Oxq

i=1

5 5
+ ( 2P (¢(t) 3<I>i(t7Co)> 9%2(t,60) + < 92 F(¢(1)) 34’1’(%‘0)) 9®3(t,60)
611612 8LE1 611 8I1613 8LE1 8LE1
i=1 i=1

5 5
+ ( 2P (¢(t) 34%‘(757(0)) 9P4(t,6o) + < 92 F(¢(1)) 34’1’(%‘0)) 9®s(t,60)
611614 8LE1 611
i=1 i=1

Ox;0xs Oxq Oxy

2
with the initial condition 22232} — 0, then
1

(5.25) % (52<I>2(f,Co)) _ OF(C@)) D*Py(t, Co) n IF>(¢(t) 9°®3(t, o)

0x? 0z 0z? Oxs 0z?
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9°®2(0,60) _ 0.

with the initial condition 52
3

dt Ox2 Ox;0x1 oz Oz

d (a P tCo)) ZOFg(C(t)) a2<1> (t o) + <ZB2F3(C(1§)) 8%, (t,¢0) | 091(¢,¢0)

5 5
+ ( 2 F3(¢(t) th‘(tvCO)) 9%2(t,60) + < 92 F3(¢(1)) 34’1’(%‘0)) 9®3(t,6o0)
611612 8LE1 611 8I1613 8LE1 8LE1
=1 =1

5 5
+ ( 2 F3(¢(t) 3<I>i(t7Co)> 9®4(t,6o) + < 92 F3(¢(1)) 34’1’(%‘0)) 9%®s(t,6o0)
611614 8LE1 611 8I1615 8LE1 8LE1
i=1 i=1

2
with the initial condition 3‘1’57;2’4“) =0, then
1

(5.26) Po3(t,¢0)\  OF3(((t) 9*Pa(t, Co) n IF3(¢(t)) 9*P3(t, o)
dt 0x? B Oz 0x? z3 0z?

with the initial condition £20:<) — 0. From (5.25)-(5.26) we have

8:6%
d (0°05(t,G0)\ _ OF(C(t) 07 ®a(t, o) n IF(((t)) 0*Ps(t, o)
dt ox? Oxo ox? dxs ox3
d (0°03(t,¢0)\ _ OFs(C(t) 0°®a(t, o) n IF3(((t)) 0*Ps(t, o)
dt ox? Oxo ox? dxs ox?
with the initial condition
8%2®4(0,(0)
8;E o 0
6@3(0@) _<O>'
Ox2
Then
92 ®3(t,60)
Ox2 . 0
82 ®3(t,¢0) - ( 0 ) :
8:6%
5 5
d (L(tc‘)) OF(¢(1)) 9°®:(t.C0) < 92 P, (C(1)) 8P (t.Co) | 81 (t.Co)
dt 01012 - ox; 01012 Oz ;011 Oz Oxo
i=1 i=1

5 /5
+ ( 2P (¢(t) th‘(tvCO)) 9%2(t,60) + < 92F(¢(1)) 34’1’(%‘0)) 9®3(t,60)
611612 8LE1 612 8I1613 8LE1 8LE2
=1 =1

5 5
+ ( 2P (¢(t) th‘(tvCO)) 9P4(t,Co) + < 92 F(¢(1)) 34’1’(%‘0)) 9®s(t,60)
611614 8LE1 612 8I1615 8LE1 8LE2
=1 =1

2
with the initial condition Z220:0) — o then
xr10T2

(5.27) (52¢2(f Co)) _ OR(C([) 9P ®a(t, o) n IF(((t)) 9*P3(t, o)
dt 8%18:172 a 8:172 8I18x2 8:173 81718262

a?pg(g( )) 0®1(t, o) O3 (t, (o)
81718:173 8171 81172
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2
with the initial condition %?7(80’@ =0.
10T2

5

d(a%g(tgo)) ZBF'; C(t)) 92, t(0)+< B2 F5(C(t) 8P (t,¢0) | 0P1(,¢0)

dt Ox10xo ox; 8x1812 Ox;0x1 o1 Oxo
1=1

5 5
+ < 9% Fs(¢(t) 34’1(%40)) 0% (t,¢0) + ( D’ F5(¢(1) 64’1‘(‘%%)) 0®5(%,¢0)
8Ii812 3:61 axz Bz axg 3:61 8:62
i=1
5
P F3(C(1) 9%i(t,Co) | 82 t< ) O°Fy t>> 0% (t,¢0) | 9%5(t,¢0)
+ < 892814 811 . 4 . + Z :El . gz2 .
=1

2
with the initial condition Z230:¢0) — o then
xr10x2

(5.28) <M) _OR(C(1) 9P@a(t,C) | OF3(C(H)) 92@5(t, Go)
dt \ 0x10x, B 0x4 0x101 Oz3 01102

with the initial condition % = 0. From (5.27)-(5.28) we have

102
q (62‘1’2@,(0)) _ OF(C(t) 07 ®a(t, Go) n OF3(¢(t)) 9*Ps(t, o)
dt 8%18:172 B 8:172 8I18$2 8:173 8I18$2
+32F2(C(t)) 0P(t, (o) 0P3(t, (o)
81718:173 8171 81172
q (62‘1’3(f,C0)) _ OF3(C(t) 0°®a(t, Go) n OF3(¢(t) 9*Ps(t, o)
dt 8%18:172 a 8:172 8I18$2 8:173 8I18$2

with the initial condition

(9 q>2(0 CO) O
8I1612 I
8%®3(0,¢0) - ( 0 ) :

8%1312
Then
92®5(t,¢o) 925(0.0)
Owx10x2 — etA O0x10x2
92P5(t.¢o) 9295(0.¢0)
Ox10xo Ox10x
‘ 9% F5(¢(s)) 9®1(s,80) 93(s,0)
+f e(t_s)A Ox30T1 Oxq Oxo ds
0
We obtain
92®5(1,¢Co) c fted+25+\/<27(d+4ac) (s—t) (3@1(57<O) 3¢3(57<0))
O0x1012 - DJo Ox1 Oxa
% o+4/o(c+4aC) + (—o+4/c(0+4aC))e Volotiat)(s—t) ds
2\/0' (oc+4aC) 2\/0(04—4010)
PPe5(tC0) gfte”““vf’(“*‘mc (s—t) (aq>1(s o) OPs (s, <U>)
6118:62 - D Jo 612
% . + ge—Vo(o+dal)(s—t) d
\/a'(a'+40cC) \/cr(cr+4aC)
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5

d(82<1>2(t<o)) ZBF2 ¢(t) 9°®; t(0)+< %Py (L(t) 0% (t,¢0) | 9P1(t,0)

dt Ox10x4 ox; Ox10x4 Ox;0x1 oxq Oy
=1

5 h 5
+ 2Fa(¢(1)) 9%4(t,60) | 9%a(t,40) + 2F(¢(1) 9%4(t,¢0) | 9%3(t,¢0)
Ox;0xo oxq Oxy Ox;0x3 oxq Oy
=1 =1

5 5
+ < 9 Fa(¢(1) 04’1(%40)) 0P4(t,¢0) + ( D’ Fy(¢(1) 64’1‘(‘%%)) 0%s (¢,¢0)
8Ii814 3:61 8I4 aziax:; 3:61 8:64
=1 =1

with the initial condition 6;)27(80950) =0, then

20y L (P2t _ 0BW) POa(t6) | IB(C) Ps(t )
' dt 81'1(91'4 6$2 6,@1(91:4 6$3 6,@18,@4
with the initial condition £22(0:00) — ),

dt Ox10x4 ox; Ox10x4 Ox;0x1 Oxq Oxy

5 5
d (32%(75&0)) _ AF3(¢(t) 9%®4(¢,40) + < 2F3(¢() 9%4(¢,¢0) | 8% (¢,40)
dt -
=1

i=1

5 /5
+ ( 2 F3(¢(t) 3<I>i(t7Co)> 9%2(t.G0) | < 92 F3(¢(1)) 34’1’(%‘0)) 93 (t,¢0)
Ox;0x2 oxq Oy Ox;0x3 oxq Oxy
=1 =1

5 5
+ ( 2 F3(¢(t) 3<I>i(t7Co)> 9%a(t:Co) | < 92 F3(¢(1)) 34’1’(%‘0)) 95 (t,¢0)
Ox; 014 oxq Oy Ox;0xs Oxq Oxy
=1 =1

2
with the initial condition %?7(80’@ =0, then
104

(5.30) (M) _ OB(() Pa(tG) | OFs(L(1) 9°s(t o)
dt 0x1014 N 0xo 0x1014 x5 011014

with the initial condition % = 0. From (5.29)-(5.30) we have
xr10T4g

4 <32‘I’2(t,éo)> _ OR(C(1) 9P @a(t, o) n IF((t) 9*@5(t, o)
dt a$18$4 - 6$2 6,@1(91:4 6$3 6,@1(91:4
a (62‘1’3@7(0)) _ OF3(C(1) 92 ®a(t, o) n IF3(¢(t)) 9*P3(t, o)
dt 071024 o 0xo 011014 O3 021014

with the initial condition

(9 q>2(0 CO) O

Ox101T4 —

8%®3(0,¢0) ( 0 ) :
8%1314

Then
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82¢2(t CO) O
Ox101T4 —
8% ®3(t,Co) ( 0 ) :
8%1314
d [ 92®a(t,C AF:(¢(t)) 82®,(¢,¢0) A2 Fa(C(t)) 8%, (t,¢0) | 9®1(t,¢0)
dt ( 8m218150 ) Z 211 Bmlam; + <Z + Omiawl oxq . ) éms .
5 5
+ < 2’ F(¢(t) 64’1‘0&(0)) 03 (t,¢0) + < 2’ F>(¢(t) a‘bi(t,Co)) 9®3(t,¢0)
Ox;0x2 Ox1 Oxs Ox;0x3 Ox1 Oxs
i=1 i=1

5 5
+ ( PPy (¢(t) 64’1‘0&(0)) 0%4(t,¢0) + < ’°Fr(¢(1) B‘I’i(thO)) 9%5(t,¢0)
Ox;0xy Ox1 Oxs Ox;0xs Oz Oxs
i=1 =1

with the initial condition 6;)27(80950) =0, then
4 <82<I>2(t,§0)) _ OB(((t) 9*@a(t, Go) n OF(¢(1) *@5(t, o)
dt N

31
(5 3 ) 81'1(91'5 6$2 6,@1(91:5 6$3 6,@18,@5

2
with the initial condition %?7(80’@ =0.
10T5

5
d (62<I>3(t co)) AF3(((1)) 82, (¢,¢0) + <ZB2F3(C(t)) 0% (t,¢0) | 091(¢,¢o)

dt Ox10xs ox; Ox10xs Ox; 0T Oxq Oxs
i=1

611612 8LE1 8I1613 8LE1 8LE5

5 5
+ ( 2 F3(¢(t) 3<I>i(t7Co)> 9%®4(t,¢0) + < 92 F3(¢(1)) 34’1’(%‘0)) 95 (t,¢0)
611614 8LE1 615 8I1615 8LE1 8LE5
i=1 i=1

5 5
+ ( 2 F3(¢(t) 3<I>i(t7Co)> 9%®2(t,¢0) + < 92 F3(¢(1)) 34’1’(%‘0)) 93 (t,¢0)
615
=1 =1

2
with the initial condition %?7(80’@ =0, then
10T5

(5.32) (5 P51, Co)) _ OF3(C(1) 9 ®a(t, o) n IF3(¢(t)) 9*P3(t, o)
dt 8%18:175 B 8:172 8I18$5 8:173 8I18$5

with the initial condition Z220:%0) — 0. From (5.31)-(5.32) we have
d (Pa(t,C0)\ _  9F(C(t) 9PPa(t, o) L 9B2(C(t) P ®3(t, ¢o)
dt 6:c18:v5 - 6$2 6,@1(91:5 6$3 6,@1(91:5
d (0°03(t,¢0)\ _  OF5(C(t) 07 ®a(t, o) 4 OF3(¢(1) 9*@s5(t, o)
dt 6:c18:v5 6$2 6,@1(91:5 6$3 6,@1(91:5

with the initial condition

(9 q>2(0 CO) O

Ox10xs —

8%®3(0,¢o) ( 0 ) :
8%1315

Then
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9% ®5(t,60) 0
8I1615 e
9% ®3(t,lo) ( 0 ) :
axlazg

5 5

d (®®2(t,60) ) _ an(g(t))azéi(t,go)_i_ 2Fa(¢() 9%4(¢,60) | 891 (¢,40)

dt O - Oz, O Ox;0x1 Oxo Oxo
=1

=1

5 /5
+ 2P (¢(1) 9% (t,60) | 8Pa(t,C0) + 2P (1)) 9%4(¢,60) | 8®3(¢,¢0)
611612 8LE2 612 8I1613 8LE2 8LE2
=1 =1

5 5
+ O2Fa(¢(1) 9% (t,60) | 8Pa(t,C0) + 2P (¢()) 9%4(¢,60) | 8%s(¢,¢0)
611614 8LE2 612 8I1615 8LE2 8LE2
=1 =1

2
with the initial condition 6@827;2’%) =0, then
2

(5.33) <M) _ OBW) (1. G) | IR(L(1)) 95t Co)
dt Ox3 N O0xo Ox3 O D2
49 32F2(<( )) 0P1(t, Co) OP3(t, o)
6,@1(9&[:3 (91:2 6$2

2
with the initial condition 8@;7;2’@) =0.
2

dt amQ Ox; 01 Oxo Oxo
=1

5
B2 F5(¢(t) 89 (t,¢0) | 8P2(t, o) B2 F5(¢(1) 89 (t,¢0) | 85 (t,¢0)
+Z ( 8903812 Oxo : 312 : + 8;;813 Oxo : ?)xz :
=1 =1 =1

5

2 F3(¢(t) 0%4(t.Co) | OPa(tCo) 92 F5(¢(1) 0%4(t,C0) | 8Ps5(t,¢0)

+ Z 8138904 Oxo . 4812 . + 8;;815 Oxo . gmg :
=1

5
d (a ®3( tCo)) Z@Fs(cu)) 82<I> (t ¢o) +< 9% F5(¢(t) 0%4(t,60) | 991 (¢,40)

with the initial condition 2-220:€0) — 0, then
D*®3(t,C0)\  OF3(C(t)) 82®o(t, (o) | OFs(C(t)) 92Ps(t, (o)
(a0 & (TR~ G) :
dt Oz Oxo Oxs Ox3 Oxs
with the initial condition % = 0. From (5.33)-(5.34) we have
PPa(t,G0)\ _ OF2(C(t) *Pa(t,Go) | OF2(C(t) 9*Ps(t, Go)
3m) 4 (FRL)) ) :
dt ox3 Oz Oxs Oxs Oxs
+232F2(C(t)) 01 (t, Go) OPs(t, Go)
8I18$3 8$2 81172
d (0%®3(t,¢0)\ _ OF3(C(t) 0°®a(t, o) n OF;5(C(t)) 9 P5(t, o)
dt ox3 Oxo ox3 dxs ox3



Bifurcation of Nontrivial Periodic Solutions for Leishmaniasis Disease Model 613

with the initial condition

92$45(0,¢0)
8;E o 0
0 %(0 w | =\o )
O
Then
9223 (t:Co) 9205(0,¢0)
dx3 _ tA O
M - ¢ 92®3(0,¢0)
oz O
B2 F3(¢(1)) 9% (t,¢0) 9P (t,C0)
+ft e(tfs)A 2 8m21813 2312 . ?)x2 . ds.
0 0
We obtain
Poyltt) %f%@(m)( 29,(0.0) 2040
12 0 s
x [ ZEVolota) | (—o+y/o(o+4aC))e Voo H4aC)(s—1) i
2\/a(d+4aC) 2\/g(g+4ac)
Paslt@) o Ot TG W(s_w( 2201(s:0o) D03 (s, 40))
ox3 D Jo s
« p. 4 Ue—\/m(s t) d
\/a'(a'+4o¢C) \/0'(0'-1—4010)

dt Ox40xTo 8@;612 Ox;0x1 Oy Oxo
5 5
+ < O Fa(¢(1) 3@(&(0)) 0% (t,60) + ( O’ Fa(¢(t) 34%‘(757(0)) 0%s5(t,60)
Ox;0xo Oy Oxo Ox;0x3 Oy Oxo
=1
5
O F(¢(t) 0%:(t,60) | 9a(t,Co) O’ F2(C(1) 9Pi(t,Co) | 9%s(t,C0)
+< Ox;0x4 Oy Oxo + Z Ox;0xs Oy Oxo
1=1

2
with the initial condition Z220:0) — o then
40T

5
d (82<I>2(t Co)) Za&zlt)) 8%®; (t,¢o) + ( A2 Fa(L(t) 88, (t,¢0) | 091 (t,¢0)
i=1

G36) <32<1>2<t,<o>) _ OR(L(1) ot Go) |, OF(C(1) D°s(t,Co)

81'4(9112 6$2 6,@4(9&[]2 6$3 6,@48,@2

2
with the initial condition Z2l0-0) — g,
40T

5 5

d (32‘}3(’57%)) _ AF3(¢(1) 9%®4(¢,40) + < 2F3(¢() 994 (t,¢0) | 8®i(t,¢0)

dt 04012 - ox; 014012 Ox;011 Oz Oz
=1

i=1

Ox;0x2 Oxy Oxo Ox;0xs3 Oxy Oxo

5 2 5
+ ( 2F3(¢(t) 3<I>i(t7Co)> 9%2(t.G0) | < 92 F3(¢(1)) 34’1’(%‘0)) 93 (t,¢0)
151 151
+ ( 2 F3(¢(t) 3<I>i(t7Co)> 9%a(t.Co) | < 9*F3(¢(1)) 34’1’(%‘0)) 95 (t,¢0)
811’814 8I4 8:62 8%,;8:65 8x4 axg
=1 =1
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2
with the initial condition 2220:50) _ 0, then

6148:62
(5.37) 9*®3(t, Co) _ OF(C)) %@, (t, o) n OF3(¢(t)) 9*®3(t, Co)
dt 014072 0xo 024072 O3 0x40x2
with the initial condition £322(0:%0) — 0. From (5.36)-(5.37) we have
d (0%05(t,G0)\ _ OF:(C(t) 07 ®a(t, o) n OF(C(t)) 9 P5(t, o)
dt 074072 0xo 0x40x2 O3 024072
d (0°03(t,¢0)\ _ OFs(C(t) 0°®a(t, o) n OF3(¢(t)) 0*®3(t, Go)
dt 074072 0xo 024072 O3 0x40x2

with the initial condition

9%25(0,40) 0
8%4812 —
9> ®3(0,¢0) B ( 0 ) ’

Ox40xTo

Then
9% ®a(t,o) 0
8%4312 —
32®3(t,Co) ( 0 ) :

Ox40xTo

5

d(82@2(tco)) ZaFg ¢(t) 9%, t<0)+< B2 F5(¢(t) 8P (t,¢0) | 0P1(t,¢0)

dt Oxs50xo Ox; Ox50x2 Ox;0x1 Oxs Ox2
=1

5 B 5
+ < 9’ F(¢(1) 04’1(%40)) 0% (t,¢0) + ( D’ Fy(L(1) 64’1‘(‘%%)) 0®35(%,¢0)
8I¢612 615 8LE2 Bmlc’hg 615 612
=1 =1

5 5
+ < 9’ Fr(¢(1)) 3@(&(0)) 0P4(t,¢0) + ( ’F(¢(1) 34%‘(757(0)) 95 (t,¢0)
8I¢614 615 8LE2 Bmlc’hs 615 612
=1 =1

with the initial condition 6;;27(8%%) =0, then

53s) 2L (82%(@40)) _ OB(L) P 0a(t,Go) | OF(C() 0°Ps(t,Go)
' dt 8%58$2 B 8I2 8I58$2 8I3 8I58I2

2
with the initial condition Z22l0:Co) —
50T

dt 8I5612 615612 8I1611 8LE5 612

5 - 5
+ < 9’ Fs(¢(1)) 34%‘(757(0)) 9P2(t,¢0) + < 2F3(¢(#) 3¢i(t=<§0)> 9®3(t,6o0)
Bmic’hg 615 612 8I1613 8LE5 612
i§1 i= l

5
d (62<I>3(t Co)) ZaFg () 8%®,(t,¢0) +< B2 F5(¢(t) 8%i(t,¢0) | 891 (t,¢0)
' i=1

OPF3(¢(t)) 9% (t,¢0) | 02 (t o) 2 F3(¢(1) 9% (t,¢0) | 9Ps(t,C0)
+ < 6;10;34 oxs . ) 4 . ++ Z 8;1615 oxs . ) Oxo .
i=1 i=1
with the initial condition % =0, then
(5.39) O*®3(t, ¢o) _ OF(C) *®y(t, ¢o) n IF3(¢(t) 9°®3(t, o)
dt 8x58x2 8I2 8I58$2 8I3 8I58$2
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615

2
with the initial condition 9" 5(0.60) _ 0. From

Do Ons . (5.38)-(5.39) we have
a (62‘1’2@7(0)) _ OR(C([) 9 ®a(t, o) n IF(((t)) 9*P3(t, o)
dt 8%581172 B 8:172 8I58$2 8:173 8I58$2
a (62‘1’3@7(0)) _ OF3(C(1) 9 ®a(t, o) n IF3(¢(t)) 9*P3(t, o)
dt 8%581172 B 8:172 8I58$2 8:173 8I58$2

with the initial condition
(9 q>2(0 CO) 0
8I5612 e
8%®3(0,¢0) ( 0 ) :
890 812
Then

3% ®2(t,¢0) 0
8I5612 I

’®3(t,¢0) | T ( 0 ) :
890 812

5 5
4 (9°®2(t,60) 7ZaF2(<(t))82¢‘i(t7<0)+ ’Fa(¢(1) 0% (t,C0) | 01 (t:¢0)
dt 02 - oz, 0x? 0x;0x1 014 Oxy
=1

=1

5 h 5
+< BZFQ%C(t)) a@g(t,<0)> 8@3(15,(0) ++< 8% F>(¢(t)) aqn-(t,co)) AP35 (t,60)
T, 0T2 T4
1=1

Ox;0x3 Ox4 Oxy
5

P Fy(C(1) 9%i(t,L0) | 82 t<> P’ Fa(¢(1)) acb t<> 0%s(t,¢o)

+< 8121»8904 8140 4 : + Z 812890) : gz40
i=1

with the initial condition 22204 — o then
4

Ga) o <32<1>2<t,<o>) _ OB(((1) P®a(t, o) | OF(U() P*Ps(t, o)

0x? Oxo 0z? Oz 0z?

with the initial condition Z-22%:0) — .

5
d (32<I>3(t .¢o) ) ZaF'g (t)) 82<I> (t ¢o) + < 32 F3(L(t) 0P, (t,¢0) | 9P1(t,¢0)
dt 8134 oz, Ox;0x1 Oxy Oy

i=1

5 5
+ < 9 F5(¢(t)) 3¢1(t7C0)> 0P2(t,60) + < 2F3(¢(t) 3¢i(t=€0)> 9®3(t,6o0)
Ox10xo Oxy Oy Ox;0xs3 Oxy Oy
=1 1= 1

Ox;0x5 Ox4 Oxq

5
+ < Bzaf;i%“x(z)) 8<I>g%<o)> 8<I>4(t ) 4+ ZQQF% (1) 0%i(t, C0)> 9%5(t,¢0)
i=1

=1

with the initial condition 2-220:€0) — 0, then
4

(5.41) u (52(1)3(f Co)) _ OF(C@)) *®y(t, ¢o) n IF3(¢(t) 9°®3(t, o)

0x? Oz 0x? dz3 0z?
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with the initial condition £2<) — 0. From (5.42)-(5.43) we have

Ox2
d (005(t,G0)\ _ OF:(C(t) 07 ®a(t, o) n OF,(C(t)) 9 P5(t, o)
dt ox3 Oxo ox3 dxs Ox3
d (0%®3(t,¢0)\ _ OF3(C(t) 0°®a(t, o) n OF;5(C(t)) 9 P5(t, o)
dt ox3 Oxo ox3 Oxs 0x3
with the initial condition
92 25(0,¢0)
8;E o 0
64’3(0&)) _<O)'
Ox2
Then
82 ®3(t,¢0) 0
Ox2

5
d (82<I>2(t Co)) ZaFg (t) 9°®:(t,¢0) + ( B2 Fs(¢(t) 8P (t,¢0) | 091(t,¢0)
dt Ox50x4 Ox; 890 5014 Ox;0x1 Oxs ER

i=1

5 5
+ < O Fa(¢(1) 3@(&(0)) 9®2(t,¢0) + ( O’ Fa(C(1) 34%‘(757(0)) 0%s5(t,60)
Ox;0xo oxs Oxy Ox;0x3 oxs Oy
=1 =1

5 5
+ < 9’ F(¢(1)) 34’1’(&@)) 0P4(t,60) + ( ’F(¢(1) 34%‘(757(0)) 95 (t,60)
Ox;0x4 oxs Oxy Ox;0xs oxs Oy
=1 =1

2
with the initial condition Z220:0) — o then
T50T4

542y 2 (82%(@@)) _ OB(L) P0a(t,Go) | OF(L() 0°Ps(t,Go)
' dt 8$58$4 B 8172 8I58$4 8173 81758(174

with the initial condition 6;;27(8%%) 0.
4

d [ 9%®3(t,¢0) AF3(C(t) 82®4(t,60) 9% F3 t))8<1> (t,¢0) | 91 (t,¢0)
dt ( 8x38140 ) Z Szl 8&0) 140 + Z ox; 8&01 oxs . 2314 .

5 5
n ( 8% F3(¢(t)) 6<I>i(t,co)> AP (t,¢0) + < 2 F5(¢(t) 8%(@@)) 9%5(t,¢0)
Oy
=1 =1

811’812 axs axi 8:63 8x5 8x4

Ox;0x4 Oxs

5 5
+ ( *Fs(¢(t) 6%@&0)) 9Pa(t,Co) + < O Fs(¢(1) 04’1‘(’%&))) 0%®s5(t,60)
5 0x4 Ox;0x5 Oxs Oxq
=1 =1

with the initial condition 6;;37(8%%) =0, then

(5.43) (52(1)3(f Co)) _ OF3(C(1) 9 ®a(t, Go) n IF3(¢(t)) 9*P3(t, o)
dt 0x5014 a 0xo 0x5014 O3 0x5014
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with the initial condition £20<) — 0 From (5.42)-(5.43) we have

Oxs50x4

4 (M) _ OR(C([) 9 ®a(t, o) n IF(((t)) 9*P3(t, o)

dt 0x5014 B 0xo 0x5014 O3 0x5014
d (0%®3(t,¢0)\ _ OF3(C(t) 0°®a(t, o) n OF;5(C(t)) 9*@5(t, o)
dt 0x5014 0xo 0x5014 O3 0x5014

with the initial condition
82®4(0,¢0) 0
8I5614 e
9%23(0,40) ( 0 ) :
8%5314
Then

82¢2(m<0) 0
8I5614 I
®s(t.C0) | ( 0 ) '
8%5314

5 5
a (32@2(7&(0)) - AP (¢() 8P (t,¢0) + < O Fa(¢(t) 0Pi(t:G0) | 821 (t.C0)
i=1

dt amg ox; amg Ox; 0T Oxs Oxs
=1

axs 8I1 813 8%5 r5

5 5
I ( 82&(64@)) a‘l’i(t7C0)> M»g(t,co) T < *Fa(¢(1) Mn(t,co)) %3 (t,¢0)
i? o ’ igl
+ ( PPy (¢(t) 6%@&0)) 9P (t,Co) + < PR (¢(1) 34’1‘(’%&))) 0%®5(t,60)
Bziaz4 axs 815 8Ii815 8
i=1 i=1

s 8%5

with the initial condition 22200 — o then
5

(5.44) d <82<I>2(t,<o)) ~OF(C(t)) 92®a(t, Co) N OF»((t)) 9*®3(t, (o)
' dt o2 T O ot Oxs ot

2
with the initial condition Z-22(0%) — ¢,
5

5 5

d (92@s(t.C0) 7ZaF3(<(t))82¢‘i(t7<0)+ 2 F5(¢(1) 0% (t:Co) | 91 (#,0)

dt 2 - ox; Oz Ox ;011 dxs Oxs
1=1

=1

5 5
+ < 9’ F5(¢(1)) 8<I>i(t,gg)> 9P2(t,60) + ( 2 F3(¢() 34%‘(757(0)) 9®3(t,¢0)
awiaiﬂg 615 8LE5 awlaiﬂg 8LE5 615
=1 =1

5 5
?F3(¢(t) 9%i(t,Co) | 9Pa(t,Co) O’ F3(¢(1) 99i(t,Co) | 9%s(t,Co)
+ < 81?;8904 Oxs . 48905 . ++ Z 8118905 Oxs . [6) .
1=1

=1 e
with the initial condition 2294 — ¢ then
(5.45) d (0%®3(t,¢0)\ _ OF3(C(t) 0°®a(t, o) n OF;5(C(t)) 9 P5(t, o)
' dt Ox? Oxa Ox2 Ox3 Ox?
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with the initial condition £2<) — 0. From (5.44)-(5.45) we have

Ox?
d (Pa(t,C0)) _ 9F(C(t) 9PPa(t, o) L 9F2(C(t) P ®3(t, ¢o)
dt Ox? B Ozo Ox? Oz3 Oz}
d (0°03(t,¢0)\ _ OF5(C(t) 0°®a(t, o) L 95(C(1) P ®3(t, ¢o)
dt Ox? Ozo Ox? Oz Oz}
(0 o) 0 32<I’82(g=€0) 0
with the initial condition | 24 8(0 o) = < 0 > . Then 82@5(2@) = ( 0 > .

5.3. First derivatives of Z*

Let n(7) = 70 + 7, m(7,7) = aD + qy + 2{(7,7), 12(7,7) = @y + 25(7,7),
n3(7,7) =, na(T, 7) (1 =)D + g3y + 25(7,7) and 95(7,7) = quy + 23(7, 7).
From (3.6) we have

— ©10®(n,1m1,m2,13,M4,15))(0,0) =0
12 — Oz 0 ®(1,n1,12,M3,M4,75))(0,0) = 0,
(n,m1,m2,Mm3,M4,75))(0,0) =0

15 — O5 0 ®(n, 01,712,713, M4,75))(0,0) = 0

SleSleSleSle
~ A~~~

= =

=

I

©)

iy

o

>e<

Therefore

w Zam(@ 70,¢0)) (64> i(r0,60) | s (To ¢o) 8z18(TO 0 | a@é;f;,cm az;8<£,o>
=1

Oxs

+ (To,qo)az4(oo)+ (To,co)aza(oo)) 0,

62%(79,0) ZO@g(@ 70,60)) [ 0P (TO,CO) + 0P, (TO,CO) 921 (0,0) + OP; (10,¢0) 6228(0 ,0)

Il or 812

i=1

By (10,¢0) 075(0.0) | 0% (ro:Co) D25(0,0)
+ 61[4); : 46 + 8:6[; . 5(97' ) O’
5
0z5(0,0) 904 (®(70,¢0))
oT ox;
=1

02 (To ¢o) + 8% (70,¢0) 927 (0,0) + 8% (10,¢0) 925(0,0)
oxq oT Oxo oT

Oxy Oz

+ (To o) 8z4(0 0) + (To o) aza(o 0)) 0,

az%(g,o) 2865(@ 70,60))

=1

0P, (TO,CO) + 0P, (TO,CO) 921 (0,0) + 09, (10,{0) 925(0,0)
or

Il or 812

+6‘1’ ég;(i,Co) 0z (0 0) + 9%, ({;;0)7(0) Oz3 8(7(-) 0)) 0.

We obtain
927 (0,0) + b 925(0,0) -0

ao orT

or
do ('9z2 (0 0) =0,
Jo 624(0 0) + ho 025(0,0) -0,

oT,
3(.,(—)0) T ko 8z2(00) 0.

0z
0
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That is

(5.46)

In the same way as above, we obtain

a%(?h ©1 0 ®(n,n1,m2,13,14,75))(0,0) = 0,
%(772 — ©20®(n,m1,m2,13,1M4,75))(0,0) =0,
%(774_ 40(1)(77 7715772777377745775))(070) 207
%(775 — ©50®(n,m1,m2,13,1M4,75))(0,0) = 0.
Therefore
0d¢ 0z (0 0) elC) <I>(T ,¢0)) i(70,¢0) J 927 (0,0)
(Cé)ag_ S0 4 1 ) Z 1 0,C0 { axol 0 (C[(:a(;_ + l’y )
+6¢i§;‘;’4‘)) ( o o 8z2 (o o) n ém,@) + oP; (2,40) (le;z fo + 8z4(0 0)
402 a(fo,go) (dﬁo _ + 8z5(0 0))} —0,
x5 [
dy , 923(0,0) 802(<I> To,go AP (70,$0) [ dpi b 921 (0,0)
(~8+2550) - Z {g (ﬁ”*—lv )
L (—i—g + Eo0) , o , on <:;z;<°> (5 — g+ =502)
+ §T°’<°) ( domg _ bt 6z5<0 0))} —0,
5 cozo
dil! o 8z (0 0) 20 <1>(T $0)) [ 8% (10,¢0) ( dbie b 927(0,0)
(86 - § + 20) - 3 -soustman {smgncn (44 4 4 20
+8<I>i6(;r;<fo) ( do 4 822 (o, 0)) + 6(7'07(0) + 0% (;(:CO) (i())(l](; fo + 8248(3 0))
9%i(10.¢0) (domi _ ho o 925(0,0) ) _
T s (cog)igo 0+ By )}_O’
6m6 . h_f, 62.3(0 0) 905( @(TO,CO)) 9P, (10,¢0) oo 0 le (0,0)
( )il io ) Z { Oz (Coao + 9 )
+aq>ié;(;,<o) ( dy 8z2<0 0)) i §ZZ’<°) 4 9% (ZZ’CO) (% 5y 8z48<3 0))
+a<1>16(70,<0) (d my + 8z5(0 0))} -0
5 [0
We obtain
927 (0,
8Z§6(370) do — 0,
9z (0, .
46(3 9 Jo = 07
82;6(370) mo = O

619
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That is
21
2
(5.47) 0518

5.4. Second derivatives of z3

From (3.6) we have

62
ﬁ(% — O30 ®(n,n1,1m2,13,14,75))(0,0) = 0.

Then

9%23(0,00 5 Zaom 70,60)) ( OP: (ro,cf)) 4 92i(10.60) 921 (0.0) | 9%i(r0.G0) 923 (0.0)
o072 oxq oT Oxo oT

0P, (10,60) 02} (0,0) 0P, (70,C0) 0z (0,0)
+ 611 . 46% + 8:6(; . 5('97' ) 0.

Therefore

5
9%25(0,0) LISy {324’1’(7’07@) + 232%(7’07(0) 6Z1 (0 0) + 232 i(70,60) 925(0,0)

o072 oz, o072 070x1 O70x2 or
=1
2% * 2
+26 ‘ET(E;';);CO) 0z} (0 0) + 99 T(T;lCO) ‘9258(0 ,0) + 2} 6(;—%07%) (‘9Z16(7870)>
8%®, (10,60) 02} (O 0) 9z (0 0) 8%®, (10,60) 925 (0,0) 92;(0,0)
+2 6118[;020 187' 2 +2 6118[;040 187- 487-
92d; (10,¢0) 027 (0,0) OzZ (0,0) 0P, (10,¢0) 8%z (0 0) i(70,0) [ 025(0,0)
+2 8118(;50 167' 567' + 8:62 . + 6120 . ( 26?
+26 aq?‘ (go,go) Bzza(o ,0) 824 (0 0) + 2 k (go,C()) Bzza(o ,0) 6z56(0 ,0) + (?@iégﬂ),(o) o ?7(3,0)
xro0Ty T ro20Xs ) T
L 02 i(r0.C0) ((921(0.0) + 4 92 ®i(r0.60) 921(0.0) 92£(0.0) | D (ro.Go) 8°21(0.0)
Ox2 or Ox40xs5 or or Ox4 o072
2 2«
9? D, (10,80) [ 022(0,0) 0P, (10,C0) 0°2%(0,0) o
+ Omg . ( 5('9‘7' ) + 8:6(; s (';"7'2 }_O

We obtain do% =0, that is % =0
In the same way as above, it follows that
32
8—72(772 — ©2 0 ®(n, 11,72, 13,74, 15))(0,0) = 0.

Then

5
9*23(0,0) 8 3@2(‘1’(70,C0)){ i(70,¢0) ( oao _ 0 b azl (0, 0))
92 a'y Ox; Ox1 chal

=1
+a<1>i(fo,<o) ( d o4 8z2(0 0)) + A%, (70,C0) + 8P, (70,C0) (dolg fo n 9z} (0, 0))

Oxo Oxs Oy c690 94 o~y

1 9®i(70,0) (d;,,@g _ ho I 6z5(0 o))} —0.

oxs chig o~y
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Therefore

z2(0 0) Zaez @(To,qo)) 92, ( To,qo) - az;(o,O))2
oy

{
_'_2625;53[;140) @+ [‘)zl (o 0) 8z4 oo) aq> To,co) ’Yo o))
_’_282;;;3(;1(0) o+ 8z1 (o o)§ R oo)) n 8(7'0,(0) ( n 8z2 (o, o))2
_'_282;;53[;2@) @ + 822 (0,0 99 g;fg‘;f“) 822(0 0)) g 824 00))
199 amgfg(;f[)) @ + 8z2 (0 0) az, 00) 6;[;,@) ( 8;
+a @8(70,@) 192 S’xig‘;f"’ (z 8z4 oo) 9 Efxigigf‘” ( Bz.;(O o))
L2 8(;0,@) ( 824 0,017, 92 ébmfé‘;’f“) ( 8z4(0 0)) ( ))
+2mi{roo) (8%(9:;7(3,0)) n 62 :9(;5,@) (q5 N azsa(;) 0)) LA (32%;7(0 0))} ~o,
We obtain

9%23(0,0) _ 1 992(®(70,%0)) {2q1q282‘1’2(7'0,€0) +2¢1 %@ (70,¢0) +q26 ‘1>2(7'07C0)

072 do Oxo Ox20x1 Ox30x1 032
92 ®5(70,40) 22 ‘I’z(To,Co)
202 50,00, ~ T D2

In the same way as above, we obtain

62
w(ﬁz — ©20®(n,n1,12,1M3,M4,75))(0,0) = 0.

Then

5
*23(0,0) 9 903 (®(70,60)) {8 i(70,¢0) ( ogo _ 0 + 6z1<0 0>)

Oz chal

oyOT 87" Ox;

=1
+a<1>i(fo,<o) ( d o4 8z2(0 0)) + A%, (70,C0) + 8P, (70,C0) (dolg fo n 9z} (0, 0))

Oxo Oxs Oy c690 94 o~y

1 9®i(70,0) (d;,,@g _ ho I 6z5(0 o))} —0.

oxs chig o~y



622 F. Boukhalfa, M. Helal and A. Lakmeche

Therefore

5
9°23(0,0) 00, [ 92®i(70,¢0) 027(0,0) 92 (70,60) 927 (0,0) 927(0,0)
INoT D 79z, O+ a5 + LT, e e

i (70,¢ ) 6z (0,0) 925 (0,0) 8%®;(10,C0) 925 (0,0) 927 (0,0)
+ 6128[;10 9r 0+ =9y ) T Toman o (‘h T =% )

(o) 925(0,0 8z} (0,0 8%, (10,00) 8%27(0,0
+ 81-;(30 fo) Z%(‘r ) @+ 218('y ) + éng-ol = ;;'é'y )
+ L (go,co) ( dy 8z2(0 0) + a2<1>6(70,¢0) 622(0 0) (q + 622(0 0)
TOx2 x
n awz(g;,lgo) 9z (0 0) @ + 822 (0 0) + d glig;fo) 8z4(0 0) @ + 822 (0, 0))
_|_ 5 (goyCo) 6Z%(0 ,0) ¢+ 322 (0 0) + 0P, 6(7'01{0) 625 ((30 ,0) + 0? gi(goﬁé‘o)
T50T2 ED 7Oy 7Ox3
+6 ®, (70,0) 925(0,0) + 82<I> (To,go) 925 (0,0) + 82®;(70,C0) 02} (0,0) + 8%®;(10,C0) 922 (0,0)
6138;32 oT oz (0.0) 36116 20, (6 ) 022 (((;90)81 867' 0.0) Oxs0x3 oT
5 Z s z z s
+ a%(ggfo) (‘J4 + =5y ) + axT i) 222 (‘J4 + =5
* 25 . * *
PR SO0 (| D00 | PRG0S0 (., 200
i(70,¢0) 92£(0,0) 92;(0,0) 9%, (10,¢0) 8%25(0,0)
+ 6158040 S\t =977 )+ T o
2
I afgil%) (q + 8z5 (0 ), 2 8(;0,@ 6z5<0 0) (q + 8z5 (0 0)
FERgbign (o], ben) | Satgoden o, sen)
i(10,¢0) 824 (0 0) 92%(0,0) 8%:(70,¢0) 624 (0 01 _
+ azga[;uo o (‘J5 R ) +t ou oo } =0.
We obtain
0%25(0,0) 1 00s [ 92Py(m0, o) n 0@ (1o, Co)
oyoT do O0xo 07022 0T0x3 '
5.5. First derivatives of w
We have
ge = L(ns—O309( )
5 OF 5773 3 M1, 12,73, 14, 75
= —_\ 993 {‘9‘1’ i (0m1,12,13,14,5) 4 OPi (0,11,12,13,14.714) 3Z1
oz or oz
=1
+3‘1’ i(1,71,1m2,m3,m4,M5) 322 + 8P (n,m1,m2,M3,1M4,74) 624 + 9% (1,m1,m2,13,14,15) 925 }
Oxo Oxy Oxs or :

At (7,v) = (0,0) we obtain

8—‘“(0,0) _g_(js {a<1>3g$,<0) n a<1>36(;2,<0) 6z1 (0 0) + a%@(;z,go) az%(g,o)

1 0%s(70,0) 923(0.0) 4 9P (r0.Co) 8z5 (0,0)} -0

Oxy oT oxs oT
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dw 9

oy = 8_7(773 — O3 0®(n,M1,1M2,M3,M4,75))

5
_1_ 993 [ 9%®i(n,m1,12,Mm3,m4,15) 321 8% (n,1m1,m2,M3,M4,M5) 322
i=1

oz Ox4

9P (1,M1,M2,M3,M4,75 9P (n,m1,M2,M3,M4,Ms 15}
+ (7777177277%774775)_,’_ (n,m1,m2,m3,M4,M5) (q + z4)
0P (1n,m1,M2,M3,M4,M5) Oz;
+ Oxs 4%+ By

At (7,7v) = (0,0) we obtain

22(0,0)

_%_(m—):{a%(?(;fi,co> a + 2 (00> +a<1>38<;2.,<o> (q +8z2<00>

+6‘1’38(;'(;7C0) + 3‘1’3(T0;C0) (q + (9Z4(0 0)) + 0¢3{§;’2;C0) (q + 625(0 0))}
_ 003 {q26‘1>3(7'07C0) + B‘PS(TO,CO)}

Ox3 Ox2 Ox3

foq2 +90=10

Therefore Dz oyw(0,0) = (0,0).

5.6. Second derivatives of w

Let A= 2900 5 f’aﬁgf and ¢ = 22(0.0) :;7002

5.6.1. Calculation of A

2
We have gT(; = 8 (773 - 63 © (I)(na n,12,M3, 74, 775))7 then

5
Pw _ N 00; [92®i(n, 771,772,77377747775) + 26 P (n,71,m2,13,m4,75) 927
072 Ox; or 7Oz or
=1
9% (1,01,M2,13,M4,75) 322 %@ (n,m1,m2,M3,M4,715) 324 @i (n,m1,M2,m3,14,75) 325
+2 TOTo +22 07014 +2 OT0xs
+82<1> (1,71,12,M3,M4,M5) 321 23 P4 (1,71,M2,13,M4, n-s) 9z} 9z
611 or 0x10x2 oT 0O7T
492 92®; (n,n1,m2,m3,m4,m5) 02} 0z + 23 D (1,71,M2,m3,M4,M5) 027 025 + ;i (n,m1,m2,M3,m4,m5) O°2;
Ox10x4 oT 67; Ox10xs ot 0T oxq o072
+ 92®; (n,n1,m2,m3,m4,m5) [ 023 + 2324%(77-,771777277737774-,775) Oz 0z]
61% or Ox20T4 oT O7T
o * s\ 2
+2 92®; (n,m1,m2,m3,m4,m5) 023 Oz + % (n,11,m2,m3,m4,m5) 0”23 + 2°®; (n,m1,m2.m3,m4,m5) [ 92;
Ox20xs or 07 Oxo or2 Ox2 or
* * * w0\ 2
92®; (n,m1,m2,m3,m4,m5) 02 Oz % (n,11,m2,m3,m4,m5) 0”2 2°®; (n,m1,m2.m3,m4,m5) [ Oz
+2 + 5= +
01405 or oOT Oxy o072 ax, or

_'_3‘1%(7777717772-,773-,774-,775) 9%z
oxs o072 :
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At (7,7v) = (0,0) we obtain

29(0,0) = —20s {8 2a(ro.C0) 4 9@ alroo) 2{(0.0) | 9 Palro.o) 925 (0.0)

Oxs 07011 OTOxo oT
8%2®3(70,C0) 975 (0,0) 62<I> (70,¢0) 922 (0,0) 82<1> (70,¢0) (025(0,0) 2
+2 63%6924 2 48 +2 83—8;5 : 57—t ?9130 : 57
28 @3(70,(0) 821 (0 0) 6Z2 (0 0) + 28 <I>3(To,<o) (921k (0,0) 822 (0,0)
Ox10xo oT Ox10x4 oT oT
2 2 *
_|_23 g’;l(g;fo) (92%(‘? ,0) 625(0 0) + 0‘P3(7x'(i;€0) 97z (0 0) + 9 ‘I’eé(m‘rzo,Co) 6228(79;0)
82®3(70,¢0) 825(0,0) 8z} (0,0) 82®3(10,¢0) 925(0,0) 922(0,0) |, 8P3(70,0) O°25(0,0)
2 e or 248? + 25 g e e i e 5
+a2<1>3(70,¢0) (az;(o,o)) n 2824)3(7—0,(0) 9z (0,0) 8z%(0,0) + 893 (70,0) 8225 (0,0)
Oz or Ox40x5 or or Oxy 67’
9%® , 9z7(0,0 oD ,Co) 8222(0,0
+ ?é(;'go o) ( Z.)a(? )) + 35;'(; ¢o) 67'( ) }
Then A = 0.

5.6.2. Calculation of C

2 2
We have ?3_’;; = 86_72(773 - 63 © (I)(n77717772577357747775))5 then

nguz) _ > %_(313 {8 ®i(n, 771{;7;21,773;774,775) (q 4 azl )2
ol (o 1 95) (4 25 + 2 Z g ) (4 250)
28 @i (n, g;fg;ln,mmf) q1 + %ZE qa + az“ + 8@("7”1;9”;1177377747775) (83%)
raf ) (o, 4 851 (g4 53) 4 Cnlmgmand (4, )
23 3 (n, g;’:g;z%mmr) @ + % 28 @, (77 77;1:72;2217741775) ¢ + 87 g ‘At 824)
+28 @i(n,g;;ﬁazg&mms) 4o + % (Q5 + 625) + 9%, (n, 771;;7;2,773;774,775) ( )
5 2
+8 @i(n,ﬁléZ%msﬂMﬂ]s) + 99 @i(ﬁxglfgg’cz&m’%) ((J4 + 924
_,’_2(92‘1’i(77,g;:782;2377747775) g5 + % T 82<I>¢(777771é7;22,773,774,775) qa + 8z4 2
o) (4 95 -+ ) + ol (25

2
i (n,m1,M2,M3,m4,15) 32 % (n,m1,m2,m3,m4,15) [ 028
+ i 12 g5 + 5 4+ £ 8'y25 .

5 Oxs
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At (7,7v) = (0,0) we obtain

Oxs ax Ox30x1
8%® , 827(0,0 823(0,0 o , 0,0
+2 a;(g;fo) (q + Zl( )) (q + Zz( )) + 38(;2 ¢o) ( 8( ))

2
82®s3(10,60) 82®3(10,0)
2 a0t G+ t (q +

+26 @3 (70,¢0) ¢+ 0%(0,0) g4 + Oz} (o 0) +2a2¢3(70,<0) (q T 8z2(0 0)

@(070) _ _ 00y {a q»g(m,co) ( a1+ az;(o,o))2 L 232%(70,@) (q + [‘)zl (0, o))

824 (0 0) 2

821 (O 0) 8z2 (O 0)

Oxs0x1 Ox30x2

+2a2§>3(50,<0) @ + az2 (o 0) g + 8z4(0 0) + a<1>38(70,<0) 9%z 2 (20,0)
40T T2 Y

9%®3(70,¢0) 9z (0,0) 0®3(10,C0) [ 9225(0,0)
+2 8;562520 @2+ g5 + + %mi 2 92

+8 3 (70,0) +282<I>3(7-0,<j0) .+ az4(0,0)) 26 b3(70,60) (q5 4 az;(o,o))

825 (O 0)

61§ O0x3014 O~ Ox30xs Oy
2 *
+6 q>fa(m?<0) (q I 8z4(0 0)) 28 ®3(70,60) (q I 8z4(0 0)) (q5 4 825(9(370)

6148:65

+a @;(gg,go) (q I 8z5(0 0)) n a%@(;(;go) (322%3,0))

Then

C:

2% , 920 1 02®3(ro.
{2‘1 42 2] - 9g, Sga ) 4 g3 0 Dalmco)
2
+2q28 3’555‘;’“) + 9? q»s(ro,co) + 6@3(72,40) 2’z 87(2,0)}'

613

5.6.3. Calculation of B

2
We have aaf(‘;dry = % (%(TB - 63 © ‘1)(7777717772a77377747775))) ’ then

5
8w 003 [ 9%2i(n,m1,m2,m3,14,M5) + 6Z1 + A%, (n,1m1,m2,m3,m4,15) 0°2;
7oy 2N 7oz 0 daq 7oy
=1

8%®; ,M2,7M3,74, oz7 Bz 82®,; (n,m1,m2,M3,04, 0z Bz
(m, 771622; 73,774,705 ) % (g + 1 + i (m,m1,m2,m3,14,15) 925 a1+ 1
9%®; (1,1m1,m2,1m3,M4,15) 824 621 @i (n,m1,m2,m3,m4,15) 022 621

Dra0t, ot + D50t = (ot

_|_

8128%1 87’

92 (1,71,M2,3,M4,75) azz 32®; (1,11,M2,M3,M4,M5) 9z 8z2
0702 Q+ + D23 o7 \d2 7t

9 (n,m1,m2,m3,M4,15) Oz} 3Z2 22 (n, mmz,ns,m,na) 3Z4 3Z2
Oxo0xT1 o7 q2 + + 0x40x2 az +

%@ (n,m1,m2,m3,m4,15) 022 + 322 + 9% (1,Mm1,M2,13,M4,M5) 3 E2 + (77,77177727773,774,775)
Oxs0x2 87’ 42 Oxa OTOy O0T0x3

%@ (n,m1,M2,M3:M4,15) 3Zz + %, (77 71,12,73,74,M5) 3Z1 + 9% ®i(n,m1,m2,m3,m4,m5) 92
or
+

5 8%3812 axgaxl 8148%3
9”@, (1,11,M2,M3,M4,M5) (9Zr D4 (n,m1,M2,M3,M4,75) + 624 + % (n,n1,m2,m3,m4,15) 0725
w5073 o7 9704 qa dia 7oy
%@ (n,m1,M2,M3:M4,15) 3Z4 9z} 02%(7777717772,773,774,775) 971 624
B2 Gat 3y )+ 02401, o7 (4t
92®; (n,m1,M2,13,M4,15) 322 0z 0%, (n,m1,m2,m3,M4,5) 025 3Z4
Ox40xTo oT 44 + oy + Oxs50x4 oT 'z +

922 (n,m1,Mm2,M3,04,715) BZ-s 0%, (n,m1,1m2,13,M4,15)) BZ-s 32~
orows 5 + + a2 a5+ +

+ o+ o+ A+ + o+
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0D, (10,71,M2,3,M4,75) 321 6Z5 0%, (n,m1,m2,m3,M4,15) 025

+ dx50x, g5 + + Ox5dxs 57 \35 T
i (n,m1,M2,M3,m4,15) (924 62-; A%;(n,m1,m2,m3,m4,15) 0”25

+ D504 a5 + + Drs 970y

At (7,v) = (0,0) we obtain

Oz;
Oy

O 9%® , 827(0,0 9%® o) D 0 0 6 0,0
8767(0 O) %_(333{ 63’-(87—2140) (q + Z1( )) + eé(w‘l'o ¢o) Zl ) ( Z1( ))
+a gg(g),co) azza(o ,0) a1+ [‘)zl (o 0) + o gg(g),co) az4a(o ,0) [‘)zl (0,0 )
roOx1 40T oy
+6 @g(TQ,CQ) 6Z5 (0,0) + 821 (0 0) + 6@3(7’0,(0) 62 1(0,0) 8 q>'g(‘l'0 C 822 0 0
Ow50xy ar sl o1 T 97 9x2
+6 <1>3(7-20,<0) azga(o,o) @ + 822 (0 0) I azgg((gmgo) az%(o,o) 822 (0,0)
ox3 T xo0T1 T
8% ®3(70,60) 925 (0,0) 023 (o 0) 8%®3(70,0) 925 (0,0) [‘)z oo)
T o o (2T 5 + ot o7 2
8®3(70,C0) 62z*(0 0) , 8%®3(r ,c ) | 8%®3(70,60) 925(0,0) |, %@ (T ,q ) dz7
+ 38%2 . 2 + 6378[;30 + :ES(?OIQO 26 + ;’38(;10 167'
a<1>(r,<)az (00) 82®3(10,¢0) 822(0,0) | 82®3(70,¢0) dz} (00)
+ (%346[;30 97+ amssa[;go 57—+ 83—8;)4 > 1+ 5
9% ®3(10,60) 925 (0,0) 9z;(0,0) 9% ®3(10,60) 925 (0,0) 8z4 (0,0)
+ 4+ +
614 or oy Ox40T1 oT
+a 3 (70,C0) 925(0,0) s 8z} (0,0) + 8%®3(10,C0) 025 (0,0) 8z4 0 ,0)
Ox40x2 or 2% Ox50xy or
8®3(10,C0) 8%25(0,0) | 82®3(70,¢0) 9z (o 0) 8%®3 (T ,< ) dz; (o 0) az oo)
+ 38903 : 6;87 + 83’-89[0)5 : as + 5 + ?éac:) : 5 4as 5
8%2®3(10,C0) 927 (0,0) 925 (0,0) 3% . (T o) 925(0,0) az 00
R T T 5+ oy ) t T Bunday 97 5 )
8%®3(70,C0) 925 (0,0) 922 (0,0) 8®3(70,0) 8225 (0,0)
t  ades 97 (‘J5 =0y ) B } :
Then

_ _ 09 ?®3(10,80) | OPa(70,¢0) 9°23(0,0) 9% ®3(70,¢0))
B——azi{q ag%ag(c)go"‘ “‘z‘;‘) 2o, T a:;a?cao :
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