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ON THE DIVERGENCE OF NORLUND LOGARITHMIC MEANS WITH
RESPECT TO THE L! NORM ON SOME UNBOUNDED VILENKIN GROUPS

Nacima Memi¢

Abstract. Using the results of the paper [1] we give a divergence result of Norlund
logarithmic means for some unbounded Vilenkin groups. We prove that the boundedness
of the subsequence (||Fum, Il1)» implies the divergence in the L* norm of the sequence (t, f),
for a conveniently chosen integrable function f. We provide an example to illustrate a
direct application of this result.
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1. Introduction

In their paper [1] the authors proved a convergence result of the subsequence
(tm, T)n to the integrable function f in the L' norm for some unbounded Vilenkin
groups. The main tool was the boundedness of the sequence (||Fwm, |l1)n. Paradoxi-
cally, this is the reason of the divergence of the whole sequence (t, f),.

Therefore, in order to construct unbounded groups on which the sequence
(t. f)n converges in the L norm, the property of uniform boundedness needs to be
avoided.

Other divergence results can also be found in [1] and [2]. Many known results
and open problems are presented in the work of Gat [3].

Let (mg,my, ..., my,...) be a sequence of integers not less than 2. The Vilenkin
group G is defined by G := [[;q Zm,, Where Z, denotes a discrete group of order
mn, with addition mod my,.

It is said that G is unbounded if the sequence (mg, my, ..., my,...) is unbounded.

Each element from G can be represented as a sequence (Xn)n, Where X, €
{0,1,...,my — 1}, for every integer n > 0. Addition in G is obtained coordinate-
wise.
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The topology on G is generated by the subgroups
Ih ;= {x = (Xj)i € G, x; = 0 for i < n}, and their translations
In(y) :i={x=(X)i € G,x; =y fori<nj.
The basis (en)n is formed by elements e, = (6in)i-
Define the sequence (Mpy), as follows: My = 1 and M1 = myM,.

If |I5] denotes the normalized product measure of I, then it can be easily seen
that |1n| = ML,
The generalized Rademacher functions are defined by

rm(x) := e%, neNU{0},xeG.

For every non-negative integer n, there exists a unique sequence (n;); so that

n= i niM;.
i=0

and the system of Vilenkin functions (see [4]), by
Un(x) = H r'(x),ne N U{0},x € G.
i=0

The Fourier coefficients, the partial sums of the Fourier series, the Dirichlet
kernels and Fejér kernels are respectively defined as follows

()= [ 1007090,
n-1

Snf = ) {0y,

k=0

n-1
Dy = kZO Py,

1 n
Ky = ﬁkZl‘Dk.

It can be easily seen that

Suf(y) = f Da(y — X)),

and
D, (%) = M1, (X).

The notation C will be used for independent positive constant. Throughout this
paper we write log for the function log,.
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The Norlund logarithmic means are defined by

cp 185 Sif . =1
nl .= 1~ ’ n .= I
I =i n - k = k
The functions F,, n € IN are defined by
- 1 n-1 Dk
n-— 77 7
In =i n- k
itis clear that
thf =Fp = f.
2. Results
Lemma2.1. The sequence of functions
1My -1
1 17 Dy
IMn,,l =1 I\/|n+l -k

is uniformly bounded in the L' norm.

Proof. Since (see [1, Lemma 1])

Dm-i(X) = Dm, () = ¥m-1(=X¥)Dj(=x),  1<j <My,

we obtain that

Mpsg—1
‘. Dm,,,—(X)

Mp—k k
=1 n+l k:Mn+1_[%]Mn+l

Mpi—1

(2.1) k=Mpns1-[ 22 M, +1

(IMn+1 IM,—,+1—[—m"]Mn+l)E Mn+l(x)
2
Mpi—1

a0 Y D).

k=Mn+l_[%]Mn +1

Now we have

= Z %(DMn»fl(X) - lal_}'\/lnﬂ—l(_X)Dk(_x))
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Mpi1-1 1

K

K=Mp;1 [T M, +1
Mpi1-1

1
- Z (E_k+1)ZD‘

k:Mn+1_[mz_n]Mn

2.2)
1 Mn+1_[T]Mn 1 Mpy1—1
R — D + D,
Mns1 = [3IM ; " M = !
SR Myt -1

= ka = Ky -[221m, + TlKMm—l-
k:Mn+1_[mz_n]Mn n+

From [1, Lemma 3] we get for every k € {Mp;1 — [%]Mn, eoe, Mpy1 — 1},

n+1

1 1
IKllz < CZ SV Z M1 logmy < C max Iog m;.
n+l-i 4=

Using this fact and Formula (2.2) we get

Mn+1_:L 1 Mn+1_:L 1
EDk < 1 11Kl
k=Mn1—[ 3 M +1 1 k=Mps1—[ 2 M,
+ Ky 1mwm 2+ [1KMg. -1l
<

I .
C m log m
Using Formula (2.1) we get for every n € IN,

1M, 1
Maxi=o,..n 10g Mg
I| < C||Dwm, i + C——=———— = 0(2).
IMM Z‘ Mn+ P e T Y s log my @

Theorem 2.1. If the sequence (my)n is unbounded and if the sequence (F,)n is bounded
in LY, then there exists a function f € L! such thatt,f —» f in L.

Proof. We first write
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IMn+1 FMn+l =

|
+

k=1 k=1
I+ 11.
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Without loss of generality we may assume that m, is even since the proof for

odd numbers can be obtained in a similar way.
Since

Dsm,1+k = DsMy.; + Wsm,.; Dk, 1 <k < Mpy,

we obtain that

I e
Mn+l _ k Mn+l _ k
k=1 2 k=1 2

n+1 n+1
= D Mn+1 Z Mn+1 + 1’[} Mn+1 Z Mn+1

= IMn+l D Mni1 + 1;l}MnH IMn+1 FMn+l M
2 2 2 2 2

It follows that

Mniq
1 2 Dk IMr;—l IMn+1
FMn+1 = I § M k + I DMn+1 + 17[}Mn+l I
Mn+1 k=1 n+l — Mns1 Mhn+1

which leads from i w,,, = +1,
2

Vit 2o Iw
n+1 D n+1
2 Kk 2
¢Mn+1 FMn+1 = I Z M k + I lpMml DMn+1 +
2 Mn+1 k=1 n+l — Mn+1 2 2
and
' FMn+1 * f | Z |¢Mn+1 DMn+1 * f ‘ - C HlpMml FM,—.+1 * f
2 1 2 2 1 2 1

1

n+1 _ Mn+1 _
! D n+1 2 L DMr;—l + leryl Dk
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Under the boundedness assumption of (Fy, )n in LT we get

1w Fo # llz < CIlFls.

Applying Lemma 2.1 we get
Mpiq
Yo & D

= f|| < Cl|f]lx.
IMn,,l =1 I\/|n+l_k !

1

In order to prove the divergence of (FM * f) for some function f € L' it
2 n

suffices to prove that (gbm Dwmy,, * f) diverges.
2 2 n
Let the subsequence of even numbers (mp, )« be so that
Y o <
= Iog mnk

We construct the integrable function

f(x) =

Mnk+1 (X - enk)'

For arbitrary positive integers n, k and y € G we have

beM DM * DM,—.|+1(X - em)(Y)

2 2
my ™y g
= Mp+1 M, f Mznk OQ+¢m, O+... + gl}Mznk (t))dt.
{ty_t_en|€|n|+1]m|nk

The last expression does not vanish only if
y €en + In, + In+1.

This is equivalent to

yeen|+|n|+1, k2|+1,
y € In,, k<l+1.

Therefore, ifk > I + 1, we have for y € ey, + I 41
{try—t—en €lns} Ny = Inrs N ln = I,

In this case

mny

IPMTWDM * DM,—.|+1(X - em)(Y) = 0
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Forl>kandy € I, we have

{t: y_t_em € |n|+1} N |nk = {t - (y_em) € |n|+l} N |nk
y—©€nh t In|+l N |nk =Y—¢én+ In|+1-

It follows that for | > k

lasz DM,Wl DMn|+1(X —en)(Y)

=Mnkl.nk(y)m":k(y—en.)~(1+¢Mnk(y—en.>+.. F gy —en).

Therefore, we get

- %
(2.3) —'V'nkf 1+ Ym, (Y —en) +.. + U7 M, Y~ en))

mn

I;Z} DMnk+1 * f

1

M 1 lpl\ﬂTnk (y)

+ ) @A+, (N +. P () |dy.
|=Zk+:1 ‘ M log my,
We have
e _ Sin Zyn, oS 2 rzynk
T+ gm, M+ + Py "(y) = SmLy
Nk
sin 2ynk sin ox—° rcynk
+i
m"k ynk

Suppose that yp,, is even, then we have

mn

L, )+ + ¢y )=
and .
k1 T
11+ ¢m, (Y —en)+-- +¢Mnk (y —en,)| ~ | cot m_y”kl'

Nk

If in the right side of (2.3) we only integrate on even y,,, for

Yn €1{1,...,mp —1}
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we get

mny

D0 1 s
I)sznk D Mnk+1 * f | cot _ynk|
2

= ) o
Mp, IOg Mn, Yoy €(2,...,Mn, —2};Yn, even M
~ 4/logmp,.

Since in [1, Theorem 2] the authors proved that under certain conditions t,f — f -» 0
in L, we may provide an example where (t,f), diverges and the condition of [1,
Theorem 2] is not verified.

ac
1

Example 2.1. There exists an unbounded Vilenkin group represented by the sequence (mp),
such that

1. logm,, ~ 4/ng, for some subsequence (my, ) and
2. t,f » finL!.

Using Theorem 2.1 and [1, Lemma 4] it suffices to construct a sequence (my), such that
Yoo (log my)?
g <+®™
n o Yoo logmg

Let my = 2 if k # 4° for all positive integers s, and logmy = 2° = Vk if k = 45. Hence we
have

n-t n-1 [log Vn-1]
Y (ogmy?= ) (log2)?+ Y 4 <n(log2)*+C4°e V" ~n,
k=0 s=[log Vn—-1]+1 s=0

On the other hand we have

n-1
Zlogmk ~nlog2+2°9V" < p,
k=0

from which we easily obtain the result.

3. Conclusion

Example 2.1 is very similar to Example 1, given in [1], where the authors proved
a divergence result for some sequence (my), satisfying logm, = O(n%). It is clear
that in both cases divergence is a direct consequence of the boundedness of the
subsequence (||Fm,ll1)n. This gives a better understanding on the behaviour of
unbounded sequences (m;), that may define groups on which L'-convergence of
(tn f)n is satisfied for all integrable functions.
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