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SOME GENERALIZED FIBONACCI DIFFERENCE SPACES
DEFINED BY A SEQUENCE OF MODULUS FUNCTIONS

Gulsen Kilinc and Murat Candan

Abstract. This paper submits the sequence space l(ﬁ (r, s),]—',p,u) and

-~

loo (F (r,s),F,p, u) of non-absolute type under the domain of the matrix F (r, s) consti-

tuted by using Fibonacci sequence and non-zero real number 7, s and a sequence of mod-
ulus functions. We study some inclusion relations, topological and geometric properties
of these spaceses. Further, we give the a- - and y-duals of said sequence spaces and

characterization of the classes (l (F\ (r,s),F,p, u) 7X) and (loo (ﬁ (r,s),F,p, u) 7X).
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1. Introduction

Construction of new sequence spaces and defining their topological and algebraic
properties have a big importance in summability theory. Until now, many sequence
spaces were defined by many different ways. One of them is to use the matrix
domain of a special triangle which was recently studied by many researchers. The
cause of this choice is various characteristics which matrix domains of triangles own.
For instance, If A is a triangle matrix and A is a BK —space, then A4 is a BK —space
with the norm given by [|z||, , = [[Az|, for all z € Aa. By a sequence space, It is
understood that a linear subspace of the space w = CV of all complex sequences
which includes ¢,the set of all finitely non-zero sequences, where N = {0,1,2,...}.
We illustrate by I, co, c and [, for the classical sequence spaces of all bounded, null
convergent, convergent and absolutely p-summable sequences respectively, where
1 < p < co. These spaces are Banach spaces with following norms: ||z|¢. = |z|. =
lelley = supy feel, 2]l = lfeles = sup, [Sp_y i, and [le]e, = (5 |eel?)? while
¢ is not Banach space according to any norm. For sake of brevity, here and after
the summation without limits runs from 1 to co. A sequence space A with a
linear topolgy is entitled a K —space if each of the maps p; : A — C defined by
p; () = x; is continuous for all ¢ € N; A K—space is entitled an FK—space if A
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96 G. Kilinc and M. Candan

is a complete linear metric space; An F'K —space whose topology is normable is
entitled a BK—space [10]. Let A = (an) be a triangle matrix, that is apr = 0
for k > n and an, # 0 for all n € N. The equality A(Bz) = (AB)z is supplied
by the triangle matrices A, B and a sequence z. Furthermore, a triangle matrix A
has an inverse A~ !which is also a triangle matrix and unique such that for each
r € w, x = A(A7tx) = A71(Ax). Now, let us give description of matrix domain
of an infinite matrix due to mentioned significance. The domain X 4 of an infinite
matrix A which is a sequence space is described by

Xa = {z=(ap) cw: Az e X},

in a sequence space X.The new sequence space X 4 produced by the infinite matrix
A from the space X is the expansion or contraction of the original space X. Details
can be seen in [3]. Many special limitation method were used for this aim. One of
them is Fibonacci matrix.

Let X, Y be any two sequence spaces. Given any infinite matrix A = (an) of
real numbers a,j, where n, k € N. For any sequence z, A-transform of x is written
as Az = ((Az),). If it is A-transform of z, it means that (Az), = >, ank
converges for each n € N. If x € X implies that Az € Y then A is called a matrix
mapping from X into Y and is denoted by A : X — Y. We illustrate the class of
all infinite matrices such that A: X — Y by (X : Y).

A linear topological space X over the real field R is called a paranormed space,
if there is subadditive function g : X — R such that g(f) = 0, g(x) = g(—=x),
lay, — al — 0 and g(x, —x) — 0 imply g(apz, —az) — 0 for all & € R and all
x € X, where 0 is the zero vector in the linear space X. A paranorm p for which
p (z) = 0 implies « = 0 is described a total paranormed space. It is well known that
the metric of any linear metric space is given by some total paranorm.

Let us suppose that (px) be a bounded sequence of certainly positive real num-
bers with suppy = H and M = max {1, H} and 1/p; + 1/q;C = 1 provided
1 <infpr < H < 0o. The linear spaces £ (p) and £(p) were described by Maddox
in [21, 22] (see also Simons [27] and Nakano [25]) as follows:

Lp) = {:Cz(:vk)Ew:Z|:vk|p’“ <oo},

k

and
l(p) = {:c = (zx) € w : sup |xp|"* < oo} ,
kEN
which are the complete spaces paranormed with

1/M
() = <Z |zk|“>

k
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and

ha () = sup |z "™ iff infpy > 0,
keN

respectively.

The difference sequence spaces had been acquainted by Kizmaz in 1981. He
introduced this notion as follow: For A\ € {fo,c,c0}, A(A) consisting of the se-
quences x = (z) such that (zyx — xk4+1) € A is called the difference sequence spaces
[17]. From then, many author used this concept greatly to define new sequence
space. Some of them are here. The difference spaces bv, consisting of the sequences
x = (xy) such that (x — xk—1) € £, have been studied in the case 0 < p < 1 by
Altay and Basar [2], and in the case 1 < p < oo by Basar and Altay [4], and Colak,
et.al. [11]. The paranormed difference sequence space

AX(p) = {z = (zx) € w: (zx —2p-1) € A (D)},

was investigated by Ahmad and Mursaleen [1] and Malkowsky [24], where A (p) is
any of the paranormed spaces I (p),c(p) and cg (p) defined by Simons [27] and
Maddox [23].

Many mathematician used Fibonacci matrix defined by numbers of Fibonacci
Sequence to construct new sequence spaces. Therefore, firstly, let us look at his-
torical information about Fibonacci Sequence. Fibonacci Sequence consist of {f,,}
numbers such that each its term is the sum of two terms preceding its. In this
sequence, the first two terms are 1. If we write it clearly, it is a sequence of numbers
1,1,2,3,5,8,13,.... We can describe it by the equation f, = f,—1 + fn_2, where
n > 2 and f; = fo = 1. Fibonacci numbers were come out by Leonardo Pisano
Bogollo (c-1170-¢1250), he is known with his nickname Fibonacci. Numbers of the
sequence is seen in the book “Liber Abaci ”firstly written by Leonardo of Pisa. He
helped to replace Roman numerical system with the numbers system used today
consists of numbers from 0 to 9 in Europa. Fibonacci sequence has some well-known
properties such as Golden Ratio and Cassini Formula. If we take ratio of two suc-
cessive terms of Fibonacci sequence, limit of the this ratio is famous Golden Ratio
which is 1.61803 and written by ¢.

" 1 5
lim f+1— +\/_=

¢ (Golden Ratio)

n—oo  fp 2

ka = fnt2—1 foreach n €N.
k=0

1
— converges.
2 :

k

frnot1foir — f2=(=1)""" foreach n>1 (Cassini Formula).
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Now, Let’s look at definition of aforesaid matrix. Let f, be the n—th Fibonacci
number for each n € N. Then, the Fibonacci matrix F' = {fnx} is defined as

fnk: _fn—:»l 5 (k:n—l),
0 , (0<k<n-1 ork>n),

for each k,n € N. Define the sequence y = (y,) by the F transform of a sequence
x = (x,), le.,

~ Loy (n=0)
=F,(z)=3
Yn " ( ) { f?fzil Tn — f?:lrlxn—L (n > 1)

for all n € N. Here are some studies in which used Fibonacci matrix: Kara [14]
defined ¢, (F') and £« (F') sequence spaces as follows:

lp(f):{:vz(xn)Ew:Z| fr{ilxn_f;zlxn_l |P<oo},1§p<oo,

and

(= {o =t cwsmp| Lo, - B <o)

X
neN fn—i—l fn

After Kara et al. [15] characterized some class of compact operators on the spaces
ép(ﬁ) and .(F), where 1 < p < oo. Also, Bagarir et al. [5] introduced the
sequence space )\(ﬁ) and u(ﬁ,p). In [9] was introduced the generalized Riesz dif-
ference sequence space r? (FP). Later, Candan [6] presented the sequence spaces
co(F (r,s)) and c(F (r,s)). Where F (r,s) is the double generalized band matrix
F(r,s) = {fuk (r,s)} defined by the sequence (f,) of Fibonacci numbers as fol-
lows:

sf’;%, k=n-—1,
— fn —
fok (r,8) = TR k=n,
0, 0<k<n-—1 or k>n,

for all k,n € N, where r,s € R\ {0}. After then, Candan and Kayaduman [7]
introduced the sequence space ¢/("*) derived by generalized difference Fibonacci

~

matrix. Finally, Candan and Kara [8] investigated the space £,(F(r,s)), where
1 < p < oo. Recently, [26] presented the sequence spaces l(ﬁ,]—',p,u) and

loo (ﬁ , Fup, u) and researched some topological and geometrical features. Where F

is a sequence of modulus functions, p = (pg) is any bounded sequence of positive real
numbers and u = (uy) is a sequence of strictly positive real numbers. Motivated by
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these studies, we define the Fibonacci difference sequence spaces [ (ﬁ (rys),F,p, u)

and I (ﬁ (r,s),F,p, u) and under the domain of the matrix constituted by using

Fibonacci sequence and non-zero real numbers r, s and investigate some properties
of them. Here are these spaces :

l(ﬁ(r,s),}',p,u) = {:c = (zk) Ew: Ek: [uka ( rfkfilxk “‘Sf]}:lxk,l >] k - oo},

and

loo (ﬁ(r,s),]—',p,u) = {IZ? = (xk) € w :sup |:Uka ( T—kxk +5fk+1xk71 >:|pk < OO} .
keN Sr41 Tr

We note that the matrix F (r,s) can be reduced to Fibonacci matrix F , in case
r=1and s = —1. Therefore the results related to domain of the matrix F (r,s)
are more general and across the board than those of the matrix domain of F and
include them.

Now, let us give definition of modulus function which we used in this paper. A
modulus function is a function f : [0, 00) —[0, 00) such that:

i) f(z) =0 if and only if x = 0,

i) fz+y) < f(2)+ f(y), forallz,y >0,
iii) f increasing,

iv) f is continuous from the right at 0.

We can say that f must be continuous everywhere on [0, 00). The function may
be bounded or unbounded. For instance, The modulus function f(z) = % is

x+1
bounded, but the function f (z) = 2?,0 < p < 1 is unbounded.

We will need to following datas in our calculating:

1 s\n—k 721+1
flrsy =] (3 pga 0Sk<n
0, k>n

Additionaly, specify the sequence y = (y,,) by the F (r, s) —transform of a sequence
x = (), le.

~ rT0, n=>0
(11) y’ﬂ = (F (7‘7 8) (x))n = { ,r.jfn :L.n + an'+lxn—lu n 2 1
n41 fn
The following inequality will be used throughout the study. Let p = (pg) be
sequence of positive real numbers with 0 < pi < supypr = H and let D =
max {1, 2H*1} .Then for factorable sequences (aj) and (bx) in the complex plane,
we have

(1.2) la + be|”" < D (lag™ + [bk]™) -
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Also, we assume throughout the study that p,q > 1 with % + % = 1 and denote the
collection of all finite subsets of N by H.

In this study, we gave some algebraic and topological features of the sequence
spaces l(ﬁ (r,s),F,p, u) and [y (ﬁ (r,s) ,]—",p,u) in section 2. In section 3,
a—, f—,v—duals of these spaces were acquired. In section 4, we characterized
some matrix classes on the these sequence spaces and finally, some geometric fea-

tures of the space [ ( (r,s),F,p, u) were given.

2. Some Algebraic and Topological Properties of The Spaces
l (ﬁ(r,s),]—',p,u) and (ﬁ(r,s),]—',p,u)

Theorem 2.1. [ (13 (r,s),F,p, u) and o (ﬁ (r,s),F,p, u) are linear spaces over
complezx field C.

Proof. Letxyel( (rys),F,p, ) Then

S

k

and

)

For X, € C, there exist integers My, N, such that |A| < M, and |p| < N,. Using

inequality 1.2 and definition of modulus function, we have

Pk
Z {uka (‘)\ (7‘ L Ty + 8 %xk 1) +u( ff+1yk+5fl}:1yk—l)‘>:|

Jrt1

< Zk: {Uka <|)\|‘< frrr ff;crl k1>Drk
+Z {wch( < m leyk 1)m
. oo <\<rff—;m+ iy

e S [ueri (| (gl ot ) )|

< 00
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Thus Az + py € 1 (ﬁ (r,s),F,p, u) . So, proof is completed. The same way, we can
obtain that [ (ﬁ (r,s),F,p, u) is a linear space. [

Theorem 2.2. | (ﬁ (r,s),F,p, u) is paranormed space with

o= (L s (| (o))

where 0 < py, < sup,px = H < o0 and K = max {1, H}.

Proof. For all x €1 (13( s),F,p, u), It is trivial that g (z

see easily that rfj’“ T+ S

Inequality, we have

(5 [ ( (gt w5+ (5t
< (35 [ueri )
< (3 [uur )

= g(—z). Also we can

fk+1

)
xp—1 = 0, for z = 0. Since B¢ < 1, using Minkowsky

1

s )D]”)K

1
e )’
yk+8 Yk—1

.

—
r >

fk+1

( fi - T, —I—sf’““xk 1

NS

Therefore g (z) is subadditive. For the continuity of multiplication, let us take any
complex number «. By definition, we have

g(az) = sup (Z {uka<a

k

+ <Z [ur B ([

f

1

fr frt1 e\ K
(Tf“lwrlmﬁ—S Ix xkl)‘)} )

where C,, is a positive integer such that || < C,. Now, let a — 0 for any fixed z
with g (z) = 0. From definition, taking small enough «, for |a| < 1 and 1 <n < ng,

we get
i Jr1

2.1 upFy ( ( T+ S——Tr—1

@1) Z { fe+1 e

Since F} is continuous, we get

k
o ()

. Jr41

< Ca%g(iv),

Pk
)] < e, for n>ng(e)
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From equation 2.1 and 2.2 , we have
g(ax) = 0asa— 0.

This completes the proof. O

Theorem 2.3. If p = (pr) and ¢ = (qr) are bounded sequences of positive real
numbers with 0 < pr < qr < 0o for each k, then

l(ﬁ(r,s),]—",p,u) gl(ﬁ(r,s),]——,q,u).

Proof. Let x €1 (ﬁ (r,s) ,f,p,u) . Then

5 ot ([l v st ) ) <
R Jra1 fro ! '

This implies that

fk f 1 Pk
jiz{Uk}% <‘(Tfk+1x e Ix Tk 1)‘)} st

For sufficiently large values of k (say) k > ko, for some fixed ko € N, since Fy; is
increasing and py, < gk, we get a sequence

9k
5 [ (|(rsfigmn + st ) )

k>ko
< % [k (| (rosan + sl "
> kL k f Tkt S Tk—1 < 0.
k>ko

Hence x € 1 (ﬁ (r,s),F,q, u) . This completes the proof. O

Theorem 2.4. Let F =(F;) be a sequence of modulus functions and
B = lim; o Fkt(t) > 0. Then

l(ﬁ(r,s),}',p,u) gl(ﬁ(r,s),p,u).

Proof. To prove, let us take § > 0. From the definition of 8, we have Fj, (t) > 8 (1),
and t < %Fk (t) for all ¢ > 0. Let us take a sequence

x = (zk) El(ﬁ(r,s),]—",p,u).

p
s b))
p
<l (e o))
k

which implies that x = (xy) € 1 ( (rys),p ) .This completes the proof. [

Then we have

5 [ (
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Theorem 2.5. Let Fl= (Fkl) and F?= (F,f) are sequences of modulus functions,
then

l(ﬁ(r,s),]—'l,p,u) ﬂl(ﬁ(r,s),]ﬂ,p,u) gl(ﬁ(r,s),fl—i—f?,p,u).

Proof. v = (zx) €1 (ﬁ (r,s) ,fl,p,u) Nl (ﬁ (r,s), F2,p, u) . Therefore

Z _ukFl ( (Tiﬁ?k +5£Ik 1> )'Pk < 00
—~ | F fre1 e ]

and

Jr41

r 7 Pk
Z ukF;f ( (r L T + sf]}zl xk1> ) < 00
L L _

Then, we have

3 o 12) ([ (gl T2 ) )
< K Z [ukal (‘(r L xk—i—s@xk_l)‘)]pk
B ’ Sr+1 fr
+K{Z [uka ( < Ji xk+sfk+1xk1> )]}

- "o Tk
Z {uk (Fkl +F,€2) <’ (r L Tk —l—sf]}:lxk_l) D} ' < o0.

- Jr41

Thus

That is x = (zg) € ! (1/7\ (r,s),F' 4+ F% p, u) and this completes the proof. O

Theorem 2.6. Let 1 < p, < H < oo for all k € N. Then | (ﬁ (r,s) ,f,p,u) and

loo (ﬁ (r,s),F,p, u) are normed spaces with the norms

1
K

sz = (S (B oe])] ")

n

and

—

F, (r,s)(z) Drk

||~”C||l,,o(ﬁ(r,s),f,p7u) - {uka (

respectively.
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Proof. Tt can be verified easily. Therefore we omit the proof. O

Remark 2.1. It can be seen easily that the absolute property does not provide on the
spaces [ (ﬁ (r,s),F,p, u) and [ (F\ (r,s),F,p, u)7 ie.,

||x||l(ﬁ(r,s),}_,p,u) # H|x|”l(ﬁ(r,s),}_,p,u)

and

120 o (5.7 p) 7 N2l (Frs) 7 00)
for at least one sequence in both the spaces [ (F\ (r,s),F,p, u) and I (ﬁ (r,s),F,p, u);

this illustrates that ! (F\ (r,s),F,p, u) and loo (ﬁ (r,s),F,p, u) are the sequence spaces
of non-absolute type, in which |z| = (Jzx|) and 1 < pr, < H < oo for all £ € N.

Theorem 2.7. The sequence spaces l(ﬁ (r,s) ,f,p,u) of non absolute type is
linearly isomorphic to the space Iy, for 1 < pp < H < oo for all k € N.

Proof. To exhibit that the existence of a linear bijection between the spaces
l (ﬁ (r,s),F,p, u) and [, for 1 < p, < H < oo for all £ € N. Take into account the

transformation T defined with the notation 1.1, from [ (13 (r,s),F,p, u) to I, by

~

z—y=Tz. ThenTe=y=F(r,s)z €l forz el (ﬁ(r,s),}',p,u) . Also, the
linearity of T is clear. In addition, it is very easy that x = 0 whenever Tx = 0 and
therefore T' is injective. We consider that y = (yx) € I, for 1 < pp < H < oo for
all k € N and define sequence z = (x) by

k 1 s\k—i f2
Ty = Z (;) (—;) f]l}jil Yjs keN.

J=0

Then, in the case 1 < pi, < H < o0, for all k£ € N and p = oo, we get

1
I Jr1 PR\ ®
Tfk+1$k+s S xk*l‘)] )

”IHl(ﬁ(r,s),f,p,u) = (Ek [uka (

k—j f2
role S (2) (-2)" Ly,

- (5 fon

B o Pr\ &
bl A (1) (-2 )] )

= (S lyel™)®

= llyll, < o0
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and
~ Pk
12l 71750y = 590 [ (| ) @) )] = Iyl < oo,

respectively. Therefore T is linear bijection which means that the spaces [, and
l (ﬁ (r,s),F,p, u) are linearly isomorphic for 1 <py < H < oo forall ke N. O

3. The a—, f—, y— Duals of the space l(ﬁ (r,s),F,p, u)

The a—, f—, y—duals of the sequence space X are defined by

X*={a=(ar) € w:azx = (arxy) €y for all x = (z1) € X},

XP ={a=(ar) €w:azx = (apz}) € cs for all z = (z1,) € X},
and
X7 ={a=(ag) € w:ax = (agzg) € bs for all x = (zx) € X},

respectively. Where cs and bs are the sequence spaces of all convergent and bounded
series, respectively. In [28], The following known results are vital for our investiga-
tion.

Lemma 3.1. A = (ank) € (Ip,11) iff

wp 3|

Ken k IneK

< 00,1 <p<oo.

Lemma 3.2. A = (ank) € (Ip,c) iff

(3.1) lim ank exists for all k € N
n—roo
(3.2) sup E lank|? <00, 1<p< oo
neN =

Lemma 3.3. A= (ank) € (loo, ) iff

lim ank exists for all k € N

n—oo

and

lim g |ank| = g
n—oo
k k

lim ap,k
n— o0
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Lemma 3.4. A= (ank) € (Ip,lo0) iff

supZ|ank|q<oo l<p<oo
neN "/

holds with 1 < p < co.

Theorem 3.1. The a—dual of the space | (13 (r,s),F,p, u) is the set

. i 2 ay 1Pk
dl:{a:(ak)ew:;g%zk: Uka< Z (;) (—é) W:;an >:| <OO}7

nekK
where 1 < p < oo, for all k € N.
Proof. For all k € N, 1 < p, < H < oo and for any fixed sequence a = (a,) € w,
we define the matrix B = (b,x) by
n—=k fn
2 [“ka (’(1) (=2)" " Fnan

bk = %
0, k> n,

)rk, 0<k<n,

for each n,k € N. Also for every x = (z,,) € w, we put y = F (r,s) (). Then it

follows by 1.1 that
Pk

= n—k 12z+1
AnTn = Z ug F, ( kz ( ) (_;) fkfk+1 AnYk
q Pr
)1 < o0

k
n € N. Therefore, we derive by using Lemma 3.1 that

ek f2
sup Z up Fy < (r) (—é) ’ fkr}:; AnYk

KeH I
which implies that I (13 (r,s),F,p, u) =d;. O

Theorem 3.2. Define the sets da,ds,dy by

Pk

i n—k 2
do=<a=(a;) €Ew: up F) (——) It g exists for allk € N » |
! @) w3 |k 2() e i
q Pk
n n—k
dz3 =< a=(a;) €w:su uy F (——) JH <00y,
’ t) negz e Z( ) r frfern

J=
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)]
o I}

Then [l (13 (r,s),]—',p,u)]ﬁ = doNd3 and {loo (ﬁ (r,s) ,]—',p,u)r = dyNdy ,where
1 <pr < H =sup, pr < oo,for all k € N.

n —k j2
> () ()" s

dy = {a = (Cbk) cw:lim,_ o E [uka (

[e%s) —k f‘2
PIOIEOR =

=2
k

Proof. Let a = (ay) € w and consider the equality

n e A 1_5’”’@}D
kgoakxk = kzzoak jgouJF] (’<r>( r) fjfjJrlyJ

n n i~k f2
2 ZG) (=3) f;{gfilaj e = Dn (),

k=0 \j=k
Where D = (dy) is defined by
(1) (_s\ik S}
J_Z () (=" 5, 0<ks<n,
0, k>n,
where n,k € N.Then we deduce from Lemma 3.2 with 1.1 that ax = (arxy) € cs

whenever z = (z) € l(ﬁ (r,s) ,f,p,u) iff Dy € ¢ whenever y = (yx)€ l,.Thus

(ax) €1 (ﬁ (r,s) ,]—",p,u) iff (ax) € d2 and (ay) € ds by 3.1 and 3.2, respectively.

~ B
Hence I ( F (r,s),F,p,u) = d2Nds. It is clear that one can also prove the case

p = oo by the technique used in the proof of the case 1 < p < oo with Lemma 3.3
instead of Lemma 3.2 . So we leave the detailed proof to the reader.

[l
~ v
Theorem 3.3. | (F (r,s),F,p, u) = d3, where 1 < pi, < H < oo for all k € N.

Proof. The result can be obtained from Lemma 3.4. O
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4. Some Matrix Transformations

In this chapter, we characterize the classes (l (ﬁ (r,s),F,p, u) ,X), where

1 < py < H< oo, for all £k € N and X is any of the spaces l,[1,c and cg.
For simplicity in notation, we write

Pr

_ > /1 i—k f?
e = |urFr | [D (;) (-;) fk}:jrlanj ;

k j=k

for all k,n € N.

Lemma 4.1. [16] Let X be an FK- space, U be a triangle, V be its inverse and
be an arbitrary subset of w. Then we have

A= (ank) S (/\U,,u) iff

o = (cgslz) € (\¢) forallneN,

and
O = (an) € (A7l‘[’) )
where
(n) > anjvjk, 0<k<m,
ka = i=k
0, (k> m),
and

oo
Cnk = Z an;vji, for all k,m,n € N.
=k

We can write from this lemma that
Ae (Aﬁ(hs),u) & D) = (dﬁ,’jg) € (\e) forall n € N and D = (duy,) € (A, 1)

where

d(n) —

mk —

- 1 s\Ji—k fj2+1
23 (3 gy, 0<k<m,
PE
0

k> m,

3

21/ s\i—k f7,
Aoy = - (——) It g, for all k,m,n € N.
k z::k r\ r Tefer
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Now, we list the following conditions:
q Pr

m m 1 s j*k f2 1
4.1 su up F - (——) It < 00
(4.1 3 kZO . Z r\or Sefrrr

meN; =k

il(_f)j’k fin
1 r Fefrer 7

j=k

1 Pk
(4.2) "}gnoo [uka ( ) = ank, forall n,keN

(4.3) lim i ui k) il<_§)jik i anj ) _ZW |,for each n € N
. ) — kLK =~ r r fkfk:Jrl nyg a nk|
(4.4) sup Z |ank|? < o0
n eN7/
q

(4.5) sup Z Z&'nk < oo

neH neN
(4.6) lim Zink = ?ik, keN

n—oo

(4.7) Tim Y fank] =) axl
k k

(4.8) lim. > nk =0
k
(4.9) sup |ank| < oo
n,keN
f2 Pk
i 1 s\I—F i+1

4.10 sup | ugFi - (——) J Qnj < 00
( ) k,meN R ;T r fkfk+1 !
4.11 sup Uni| < 00
(.1 o> o
(4.12) sup Z Z Ank| < 00

N KEH | eNkek
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Theorem 4.1. i) A = (ank)€ (ll (ﬁ (r,s) ,]—",p,u) ,loo) if and only if 4.2, 4.9,

4.10 hold.
ii) A= (ank)€ (11 (ﬁ (r,s) ,f,p,u) ,c) if and only if 4.2, 4.6, 4.9, 4.10 hold.

i) A = (ank)€ (ll

/

ﬁ(r, s) ,f,p,u) ,co> if and only if 4.2, 4.6 with a = 0,

4.9, 4.10 hold.
i) A= (ank)€ (ll (ﬁ (r,s),F,p, u) ,ll) if and only if 4.2, 4.10, 4.11 hold.

Theorem 4.2. Let1 <p, < H < o0, for all k € N. Then we have
i) A= (ank)€ (l (ﬁ (r,s),F,p, u) ,loo) if and only if 4.1, 4.2, 4.4 hold.

i) A= (ank)€ (l (ﬁ (r,s) ,f,p,u) ,c) if and only if 4.1, 4.2, 4.4, 4.6 hold.

iii) A = (ank)€ (l (ﬁ (r,s) ,]:,p,u) ,CO) if and only if 4.1, 4.2, 4.4, 4.6 with

ar =0 hold.
i) A= (ank)€ (l (ﬁ (r,s),F,p, u) ,ll) if and only if 4.1, 4.2, 4.5 hold.

Theorem 4.3. i) A = (ani)€ (ZOO (ﬁ (r,s) ,f,p,u) ,loo) if and only if 4.2, 4.3,

4.4 with ¢ =1 hold.
i) A= (ank)€ (loo (13 (r,s),F,p, u) ,c) if and only if 4.2,4.3, 4.6, 4.7 hold.

iii) A= (ank)€ (loo (ﬁ (r,s) ,f,p,u) ,co) if and only if 4.2, 4.3, 4.8 hold.

w) A= (ank)€ (ZOO (ﬁ (r,s) ,f,p,u) ,ll) if and only if 4.2, 4.3, 4.12 hold.
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5. somﬂaGEOMETRRJPROPEmﬂEsOFzﬁﬂﬁg,fmw)

In the present chapter, we investigate some geometric properties of the space
l (ﬁ (r,s),F,p, u) . Firstly, let us define some geometric properties of the spaces.

let (X, ||.]|) be a normed space and let S (X) and B (X) be the unit sphere and unit
ball of X, respectively.

A Banach space X is said to have the Banach- Saks property if every bounded
sequence (x,) in X admits a subsequence (z,) such that the sequence (tx (2)) is

convergent in the norm in X [12], where

tr (Z) (Zo+21 + o+ 2)

Tkl
Vk € N. A Banach space X is said to have the weak Banach-Saks property whenever

given any weakly null sequence (z,) in X and there exists a subsequence (z,) of

(x,) such that the sequence (tj (z)) is strongly convergent to zero.
Remark 5.1. In [18] Garcia-Falet introduced the following coefficient,

R (X) = sup{liminf ||z, + | : (zn) C B(X),zn = 0}
n— o0

Remark 5.2. A Banach space X with R (X) < 2 has a weak fixed paint property [19].
Let 1 < p < oco. A Banach space X is said to have the Banach-Saks type p or the property

(BS), if every null sequence (zx) has a subsequence (z,) such that for some ¢ > 0

n
E :Ekl
=0

(S1C

<c(n+1)

for all n € N.[20]

Now, we may give the following results related to some geometric properties of the
space [ (F\(ns) 7.7:7p7u) , where 1 < pr < H < oo, for all k € N.

Theorem 5.1. Letl < p, < H < oo forallk € N. Then the spacel (ﬁ (rys),F,p, u)
has the Banach-Saks type p.

Proof. Let (g,) be a sequence of positive numbers for which Y &, < 3, and let
(x) be a weakly null sequence in B (l (ﬁ (r,s) ,f,p,u)). Set ag = xp = 0 and

a; = Tp, = T1-
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Then there exists mq € N such that

oo

> a(i)e

i=mi1+1

(5.1) <ér

l(ﬁ(r,s),]—",p,u)

since (x,,) being a weakly null sequence implies x,, — 0 coordinatewise , there is an
ng € N such that

<e1,
U(F(r,s),F,p,u)

mq
Z Xy (1) e’
i=0

when n > ng. Set ag = z,,. Then there exists an ma > my such that

o0

Z as (i) e

1=mo+1

< €2,
l(ﬁ(r,s),}',p,u)

Again using the fact that z,, — 0 coordinatewise, there exists an ng > na such that

ms
Z X (i) €’
i=0

< €9
l(ﬁ(r,s),f,p,u)

P

when n > n3. If we continue this process, we can find two increasing subsequences
(m;) and (n;) such that

< gy,
U(F(r,s),F,p,u)

m;
Z z, (i) e’
i=0

for each n > nj4q and

o0
Z a; (i)e’ <gj
i=m;+1 l(ﬁ(r,s),f,p,u)
where b; = ;. Hence
n
>, -
7=0 l(ﬁ(r,s),}',p,u)
n mg—1 my [e'e]
> aj (el + Y ai(i)e+ > aj(i)e’
7=0 1=0 i=mj_1+1 i=mj+1

l(ﬁ(r,s) 7]:,;D,u)
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n mj )
| X w0
7=0 i:mj,1+1

l(ﬁ(r,s),}',p,u) l(ﬁ(r,s),f,p,u)

l(ﬁ(r,s),}',p,u)

n my n
< Z Z aj(i)e’ —I—QZEJ'.
§=0 \i=m;_1+1 j=0

1(F(r,s),F,pu) J

On the other hand, it can be seen that ||3:||l(
that

F(r,8),Fpu) < 1. Therefore, we have

Pk

Z Z aj(i)e =
3=0

i=mj _1+1 [(ﬁ(r,s),]:,qu)

i)+ 522y - 0)) ]

i
r——aj
fiyr

- > |wn
j=0i=mj_q1+1

fi-i-l
fi

fi

r—a; (1) +s
fi+1 ]()

< ii [Uka (

Hence, we obtain

Z Z aj(i)e’ < (n+1)P*.
j=0

i=mj—1tl l(ﬁ(r,s),}',p,u)

a; (i — 1)mpk <(n+1).

By using the fact that
1< (n+1)m
for all n € N and 1 < pp < oo, we have
3 a, (i) <41 +1<2(n+1)7.
j l(ﬁ(r,s),}',p,u)

Hence, the space [ (ﬁ (rys),F,p, u) has the Banach-Saks type p. O
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Remark 5.3. Note that R (l (F\ (r,s),F,p, u)) =R(lp) = 2%7 since { (F\ (r,s),F,p, u)

is linearly isomorphic to l,. Thus, by Remarks 5.2 and 5.3 we have the following theorem.

Theorem 5.2. The space l(ﬁ (r,s) ,f,p,u) has the weak fized point property,
where 1 < pp, < H < oo, forall k € N.
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