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SOME GENERALIZED FIBONACCI DIFFERENCE SPACES

DEFINED BY A SEQUENCE OF MODULUS FUNCTIONS

Gulsen Kılınc and Murat Candan

Abstract. This paper submits the sequence space l
(
F̂ (r, s) ,F , p, u

)
and

l∞

(
F̂ (r, s) ,F , p, u

)
of non-absolute type under the domain of the matrix F̂ (r, s) consti-

tuted by using Fibonacci sequence and non-zero real number r, s and a sequence of mod-
ulus functions. We study some inclusion relations, topological and geometric properties
of these spaceses. Further, we give the α- β- and γ-duals of said sequence spaces and

characterization of the classes
(
l
(
F̂ (r, s) ,F , p, u

)
, X
)
and

(
l∞

(
F̂ (r, s) ,F , p, u

)
, X
)
.
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1. Introduction

Construction of new sequence spaces and defining their topological and algebraic
properties have a big importance in summability theory. Until now, many sequence
spaces were defined by many different ways. One of them is to use the matrix
domain of a special triangle which was recently studied by many researchers. The
cause of this choice is various characteristics which matrix domains of triangles own.
For instance, If A is a triangle matrix and λ is a BK−space, then λA is a BK−space
with the norm given by ‖x‖λA

= ‖Ax‖λ for all x ∈ λA. By a sequence space, It is

understood that a linear subspace of the space w = C
N of all complex sequences

which includes φ,the set of all finitely non-zero sequences, where N = {0, 1, 2, ...} .
We illustrate by l∞, c0, c and lp for the classical sequence spaces of all bounded, null
convergent, convergent and absolutely p-summable sequences respectively, where
1 ≤ p < ∞. These spaces are Banach spaces with following norms: ‖x‖ℓ∞ = ‖x‖c =
‖x‖c0 = supk |xk|, ‖x‖bs = ‖x‖cs = supn |

∑n
k=1 xk|, and ‖x‖ℓp = (

∑
k |xk|p)

1
p ,while

φ is not Banach space according to any norm. For sake of brevity, here and after
the summation without limits runs from 1 to ∞. A sequence space λ with a
linear topolgy is entitled a K−space if each of the maps pi : λ → C defined by
pi (x) = xi is continuous for all i ∈ N; A K−space is entitled an FK−space if λ
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is a complete linear metric space; An FK−space whose topology is normable is
entitled a BK−space [10]. Let A = (ank) be a triangle matrix, that is ank = 0
for k > n and ann 6= 0 for all n ∈ N. The equality A(Bx) = (AB)x is supplied
by the triangle matrices A,B and a sequence x. Furthermore, a triangle matrix A
has an inverse A−1which is also a triangle matrix and unique such that for each
x ∈ w, x = A(A−1x) = A−1(Ax). Now, let us give description of matrix domain
of an infinite matrix due to mentioned significance. The domain XA of an infinite
matrix A which is a sequence space is described by

XA = {x = (xk) ∈ w : Ax ∈ X} ,

in a sequence space X.The new sequence space XA produced by the infinite matrix
A from the space X is the expansion or contraction of the original space X. Details
can be seen in [3]. Many special limitation method were used for this aim. One of
them is Fibonacci matrix.

Let X , Y be any two sequence spaces. Given any infinite matrix A = (ank) of
real numbers ank, where n, k ∈ N. For any sequence x, A-transform of x is written
as Ax = ((Ax)n). If it is A-transform of x, it means that (Ax)n =

∑
k ankxk

converges for each n ∈ N. If x ∈ X implies that Ax ∈ Y then A is called a matrix
mapping from X into Y and is denoted by A : X → Y . We illustrate the class of
all infinite matrices such that A : X → Y by (X : Y ).

A linear topological space X over the real field R is called a paranormed space,
if there is subadditive function g : X → R such that g(θ) = 0, g(x) = g(−x),
|αn − α| → 0 and g(xn − x) → 0 imply g(αnxn − αx) → 0 for all α ∈ R and all
x ∈ X , where θ is the zero vector in the linear space X . A paranorm p for which
p (x) = 0 implies x = 0 is described a total paranormed space. It is well known that
the metric of any linear metric space is given by some total paranorm.

Let us suppose that (pk) be a bounded sequence of certainly positive real num-
bers with sup pk = H and M = max {1, H} and 1/pk + 1/q

′

k = 1 provided
1 < infpk ≤ H < ∞. The linear spaces ℓ∞(p) and ℓ(p) were described by Maddox
in [21, 22] (see also Simons [27] and Nakano [25]) as follows:

ℓ(p) =

{
x = (xk) ∈ w :

∑

k

|xk|pk < ∞
}
,

and

ℓ∞(p) =

{
x = (xk) ∈ w : sup

k∈N

|xk|pk < ∞
}
,

which are the complete spaces paranormed with

h1(x) =

(∑

k

|xk|pk

)1/M
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and

h2(x) = sup
k∈N

|xk|pk/M iff inf pk > 0,

respectively.

The difference sequence spaces had been acquainted by Kızmaz in 1981. He
introduced this notion as follow: For λ ∈ {ℓ∞, c, c0}, λ(∆) consisting of the se-
quences x = (xk) such that (xk − xk+1) ∈ λ is called the difference sequence spaces
[17]. From then, many author used this concept greatly to define new sequence
space. Some of them are here. The difference spaces bvp consisting of the sequences
x = (xk) such that (xk − xk−1) ∈ ℓp have been studied in the case 0 < p < 1 by
Altay and Başar [2], and in the case 1 ≤ p < ∞ by Başar and Altay [4], and Çolak,
et.al. [11]. The paranormed difference sequence space

∆λ (p) = {x = (xk) ∈ w : (xk − xk−1) ∈ λ (p)} ,

was investigated by Ahmad and Mursaleen [1] and Malkowsky [24], where λ (p) is
any of the paranormed spaces l∞ (p) , c (p) and c0 (p) defined by Simons [27] and
Maddox [23].

Many mathematician used Fibonacci matrix defined by numbers of Fibonacci
Sequence to construct new sequence spaces. Therefore, firstly, let us look at his-
torical information about Fibonacci Sequence. Fibonacci Sequence consist of {fn}
numbers such that each its term is the sum of two terms preceding its. In this
sequence, the first two terms are 1. If we write it clearly, it is a sequence of numbers
1, 1, 2, 3, 5, 8, 13, .... We can describe it by the equation fn = fn−1 + fn−2, where
n ≥ 2 and f1 = f0 = 1. Fibonacci numbers were come out by Leonardo Pisano
Bogollo (c-1170-c1250), he is known with his nickname Fibonacci. Numbers of the
sequence is seen in the book “Liber Abaci ”firstly written by Leonardo of Pisa. He
helped to replace Roman numerical system with the numbers system used today
consists of numbers from 0 to 9 in Europa. Fibonacci sequence has some well-known
properties such as Golden Ratio and Cassini Formula. If we take ratio of two suc-
cessive terms of Fibonacci sequence, limit of the this ratio is famous Golden Ratio
which is 1.61803 and written by φ.

lim
n→∞

fn+1

fn
=

1 +
√
5

2
= φ (Golden Ratio)

n∑

k=0

fk = fn+2 − 1 for each n ∈ N.

∑

k

1

fk
converges.

fn−1.fn+1 − f2
n = (−1)n+1 for each n ≥ 1 (Cassini Formula).
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Now, Let’s look at definition of aforesaid matrix. Let fn be the n−th Fibonacci

number for each n ∈ N. Then, the Fibonacci matrix F̂ = {f̂nk} is defined as

f̂nk =





fn
fn+1

, (k = n),

− fn
fn+1

, (k = n− 1),

0 , (0 ≤ k < n− 1 or k > n),

for each k, n ∈ N. Define the sequence y = (yn) by the F̂ transform of a sequence
x = (xn) , i.e.,

yn = F̂n (x) =

{
f0
f1
x0, (n = 0)

fn
fn+1

xn − fn+1

fn
xn−1, (n ≥ 1)

for all n ∈ N. Here are some studies in which used Fibonacci matrix: Kara [14]

defined ℓp(F̂ ) and ℓ∞(F̂ ) sequence spaces as follows:

lp (f) =

{
x = (xn) ∈ w :

∑

n

| fn
fn+1

xn − fn+1

fn
xn−1 |p< ∞

}
, 1 ≤ p < ∞,

and

l∞ (f) =

{
x = (xn) ∈ w : sup

n∈N

| fn
fn+1

xn − fn+1

fn
xn−1 |< ∞

}
.

After Kara et al. [15] characterized some class of compact operators on the spaces

ℓp(F̂ ) and ℓ∞(F̂ ), where 1 ≤ p ≤ ∞. Also, Başarır et al. [5] introduced the

sequence space λ(F̂ ) and µ(F̂ , p). In [9] was introduced the generalized Riesz dif-
ference sequence space rq (F p

u ) . Later, Candan [6] presented the sequence spaces

c0(F̂ (r, s)) and c(F̂ (r, s)). Where F̂ (r, s) is the double generalized band matrix

F̂ (r, s) = {fnk (r, s)} defined by the sequence (fn) of Fibonacci numbers as fol-
lows:

fnk (r, s) =





s fn+1

fn
, k = n− 1,

r fn
fn+1

, k = n,

0, 0 ≤ k < n− 1 or k > n,

for all k, n ∈ N, where r, s ∈ R\ {0} . After then, Candan and Kayaduman [7]
introduced the sequence space ĉf(r,s) derived by generalized difference Fibonacci

matrix. Finally, Candan and Kara [8] investigated the space ℓp(F̂ (r, s)), where

1 ≤ p ≤ ∞. Recently, [26] presented the sequence spaces l
(
F̂ ,F , p, u

)
and

l∞

(
F̂ ,F , p, u

)
and researched some topological and geometrical features. Where F

is a sequence of modulus functions, p = (pk) is any bounded sequence of positive real
numbers and u = (uk) is a sequence of strictly positive real numbers. Motivated by
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these studies, we define the Fibonacci difference sequence spaces l
(
F̂ (r, s) ,F , p, u

)

and l∞

(
F̂ (r, s) ,F , p, u

)
and under the domain of the matrix constituted by using

Fibonacci sequence and non-zero real numbers r, s and investigate some properties
of them. Here are these spaces :

l
(
F̂ (r, s) ,F , p, u

)
=

{
x = (xk) ∈ w :

∑

k

[
ukFk

(∣∣∣∣r
fk

fk+1
xk + s

fk+1

fk
xk−1

∣∣∣∣
)]pk

< ∞

}
,

and

l∞

(
F̂ (r, s) ,F , p, u

)
=

{
x = (xk) ∈ w : sup

k∈N

[
ukFk

(∣∣∣∣r
fk

fk+1
xk + s

fk+1

fk
xk−1

∣∣∣∣
)]pk

< ∞

}
.

We note that the matrix F̂ (r, s) can be reduced to Fibonacci matrix F̂ , in case

r = 1 and s = −1. Therefore the results related to domain of the matrix F̂ (r, s)

are more general and across the board than those of the matrix domain of F̂ and
include them.

Now, let us give definition of modulus function which we used in this paper. A
modulus function is a function f : [0,∞) →[0,∞) such that:

i) f (x) = 0 if and only if x = 0,

ii) f (x+ y) ≤ f (x) + f (y) , for all x, y ≥ 0,

iii) f increasing,

iv) f is continuous from the right at 0.

We can say that f must be continuous everywhere on [0,∞). The function may
be bounded or unbounded. For instance, The modulus function f (x) = x

x+1 is
bounded, but the function f (x) = xp, 0 < p < 1 is unbounded.

We will need to following datas in our calculating:

f−1
nk (r, s) =

{
1
r

(
− s

r

)n−k f2
n+1

fkfk+1
, 0 ≤ k ≤ n

0, k ≥ n

Additionaly, specify the sequence y = (yn) by the F̂ (r, s)−transform of a sequence
x = (xn) , i.e.

yn =
(
F̂ (r, s) (x)

)
n
=

{
rx0, n = 0

r fn
fn+1

xn + s fn+1

fn
xn−1, n ≥ 1

(1.1)

The following inequality will be used throughout the study. Let p = (pk) be
sequence of positive real numbers with 0 < pk ≤ supk pk = H and let D =
max

{
1, 2H−1

}
.Then for factorable sequences (ak) and (bk) in the complex plane,

we have

|ak + bk|pk ≤ D (|ak|pk + |bk|pk) .(1.2)
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Also, we assume throughout the study that p, q ≥ 1 with 1
p + 1

q = 1 and denote the
collection of all finite subsets of N by H.

In this study, we gave some algebraic and topological features of the sequence

spaces l
(
F̂ (r, s) ,F , p, u

)
and l∞

(
F̂ (r, s) ,F , p, u

)
in section 2. In section 3,

α−, β−, γ−duals of these spaces were acquired. In section 4, we characterized
some matrix classes on the these sequence spaces and finally, some geometric fea-

tures of the space l
(
F̂ (r, s) ,F , p, u

)
were given.

2. Some Algebraic and Topological Properties of The Spaces

l
(
F̂ (r, s) ,F , p, u

)
and l∞

(
F̂ (r, s) ,F , p, u

)

Theorem 2.1. l
(
F̂ (r, s) ,F , p, u

)
and l∞

(
F̂ (r, s) ,F , p, u

)
are linear spaces over

complex field C.

Proof. Let x, y ∈ l
(
F̂ (r, s) ,F , p, u

)
. Then

∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

< ∞,

and

∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

yk + s
fk+1

fk
yk−1

)∣∣∣∣
)]pk

< ∞.

For λ, µ ∈ C, there exist integers Mλ, Nµ such that |λ| ≤ Mλ and |µ| ≤ Nµ. Using

inequality 1.2 and definition of modulus function, we have

∑

k

[
ukFk

(∣∣∣∣λ
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)
+ µ

(
r

fk
fk+1

yk + s
fk+1

fk
yk−1

)∣∣∣∣
)]pk

≤
∑

k

[
ukFk

(
|λ|
∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

+
∑

k

[
ukFk

(
|µ|
∣∣∣∣
(
r

fk
fk+1

yk + s
fk+1

fk
yk−1

)∣∣∣∣
)]pk

≤ DMH
λ

∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

+DNH
µ

∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

yk + s
fk+1

fk
yk−1

)∣∣∣∣
)]pk

< ∞
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Thus λx+ µy ∈ l
(
F̂ (r, s) ,F , p, u

)
. So, proof is completed. The same way, we can

obtain that l∞

(
F̂ (r, s) ,F , p, u

)
is a linear space.

Theorem 2.2. l
(
F̂ (r, s) ,F , p, u

)
is paranormed space with

g (x) = sup
k

(∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

) 1
K

,

where 0 < pk ≤ supk pk = H < ∞ and K = max {1, H} .

Proof. For all x ∈ l
(
F̂ (r, s) ,F , p, u

)
, It is trivial that g (x) = g (−x) . Also we can

see easily that r fk
fk+1

xk + s
fk+1

fk
xk−1 = 0, for x = 0. Since pk

K ≤ 1, using Minkowsky

Inequality, we have

(∑
k

[
ukFk

(∣∣∣
(
r fk
fk+1

xk + s
fk+1

fk
xk−1

)
+
(
r fk
fk+1

yk + s
fk+1

fk
yk−1

)∣∣∣
)]pk

) 1
K

≤
(∑

k

[
ukFk

(∣∣∣
(
r fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣
)
+ukFk

(∣∣∣r fk
fk+1

yk+s
fk+1

fk
yk−1

∣∣∣
)]pk

) 1
K

≤
(∑

k

[
ukFk

(∣∣∣
(
r fk
fk+1

xk + s fk+1

fk
xk−1

)∣∣∣
)]pk

) 1
K

+

(∑
k

[
ukFk

(∣∣∣r fk
fk+1

yk + s fk+1

fk
yk−1

∣∣∣
)]pk

) 1
K

.

Therefore g (x) is subadditive. For the continuity of multiplication, let us take any
complex number α. By definition, we have

g (αx) = sup
k

(∑

k

[
ukFk

(∣∣∣∣α
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

) 1
K

≤ C
H
K
α g (x) ,

where Cα is a positive integer such that |α| ≤ Cα. Now, let α → 0 for any fixed x
with g (x) = 0. From definition, taking small enough α, for |α| < 1 and 1 ≤ n < n0,
we get

∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

< ε, for n > n0 (ε)(2.1)

Since Fk is continuous, we get

(2.2)
∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

< ε
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From equation 2.1 and 2.2 , we have

g (αx) → 0 as α → 0.

This completes the proof.

Theorem 2.3. If p = (pk) and q = (qk) are bounded sequences of positive real
numbers with 0 ≤ pk ≤ qk < ∞ for each k, then

l
(
F̂ (r, s) ,F , p, u

)
⊆ l
(
F̂ (r, s) ,F , q, u

)
.

Proof. Let x ∈ l
(
F̂ (r, s) ,F , p, u

)
. Then

∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

< ∞.

This implies that

∑

k

[
ukFk

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

≤ 1.

For sufficiently large values of k (say) k ≥ k0, for some fixed k0 ∈ N, since Fk is
increasing and pk ≤ qk, we get a sequence

∑
k≥k0

[
ukFk

(∣∣∣
(
r fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣
)]qk

≤
∑

k≥k0

[
ukFk

(∣∣∣
(
r fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣
)]pk

< ∞.

Hence x ∈ l
(
F̂ (r, s) ,F , q, u

)
. This completes the proof.

Theorem 2.4. Let F =(Fk) be a sequence of modulus functions and

β = limt→∞
Fk(t)

t > 0. Then

l
(
F̂ (r, s) ,F , p, u

)
⊆ l
(
F̂ (r, s) , p, u

)
.

Proof. To prove, let us take β > 0. From the definition of β, we have Fk (t) ≥ β (t) ,
and t ≤ 1

βFk (t) for all t > 0. Let us take a sequence

x = (xk) ∈ l
(
F̂ (r, s) ,F , p, u

)
.

Then we have
∑
k

[
uk

(∣∣∣
(
r fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣
)]pk

≤ 1
β

∑
k

[
ukFk

(∣∣∣
(
r fk
fk+1

xk + s fk+1

fk
xk−1

)∣∣∣
)]pk

,

which implies that x = (xk) ∈ l
(
F̂ (r, s) , p, u

)
.This completes the proof.
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Theorem 2.5. Let F1=
(
F 1
k

)
and F2=

(
F 2
k

)
are sequences of modulus functions,

then

l
(
F̂ (r, s) ,F1, p, u

)
∩ l
(
F̂ (r, s) ,F2, p, u

)
⊆ l
(
F̂ (r, s) ,F1 + F2, p, u

)
.

Proof. x = (xk) ∈ l
(
F̂ (r, s) ,F1, p, u

)
∩ l
(
F̂ (r, s) ,F2, p, u

)
. Therefore

∑

k

[
ukF

1
k

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

< ∞

and

∑

k

[
ukF

2
k

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

< ∞

Then, we have

∑

k

[
uk

(
F 1
k + F 2

k

)(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

≤ K

{∑

k

[
ukF

1
k

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

}

+K

{∑

k

[
ukF

2
k

(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

}
.

Thus

∑

k

[
uk

(
F 1
k + F 2

k

)(∣∣∣∣
(
r

fk
fk+1

xk + s
fk+1

fk
xk−1

)∣∣∣∣
)]pk

< ∞.

That is x = (xk) ∈ l
(
F̂ (r, s) ,F1 + F2, p, u

)
and this completes the proof.

Theorem 2.6. Let 1 ≤ pk ≤ H ≤ ∞ for all k ∈ N. Then l
(
F̂ (r, s) ,F , p, u

)
and

l∞

(
F̂ (r, s) ,F , p, u

)
are normed spaces with the norms

‖x‖l(F̂ (r,s),F ,p,u) =

(∑

n

[
ukFk

(∣∣∣F̂n (r, s) (x)
∣∣∣
)]pk

) 1
K

,

and

‖x‖l∞(F̂ (r,s),F ,p,u) = sup
n∈N

[
ukFk

(∣∣∣F̂n (r, s) (x)
∣∣∣
)]pk

respectively.
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Proof. It can be verified easily. Therefore we omit the proof.

Remark 2.1. It can be seen easily that the absolute property does not provide on the

spaces l
(
F̂ (r, s) ,F , p, u

)
and l∞

(
F̂ (r, s) ,F , p, u

)
, i.e.,

‖x‖
l(F̂ (r,s),F,p,u) 6= ‖|x|‖

l(F̂ (r,s),F,p,u)

and

‖x‖
l∞(F̂ (r,s),F,p,u) 6= ‖|x|‖

l∞(F̂ (r,s),F,p,u)

for at least one sequence in both the spaces l
(
F̂ (r, s) ,F , p, u

)
and l∞

(
F̂ (r, s) ,F , p, u

)
;

this illustrates that l
(
F̂ (r, s) ,F , p, u

)
and l∞

(
F̂ (r, s) ,F , p, u

)
are the sequence spaces

of non-absolute type, in which |x| = (|xk|) and 1 ≤ pk ≤ H < ∞ for all k ∈ N.

Theorem 2.7. The sequence spaces l
(
F̂ (r, s) ,F , p, u

)
of non absolute type is

linearly isomorphic to the space lp, for 1 ≤ pk ≤ H < ∞ for all k ∈ N.

Proof. To exhibit that the existence of a linear bijection between the spaces

l
(
F̂ (r, s) ,F , p, u

)
and lp for 1 ≤ pk ≤ H < ∞ for all k ∈ N. Take into account the

transformation T defined with the notation 1.1, from l
(
F̂ (r, s) ,F , p, u

)
to lp by

x → y = Tx. Then Tx = y = F̂ (r, s)x ∈ lp, for x ∈ l
(
F̂ (r, s) ,F , p, u

)
. Also, the

linearity of T is clear. In addition, it is very easy that x = 0 whenever Tx = 0 and
therefore T is injective. We consider that y = (yk) ∈ lp, for 1 ≤ pk ≤ H < ∞ for
all k ∈ N and define sequence x = (xk) by

xk =

k∑

j=0

(
1

r

)(
−s

r

)k−j f2
k+1

fjfj+1
yj, k ∈ N.

Then, in the case 1 ≤ pk ≤ H < ∞, for all k ∈ N and p = ∞, we get

‖x‖l(F̂ (r,s),F ,p,u) =
(∑

k

[
ukFk

(∣∣∣r fk
fk+1

xk + s
fk+1

fk
xk−1

∣∣∣
)]pk

) 1
K

=
(∑

k

[
ukFk

(∣∣∣r fk
fk+1

∑k
j=0

(
1
r

) (
− s

r

)k−j f2
k+1

fjfj+1
yj

+ s
fk+1

fk

∑k−1
j=0

(
1
r

) (
− s

r

)k−j
. fk
fjfj+1

yj

∣∣∣
)]pk

) 1
K

= (
∑

k |yk|
pk)

1
K

= ‖y‖p < ∞
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and

‖x‖l∞(F̂ (r,s),F ,p,u) = sup
k∈N

[
ukFk

(∣∣∣F̂k (r, s) (x)
∣∣∣
)]pk

= ‖y‖∞ < ∞,

respectively. Therefore T is linear bijection which means that the spaces lp and

l
(
F̂ (r, s) ,F , p, u

)
are linearly isomorphic for 1 ≤ pk ≤ H < ∞ for all k ∈ N.

3. The α−, β−, γ− Duals of the space l
(
F̂ (r, s) ,F , p, u

)

The α−, β−, γ−duals of the sequence space X are defined by

Xα = {a = (ak) ∈ w : ax = (akxk) ∈ l1 for all x = (xk) ∈ X} ,

Xβ = {a = (ak) ∈ w : ax = (akxk) ∈ cs for all x = (xk) ∈ X} ,

and

Xγ = {a = (ak) ∈ w : ax = (akxk) ∈ bs for all x = (xk) ∈ X} ,

respectively. Where cs and bs are the sequence spaces of all convergent and bounded
series, respectively. In [28], The following known results are vital for our investiga-
tion.

Lemma 3.1. A = (ank) ∈ (lp, l1) iff

sup
K∈H

∑

k

∣∣∣∣∣
∑

n∈K

ank

∣∣∣∣∣ < ∞, 1 < p ≤ ∞.

Lemma 3.2. A = (ank) ∈ (lp, c) iff

(3.1) lim
n→∞

ank exists for all k ∈ N

(3.2) sup
n∈N

∑

k

|ank|q < ∞, 1 < p < ∞

Lemma 3.3. A = (ank) ∈ (l∞, c) iff

lim
n→∞

ank exists for all k ∈ N

and

lim
n→∞

∑

k

|ank| =
∑

k

∣∣∣ lim
n→∞

ank

∣∣∣ .
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Lemma 3.4. A = (ank) ∈ (lp, l∞) iff

sup
n∈N

∑

k

|ank|q < ∞, 1 < p < ∞

holds with 1 < p ≤ ∞.

Theorem 3.1. The α−dual of the space l
(
F̂ (r, s) ,F , p, u

)
is the set

d1 =

{
a = (ak) ∈ w : sup

K∈H

∑

k

[
ukFk

(∣∣∣∣∣
∑

n∈K

(
1

r

)(
−
s

r

)n−k f2
n+1

fkfk+1
an

∣∣∣∣∣

q)]pk
< ∞

}
,

where 1 < p ≤ ∞, for all k ∈ N.

Proof. For all k ∈ N, 1 < pk ≤ H < ∞ and for any fixed sequence a = (an) ∈ w,
we define the matrix B = (bnk) by

bnk =





∑
k

[
ukFk

(∣∣∣
(
1
r

) (
− s

r

)n−k f2
n+1

fkfk+1
an

∣∣∣
)]pk

, 0 ≤ k ≤ n,

0, k > n,

for each n, k ∈ N. Also for every x = (xn) ∈ w, we put y = F̂ (r, s) (x) . Then it
follows by 1.1 that

anxn =
∑

k

[
ukFk

(∣∣∣∣∣
n∑

k=0

(
1

r

)(
−s

r

)n−k f2
n+1

fkfk+1
anyk

∣∣∣∣∣

)]pk

= Bn (y) ,

n ∈ N. Therefore, we derive by using Lemma 3.1 that

sup
K∈H

∑

k

[
ukFk

(∣∣∣∣∣
n∑

k=0

(
1

r

)(
−s

r

)n−k f2
n+1

fkfk+1
anyk

∣∣∣∣∣

q)]pk

< ∞

which implies that l
(
F̂ (r, s) ,F , p, u

)α
= d1.

Theorem 3.2. Define the sets d2, d3, d4 by

d2 =



a = (ak) ∈ w :

∑

k


ukFk



∣∣∣∣∣∣

∞∑

j=k

(
1

r

)(
−s

r

)n−k f2
j+1

fkfk+1
aj

∣∣∣∣∣∣





pk

exists for all k ∈ N



 ,

d3 =



a = (ak) ∈ w : sup

n∈N

n∑

k=0


ukFk



∣∣∣∣∣∣

n∑

j=k

(
1

r

)(
−s

r

)n−k f2
j+1

fkfk+1
aj

∣∣∣∣∣∣

q



pk

< ∞



 ,
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d4 =

{
a = (ak) ∈ w : limn→∞

n∑
k=0

[
ukFk

(∣∣∣∣∣
n∑

j=k

(
1
r

) (
− s

r

)n−k f2
j+1

fkfk+1
aj

∣∣∣∣∣

)]pk

=
∑
k

[
ukFk

(∣∣∣∣∣
∞∑
j=k

(
1
r

) (
− s

r

)n−k f2
j+1

fkfk+1
aj

∣∣∣∣∣

)]pk

< ∞
}

Then
[
l
(
F̂ (r, s) ,F , p, u

)]β
= d2∩d3 and

[
l∞

(
F̂ (r, s) ,F , p, u

)]β
= d2∩d4 ,where

1 ≤ pk ≤ H = supk pk < ∞,for all k ∈ N.

Proof. Let a = (ak) ∈ w and consider the equality

n∑

k=0

akxk =

n∑

k=0

ak




n∑

j=0

ujFj

(∣∣∣∣
(
1

r

)(
−s

r

)k−j f2
k+1

fjfj+1
yj

∣∣∣∣
)


=

n∑

k=0




n∑

j=k

(
1

r

)(
−s

r

)j−k f2
j+1

fkfk+1
aj


 yk = Dn (y) ,

Where D = (dnk) is defined by

dnk =





n∑
j=k

(
1
r

) (
− s

r

)j−k f2
j+1

fkfk+1
aj , 0 ≤ k ≤ n,

0, k > n,

where n, k ∈ N.Then we deduce from Lemma 3.2 with 1.1 that ax = (akxk) ∈ cs

whenever x = (xk) ∈ l
(
F̂ (r, s) ,F , p, u

)
iff Dy ∈ c whenever y = (yk)∈ lp.Thus

(ak) ∈ l
(
F̂ (r, s) ,F , p, u

)
iff (ak) ∈ d2 and (ak) ∈ d3 by 3.1 and 3.2, respectively.

Hence l
(
F̂ (r, s) ,F , p, u

)β
= d2 ∩ d3. It is clear that one can also prove the case

p = ∞ by the technique used in the proof of the case 1 < p < ∞ with Lemma 3.3
instead of Lemma 3.2 . So we leave the detailed proof to the reader.

Theorem 3.3. l
(
F̂ (r, s) ,F , p, u

)γ
= d3, where 1 < pk ≤ H ≤ ∞ for all k ∈ N.

Proof. The result can be obtained from Lemma 3.4.
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4. Some Matrix Transformations

In this chapter, we characterize the classes
(
l
(
F̂ (r, s) ,F , p, u

)
, X
)
, where

1 < pk ≤ H < ∞, for all k ∈ N and X is any of the spaces l∞, l1, c and c0.
For simplicity in notation, we write

ãnk =
∑

k


ukFk



∣∣∣∣∣∣

∞∑

j=k

(
1

r

)(
−s

r

)j−k f2
j+1

fkfk+1
anj

∣∣∣∣∣∣





pk

,

for all k, n ∈ N.

Lemma 4.1. [16] Let λ be an FK- space, U be a triangle, V be its inverse and µ
be an arbitrary subset of w. Then we have

A = (ank) ∈ (λU , µ) iff

C(n) =
(
c
(n)
mk

)
∈ (λ, c) for all n ∈ N,

and

C = (cnk) ∈ (λ, µ) ,

where

c
(n)
mk =





m∑
j=k

anjvjk, 0 ≤ k ≤ m,

0, (k > m) ,

and

cnk =

∞∑

j=k

anjvjk, for all k,m, n ∈ N.

We can write from this lemma that

A ∈
(
λF̂ (r,s), µ

)
⇔ D(n) =

(
d
(n)
mk

)
∈ (λ, c) for all n ∈ N and D = (dnk) ∈ (λ, µ)

where

d
(n)
mk =





m∑
j=k

1
r

(
− s

r

)j−k f2
j+1

fkfk+1
anj, 0 ≤ k ≤ m,

0, k > m,
,

dnk =

∞∑

j=k

1

r

(
−s

r

)j−k f2
j+1

fkfk+1
anj, for all k,m, n ∈ N.
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Now, we list the following conditions:

sup
m∈N

m∑

k=0


ukFk



∣∣∣∣∣∣

m∑

j=k

1

r

(
−s

r

)j−k f2
j+1

fkfk+1
anj

∣∣∣∣∣∣

q



pk

< ∞(4.1)

lim
m→∞


ukFk




∣∣∣∣∣∣

m∑

j=k

1

r

(
−
s

r

)j−k f2
j+1

fkfk+1
anj

∣∣∣∣∣∣






pk

= ãnk, for all n, k ∈ N(4.2)

lim
m→∞

m∑

k=0



ukFk





∣∣∣∣∣∣

m∑

j=k

1

r

(
−
s

r

)j−k f2
j+1

fkfk+1
anj

∣∣∣∣∣∣








pk

=
∑

k

|ãnk| , for each n ∈ N(4.3)

sup
n ∈N

∑

k

|ãnk|q < ∞(4.4)

sup
n∈H

∑

k

∣∣∣∣∣
∑

n∈N

ãnk

∣∣∣∣∣

q

< ∞(4.5)

lim
n→∞

ãnk = ãk, k ∈ N(4.6)

(4.7) lim
n→∞

∑

k

|ãnk| =
∑

k

|ãk|

(4.8) lim
n→∞

∑

k

ãnk = 0

(4.9) sup
n,k∈N

|ãnk| < ∞

(4.10) sup
k,m∈N


ukFk



∣∣∣∣∣∣

m∑

j=k

1

r

(
−s

r

)j−k f2
j+1

fkfk+1
anj

∣∣∣∣∣∣





pk

< ∞

(4.11) sup
k∈N

∑

k

|ãnk| < ∞

(4.12) sup
N,K∈H

∣∣∣∣∣
∑

n∈N

∑

k∈K

ãnk

∣∣∣∣∣ < ∞
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Theorem 4.1. i) A = (ank)∈
(
l1

(
F̂ (r, s) ,F , p, u

)
, l∞

)
if and only if 4.2, 4.9,

4.10 hold.

ii) A = (ank)∈
(
l1

(
F̂ (r, s) ,F , p, u

)
, c
)
if and only if 4.2, 4.6, 4.9, 4.10 hold.

iii) A = (ank)∈
(
l1

(
F̂ (r, s) ,F , p, u

)
, c0

)
if and only if 4.2, 4.6 with ãk = 0,

4.9, 4.10 hold.

iv) A = (ank)∈
(
l1

(
F̂ (r, s) ,F , p, u

)
, l1

)
if and only if 4.2, 4.10, 4.11 hold.

Theorem 4.2. Let 1 < pk ≤ H < ∞, for all k ∈ N. Then we have

i) A = (ank)∈
(
l
(
F̂ (r, s) ,F , p, u

)
, l∞

)
if and only if 4.1, 4.2, 4.4 hold.

ii) A = (ank)∈
(
l
(
F̂ (r, s) ,F , p, u

)
, c
)
if and only if 4.1, 4.2, 4.4, 4.6 hold.

iii) A = (ank)∈
(
l
(
F̂ (r, s) ,F , p, u

)
, c0

)
if and only if 4.1, 4.2, 4.4, 4.6 with

ãk = 0 hold.

iv) A = (ank)∈
(
l
(
F̂ (r, s) ,F , p, u

)
, l1

)
if and only if 4.1, 4.2, 4.5 hold.

Theorem 4.3. i) A = (ank)∈
(
l∞

(
F̂ (r, s) ,F , p, u

)
, l∞

)
if and only if 4.2, 4.3,

4.4 with q = 1 hold.

ii) A = (ank)∈
(
l∞

(
F̂ (r, s) ,F , p, u

)
, c
)
if and only if 4.2,4.3, 4.6, 4.7 hold.

iii) A = (ank)∈
(
l∞

(
F̂ (r, s) ,F , p, u

)
, c0

)
if and only if 4.2, 4.3, 4.8 hold.

iv) A = (ank)∈
(
l∞

(
F̂ (r, s) ,F , p, u

)
, l1

)
if and only if 4.2, 4.3, 4.12 hold.
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5. SOME GEOMETRİC PROPERTİES OF l
(
F̂ (r, s) ,F , p, u

)

In the present chapter, we investigate some geometric properties of the space

l
(
F̂ (r, s) ,F , p, u

)
. Firstly, let us define some geometric properties of the spaces.

let (X, ‖.‖) be a normed space and let S (X) and B (X) be the unit sphere and unit
ball of X , respectively.

A Banach space X is said to have the Banach- Saks property if every bounded
sequence (xn) in X admits a subsequence (zn) such that the sequence (tk (z)) is

convergent in the norm in X [12], where

tk (z) =
1

k + 1
(z0 + z1 + ...+ zk)

∀k ∈ N. A Banach spaceX is said to have the weak Banach-Saks property whenever

given any weakly null sequence (xn) in X and there exists a subsequence (zn) of

(xn) such that the sequence (tk (z)) is strongly convergent to zero.

Remark 5.1. In [18] Garcia-Falet introduced the following coefficient,

R (X) = sup{lim inf
n→∞

‖xn + x‖ : (xn) ⊂ B (X) , xn
w
→ 0}

Remark 5.2. A Banach space X with R (X) < 2 has a weak fixed paint property [19].
Let 1 < p < ∞. A Banach space X is said to have the Banach-Saks type p or the property

(BS)
p
if every null sequence (xk) has a subsequence (xkl

) such that for some c > 0

∥∥∥∥∥

n∑

l=0

xkl

∥∥∥∥∥ < c (n+ 1)
1
p

for all n ∈ N.[20]

Now, we may give the following results related to some geometric properties of the

space l
(
F̂ (r, s) ,F , p, u

)
, where 1 < pk ≤ H < ∞, for all k ∈ N.

Theorem 5.1. Let 1 < pk ≤ H < ∞ for all k ∈ N. Then the space l
(
F̂ (r, s) ,F , p, u

)

has the Banach-Saks type p.

Proof. Let (εn) be a sequence of positive numbers for which
∑

εn ≤ 1
2 , and let

(xn) be a weakly null sequence in B
(
l
(
F̂ (r, s) ,F , p, u

))
. Set a0 = x0 = 0 and

a1 = xn1
= x1.
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Then there exists m1 ∈ N such that

(5.1)

∥∥∥∥∥
∞∑

i=m1+1

a1 (i) e
i

∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

< ε1

since (xn) being a weakly null sequence implies xn → 0 coordinatewise , there is an
n2 ∈ N such that

∥∥∥∥∥
m1∑

i=0

xn (i) ei

∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

< ε1,

when n ≥ n2. Set a2 = xn2
. Then there exists an m2 > m1 such that

∥∥∥∥∥
∞∑

i=m2+1

a2 (i) e
i

∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

< ε2.

Again using the fact that xn → 0 coordinatewise, there exists an n3 ≥ n2 such that

∥∥∥∥∥
m2∑

i=0

xn (i) ei

∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

< ε2,

when n ≥ n3. If we continue this process, we can find two increasing subsequences
(mi) and (ni) such that

∥∥∥∥∥

mj∑

i=0

xn (i) ei

∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

< εj,

for each n ≥ nj+1 and

∥∥∥∥∥∥

∞∑

i=mj+1

aj (i) e
i

∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

< εj,

where bj = xnj
. Hence

∥∥∥∥∥∥

n∑

j=0

aj

∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

=

∥∥∥∥∥∥

n∑

j=0




mj−1∑

i=0

aj (i) e
i +

mj∑

i=mj−1+1

aj (i) e
i +

∞∑

i=mj+1

aj (i) e
i



∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)
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≤

∥∥∥∥∥∥

n∑

j=0

(mj−1∑

i=0

aj (i) e
i

)∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

+

∥∥∥∥∥∥

n∑

j=0




mj∑

i=mj−1+1

aj (i) e
i



∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

+

∥∥∥∥∥∥

n∑

j=0




∞∑

i=mj+1

aj (i) e
i



∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

≤

∥∥∥∥∥∥

n∑

j=0




mj∑

i=mj−1+1

aj (i) e
i



∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

+ 2

n∑

j=0

εj.

On the other hand, it can be seen that ‖x‖l(F̂ (r,s),F ,p,u) < 1. Therefore, we have

that
∥∥∥∥∥∥

n∑

j=0




mj∑

i=mj−1+1

aj (i) e
i



∥∥∥∥∥∥

pk

l(F̂ (r,s),F ,p,u)

=

=

n∑

j=0

mj∑

i=mj−1+1

[
ukFk

(∣∣∣∣r
fi

fi+1
aj (i) + s

fi+1

fi
aj (i− 1)

∣∣∣∣
)]pk

≤
n∑

j=0

∞∑

i=0

[
ukFk

(∣∣∣∣r
fi

fi+1
aj (i) + s

fi+1

fi
aj (i− 1)

∣∣∣∣
)]pk

≤ (n+ 1) .

Hence, we obtain
∥∥∥∥∥∥

n∑

j=0




mj∑

i=mj−1+1

aj (i) e
i



∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

≤ (n+ 1)pk .

By using the fact that

1 ≤ (n+ 1)
1
pk

for all n ∈ N and 1 < pk < ∞, we have
∥∥∥∥∥∥

n∑

j=0

aj (i)

∥∥∥∥∥∥
l(F̂ (r,s),F ,p,u)

≤ (n+ 1)
1
pk + 1 ≤ 2 (n+ 1)

1
pk .

Hence, the space l
(
F̂ (r, s) ,F , p, u

)
has the Banach-Saks type p.
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Remark 5.3. Note thatR
(
l
(
F̂ (r, s) ,F , p, u

))
= R (lp) = 2

1
p , since l

(
F̂ (r, s) ,F , p, u

)

is linearly isomorphic to lp. Thus, by Remarks 5.2 and 5.3 we have the following theorem.

Theorem 5.2. The space l
(
F̂ (r, s) ,F , p, u

)
has the weak fixed point property,

where 1 < pk ≤ H < ∞, for all k ∈ N.
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