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EXISTENCE AND STABILITY RESULTS FOR IMPULSIVE
INTEGRO-DIFFERENTIAL EQUATIONS*

Zeng Lin, Wei Wei and JinRong Wang

Abstract. In this paper, we study a new class of impulsive integro-differential equa-
tions for which the impulses are not instantaneous. By using fixed point approach and
techniques of analysis, we present the existence and uniqueness theorem and derive an
interesting stability result in the sense of generalized Ulam-Hyers-Rassias.

1. Introduction and Preliminaries

Differential equations with instantaneous impulses have been treated in sev-
eral works, see for instance the monographs [1, 2, 3]. It seems that the classical
differential equations models with instantaneous impulses could not characterize
the dynamics of evolution processes completely in pharmacotherapy. For example,
consider the hemodynamic equilibrium of a person, the introduction of the drugs
in the bloodstream and the consequent absorption for the body are gradual and
continuous process. In fact, this situation should be characterized by a new case
of impulsive action, which starts at an arbitrary fixed point and stays active on a
finite time interval. Recently, the authors [4, 5] introduced a new class of abstract
semilinear impulsive differential equations with not instantaneous impulses and
obtained some interesting existence and uniqueness theorems.

The famous stability of functional equations was raised by Ulam [6] in 1940 at
University of Wisconsin. In the past seventy years, Ulam’s type stability problems
have been taken up by a large number of mathematicians and the study of this area
has grown to be one of the most important subjects in the mathematical analysis
area. For a quite long time, Ulam stability problem has been attracted by many
famous researchers since it is quite useful in many applications such as numerical
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analysis, optimization, biology and economics, where finding the exact solution
is quite difficult. For more details, the readers can refer to the monographs of
[7, 8,9, 10, 11, 12, 13] and other recent contribution [14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26, 27, 28, 29, 30, 31] by means of fixed point approach and classical
analysis methods.

The main objective of this paper is to apply a fixed point theorem of the alter-
native, for contractions on a generalized complete metric space to derive existence
and a generalized Ulam-Hyers-Rassias stability results for a new class of impulsive
integro-differential equations of the form:

X' (t) = f(t,x(t), fO‘ k(s, x(s))ds), te(sitiza, i=0,1,2,...,m,
(1.1)
X(t) = gi(t,x(t), fot I(s,x(s))ds), te(t,s] i=12...,m,

where0 =ty =5y <t <5 <ty <+ <ty < Sy < tmy1 = T are pre-fixed numbers,
f:[0,T] xR xR — R is continuous, k, I : [0,T] Xx R — IR are continuous, and
gi : [ti,;s] x Rx R — R is continuous for all i = 1,2,...,m, which is called not
instantaneous impulses.

Let J = [0, T] and C(J, R) be the space of all continuous functions from J into R.
We also recall the piecewise continuous functions space

PC(UR) :={x:J—>R:xeC((ty, txr1], R), k=0,1,...,m
and there exist x(t,) and x(t;), k = 1,..., m, with x(t,) = x(t,)}. Meanwhile, we set
PCY(JR) := {x € PC(J, R) : X’ € PC(J, R)}.

A function x € PCY(J,R) is called a classical solution of the impulsive Cauchy
problem

X' (t) = f(t,x(t), fO‘ k(s, x(s))ds), te(sitiza, i=0,1,2,...,m,

(12) x(t) = gi(t,x(t), fot I(s,x(s))ds), te(t,s], i=1,2,...,m,
x(0) = Xp € R,
if x satisfies
t
X(0) = Xo, X(t) = gi(t, x(t),f I(s,x(s))ds), te(t,sl], i=12,...,m,
0
and
t S
x(t) = Xo+ fo f(s, x(s), fo k(T,X(T))dT)dS, te[0,ty],
Si t S
Xt = gi(si,x(si), fo Is, x(s))ds) + fs f(s, X(s), fo k(t, X(T))d’[)ds,

te(sitiva], 1=1,2,...,m.
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Motivated by the concepts of stability in [26, 29], we can introduce a generalized
Ulam-Hyers-Rassias stability concept for the equation (1.1).

Let ¢ > 0and ¢ € PC(J R,) is nondecreasing. Consider

< (1),

y(t) - f(t, y(), kG, y(s))ds)
te(siti+], 1=0,1,2,...,m,
\y(t) - gi(t, y(), [ 16s, y(s))) <y,
te(t,si], i=1,2,...,m.

(1.3)

Definition 1.1. The equation (1.1) is generalized Ulam-Hyers-Rassias stable with
respect to (¢, 1) if there exists ¢ 4,, > 0 such that for each solution y € PC*(J, R) of
the inequality (1.3) there exists a solution x € PC'(J,R) of the equation (1.1) with

IY(®) = X(OI < C150(@(0) + ), L€

Obviously, if y € PC'(J, R) is a solution of the inequality (1.3) then y is a solution
of the following integral inequality

y(t) - gi(t, v, [, y(s))) <y,

te(t,s], i=12,...,m;

y®) -y - [ f(s, y(s), J; Kz, y(T))dT)dS‘ < Jy p(s)ds,
(1.4) te [0, ty];

y() - gi(si, y(s), 51, y(s))ds)

- f; f(S, y(s), ; Kz, y(T))dv:)ds
te (st 1=1,2,...,m

< ¥+ [ p(s)ds,

In order to apply a fixed point theorem of the alternative, for contractions on a
generalized complete metric space to derive our main result, we need to collect the
following fact.

For a nonempty set X, a function d : X x X — [0, c0] is called a generalized
metric on X if and only if d satisfies
(M) d(x,y)=0ifandonly ifx = y;
(i) d(x,y) = d(y,x) forall x,y € X;
(iii) d(x,z) < d(x, y) + d(y, z) for all x,y,z € X.

Theorem 1.1. (see [32]) Let (X, d) be a generalized complete metric space. Assume that
T : X — X is a strictly contractive operator with the Lipschitz constant L < 1. If there
exists a nonnegative integer k such that d(T*1x, T*x) < +co for some x € X, then the
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followings are true:
(i) The sequence {T"x} converges to a fixed point x*of T;
(i) x* is the unique fixed point of T in

X' ={yeX|d(T,y) < oo;
(iii) If y € X*, then

1
dly, x) < 7 d(Ty, y)-

2. Existence and Stability

We introduce the following assumptions:
(Hy) f e CUXRXR,R).
(H») There exists a positive constant L such that

|f(t,uy, vi) — f(t,uz, v2)|l < Li(Juy — Uzl + [vi — v2|)

foreachte J, and all uy, u,, vy, vy € R

(Hs) gi € C([t;, si] x R X R, R) and there are positive constants L,,i=1,2,...,m
such that

g7i(t, u, V1) — gi(t, uz, v2)| < Ly (Jur — uz| + [vi = V2l),

for each t € (tj,si], and all uy, uy, vy, v € R.
(Hs) k € C(J X R, R) and there is a positive constant K such that

[k(t, u1) = k(t, up)| < Klup — uy|, foreachte J, andall u, u; € R.

(Hs) I e C(J xR, R) and there is a positive constant L, such that

[I(t, uy) — I(t, uz)| < Ljup — uy|, foreachte J, and all ug, u; € IR.

(He) Let ¢ € C(J,R,) be a nondecreasing function. There exists ¢, > 0 such that

t
f @(s)ds < cyp(t), foreacht el
0

Now, we discuss existence and stability of the equation (1.1) by using the concept
of generalized Ulam-Hyers-Rassias in the above section.
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Theorem 2.1. Assume that (H1), (H>), (H3), (H4), (Hs), (Hs) are satisfied and a function
y € PCY(J, R) satisfies (1.3). Then there exists a unique solution yp : J — R such that

x(0) + [ f(s, Yo(®), [y K(z, yo(T))dT)dS,

te [O, tl],
gi(t, yo(t), [ 16, yo(s))ds),
(2.1) Yo(t) = te(t,s], i=12,...,m,

gi(si/ yo(si), f; 165, yo(S))dS)

+ fslt f(S, Yo(s), fos k(z, yO(T))dT)dS,
te(si,tival, i=1,2,...,m,

and
(L +cp)(p(t) + )
(22) YO - yol] < ——7— = te)
provided that
(2.3) p: = max {(Lc@ +LT+ 1)L,
+(KT? + Kcé +ep)Ls | i= l,2,...,m} <1

Proof. Consider the space of piecewise continuous functions
(2.4) X={g:1J-> R|gePC(R)},

endowed with the generalized metric on X defined by
(2.5) d(g,h) = inf {Cl + Cy € [0, +c0] | |g(t) — h(t)]

< (C1+Co)(p) + ) forallte J},

where
Ci €{C €[0,+c0] | |g(t) — h(t)| < Co(t) forall t € (sj, tix1], i=0,1,2,...,m},
and
C; € {C € [0,+00] | |g(t)—h(t)| < Cy forall te (tisi], i=1,2,...,m}.

It is easy to verify that (X, d) is a complete generalized metric space.
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Define an operator A : X — X by

Xo+ f(s, X(9), k(z, X(T))dT)dS,

te [0, tl];
gi(t,x(t), NG x(s))ds),
(2.6) (AX)) =4 te(t,s] i=1,2,...,m;

!]i(Si,X(Si), N I(s,x(s))ds)
w0 f(s, X(9), fk(T, X(T))d’[)ds,

te(sitiva], 1=1,2,...,m.

forall x e Xand t € [0, T]. Clearly, A is a well defined operator according to (H1),
(H3), (Ha), (Hs).

Next, we shall verify that A is strictly contractive on X. Note that the definition
of (X, d), for any g,h € X, it is possible to find a C;, C; € [0, co] such that

Cl(p(t)r te (Si/ti+l]/ i= O/ 1/ 2/ ...,m,
2.7) lg(t) = h@®)l < { Cop,  te(tsl i=12, ..m

From the definition of A in (2.6), (H2), (H3), (Ha), (Hs) and (2.7), we obtain that
Case 1: t € [0, t1],

I(Ag)(t) = (Ah)(D)]

t S S
< ](; f(s,g(s),]o‘ k('c,g(T))dT)—f(s,h(s),f0 k(T,h(T))dT) ds
t S S
< Lffo(lg(s)—h(s)|+ jo‘k(’[,g(’[))d’(—ﬁk(T,h(T))dT)dS
t s
< Lffo(C]_(p(S)""f; |k(T,g(T))—k(T,h(T))IdT)ds
t s
< Lffo(C]_(p(S)"'KL |g(T)—h(T)|dT)dS
t s
< Lffo(cl(p(S)'i'KCl‘fo(p(T)dT)dS
t
< Lfclfo((p(s)+Kc(p(p(s))ds
t
= L{Ci(1+K d
Ci(1+ cqj)](;(p(s)s
<

L+C1(1 + Kcg)epp(t).
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Case 2:

Case 3:

for t € (t;, sil,
(Ag)(®) — (Ah)(D)

t t
LAmm—mm+L£Ksmmm—l:mm@mﬁ

IA

IN

t
L, C2¢+](; |I(s,g(s))—|(s,h(s))|ds)

IN

t
Ly Coy + L](; lg(s) — h(s)lds)

< L

( t

i(CzyD +L(C1 +Cy) f () + lp)ds)
0

< Ly (CzlP +L(C1 + Co)(cop(t) + z,bT)).

for t € (s, tisal,

I(Ag)(®) = (Ah)(D)]

'zﬁ(si,g(si), fo ’ I(S/!](S))ds)_!]i(si,h(si), fo ) I(S,h(s))ds)‘

IA

+

IA

Lgi(Czlp + Lfo | lg(s) - h(s)|ds)

t s
+Lff (Cl(p(s) + Kf lg(7) — h(’l’)|d’l’)d$
S 0

L4Q¢+uq+caLYw9+wm)

IN

t s
+Lff (Cl(p(s) + K(Cy +C2)](;((p(’[) +yl})d1)ds

IN

Lgi(cy,[/ + L(C1 + C2)(cpp(si) + lPsi))

t
+L¢ f (Cl(p(s) + K(Cy + C2)(cpp(s) + z,bs))ds

IN

Lgi(Czl/J + L(C1 + Co)(cpp(t) + IPT))
+Lf(C1C<p(p(t) + K(Cy + Co)(c5(t) + IPTZ))

- (LgiL(Cl +C)cp + L1CiCp + L1K(Cy + cz)cfp)(p(t)

Lt f(s,g(S), fos k(z, 9(1))d1)ds - f: f(s, h(s), fos k(T,h(T))dT)dS‘

125
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+(LgiC2 + Ly L(C1 + C)T + L¢K(Cy + CZ)TZ)lp
< ((ch, +LT + 1)Ly, + (KT + KcZ, + cq,)Lf)(c1 + Co)(@(t) + V).

From above, we have

I(Ag)([®) = (AR)® < p(Ca+ Co)(p(0) + ), te),

that is,
d(Ag, Ah) < p(C1 + Co)(@(t) + ).

Hence, we can conclude that
d(Ag, Ah) < pd(g, h)

for any g,h € X, and since the condition (2.3), the strictly continuous property is
shown.

Let us take go € X. From the piecewise continuous property of go and Agy, it
follows that there exists a constant 0 < G; < oo such that

(Ago)(t) = go(D)]

t S
X(0) + f f(s,go(s), f k(T,go(T))dT)dS—go(t)‘
0 0

Gio(t)
Gi(p(t) +¢), te [0, t1].

There exists a constant 0 < G, < oo such that
I(Ago)(t) — go (V)]
t
'gi(t, go(t) f s _t]o(S))dS) - 30
0

Goy
Gz((p(t)+llb), te(t,si], i=1,2,...,m

IAN A

INIA

There exists a constant 0 < Gz < oo such that

[(Ago)(t) — go(D)I

Si t s
|gi(si,go(si), fo I(s,go(s»ds)+ f f(s,go(s), fo k(T,go(T))dT)dS— go(t)|

Ga(pt) +v), te(sitia], 1=1,2,...,m,

IA

since f,gi, go. [, 15, go(s))ds and [ k(z, go(7))d7 are bounded on J and (") + ¢ > 0.
Thus, (2.5) implies that
d(Ago, go) < 00,
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By using Banach fixed point theorem, there exists a continuous function yp : J - R
such that A"gp — yo in (X,d) as n — oo and Ayp = Yo, that is, y, satisfies equation
(2.1) forevery t € J.

Next, we check that
{g € X[ d(go,9) < %} = X.

For any g € X, since g and g, are bounded on J and ngijn(qo(t) + 1) > 0, there exists
€
aconstant 0 < C, < oo such that

|90(t) = g(0)] < Cyle(0) + ¢),
for any t € J. Hence, we have d(go, g) < oo for all g € X, that is,
{g € X|d(go,9) < oo} = X.

Hence, we conclude that yy is the unique continuous function with the property
(2.1). On the other hand, from (1.4) and (Hs) it follows that

(2.8) d(y, Ay) <1+cy.
Summarizing, we have

day,y) _ 1+6
1-p = 1-p’

which means that (2.2) is true for t € J. The proof is done. O

d(y,yo) <

3. Anexample
In this section, we give an example to illustrate the above results.
Consider

t
X'(t) = ;ﬂz(mm + [ ds), te(0,1],

_ 1 T Ix(s)l
X(t) = m(lx(t)l + fo 152 dS), te(L,2],

and

y'(t) - ﬁ(mm + ) e ds)‘ <e, te[0,1],

1 T y©)l
‘y(t) ~ BHED Ay o) (ly(t)l + fo 15487 ds)

<1, te(d,2].

LetJ=[0,2]and 0 =ty =g < t; = 1 < 51 = 2. Denote k(t, x(t)) = l‘(x)(:)t'z by K = 35,
and

! t
f(t, x(t), L k(s, x(s))ds) = L (Ix(t)|+ fo ()l ds)

5+t2 10 + 52
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by Lt = £ for t € [0,1], and I(t, x(1)) = =2 with L = 4, and

15+t2 15 !

t B 1 O]
g1t x(1), fo XN = e e D+ oD (lx(t)l ’ fo 15 +52 ds)

with L,

= ¢ forte (1,2]. Weput o) =e'andy = 1. Setc, = 1, we have

fot esds < et. Obviously,

27
(Lep + LT + D)Ly, + (KT? + Ke?, +cp)Ls = 5 < 1.

By Theorem 2.1, there exists a unique solution yp : [0,2] — R such that

and

t o(T
x(0) + [ flsz(|yo(s)|+ N ﬁ,szdz)ds te[o,1],

Yolt) = T 1yo(s)l
0
(5+(t 1)2 (1+y0(t)|)(|YO(t)| + j(; 15+s2 ds) t € (1/ 2]/

YO - Yoo < 3 (e + 1), te [0,2]
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