FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 32, No 4 (2017), 527-549
https://doi.org/10.22190/FUMI1704527R

APPLICATIONS OF INFINITE MATRICES IN NON-NEWTONIAN
CALCULUS FOR PARANORMED SPACES AND THEIR
TOEPLITZ DUALS

Kuldip Raj and Charu Sharma

Abstract. The main purpose of this paper is to construct some difference sequence
spaces over the geometric complex numbers for an infinite matrix and Museilak-Orlicz
function. We also make an effort to study some inclusion relations, topological and
geometric properties of these spaces. An endeavor has been made to prove that these
are Banach spaces. Furthermore, we compute the a-, -, v-dual of these spaces.
Keywords: geometric difference, Orlicz function, paranorm space, geometric complex
numbers, non-Newtonian calculus, Kothe- Toeplitz duals

1. Introduction and Preliminaries

In the period from 1967 to 1972, Grossman and Katz [17] introduced the non-
Newtonian calculus consisting of the branches of geometric, bigeometric, quadratic,
biquadratic calculus and so forth. Also, Grossman in [18] extended this notion to
other fields. All these calculi can be described simultaneously within the framework
of general theory. We prefer to use the name non-Newtonian to indicate any of the
calculi other than the classical calculus. Every property in classical calculus has
an analogue in non-Newtonian calculus which is a methodology that allows one to
have a different look at problems which can be investigated via calculus. In some
cases, for example, for wage-rate (in dollars, euro, etc.) related problems, the use
of bigeometric calculus which is a kind of non-Newtonian calculus is advocated in-
stead of the traditional Newtonian one. Bashirov et al. [3] have recently focused
on non-Newtonian calculus and gave the results with applications corresponding to
the well-known properties of derivatives and integrals in classical calculus. Some
authors have also worked on classical sequence spaces and related topics by using
non-Newtonian calculus ([6], [29]).

Geometric calculus is an alternative to the usual calculus by Newton and Leibniz.
It provides differentiation and integration tools based on multiplication instead of
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addition. Every property in Newtonian calculus has an analog in multiplicative
calculus.

Koérus [11] studied some recent results concerning A2-strong convergence of numer-
ical sequences. He gave a new appropriate definition for the A%-strong convergence.
Moreover, Kérus [12] generalized the results on the L!-convergence of Fourier se-
ries. In [13], he also studied the uniform convergence of mearurable functions by
extended results of Moricz and gave examples for appropriate functions. Recently,
Raj and Sharma [26] used the idea of Kérus [11] and study some applications of
strongly convergent sequences to Fourier series by means of modulus function.

Let w, I, ¢ and ¢y be the classical sequence spaces of all, bounded, convergent
and null sequences respectively, normed by ||z||cc = sup |zx| and C(G) be the set of

k

geometric complex numbers [30].

The notion of difference sequence spaces was introduced by Kizmaz [19], who stud-
ied the difference sequence spaces loo(A), c(A) and ¢o(A). The notion was further
generalized by Et and Colak [16] by introducing the spaces lo(A™), ¢(A™) and
co(A™). Later the concept have been studied by Bektag et al. [3] and Et et al. [15].
Another type of generalization of the difference sequence spaces is due to Tripathy
and Esi [32] who studied the spaces loo(Ar), ¢(Ay) and co(Ay). Recently, Esi et
al. [8] and Tripathy et al. [31] have introduced a new type of generalized difference
operators and unified those as follows.

Let n, m be non-negative integers, then for Z a given sequence space, we have

Z(AT) ={x = (zx) ew : (AT'ay) € Z}

for Z = ¢, co and I where ATz = (A™ngag) = (AMzg) = (AT ta, — A™ g q)
and (A%z) = (ngxr) = (zx) for all k € N, which is equivalent to the following
binomial representation

Aﬁwk = Z(—l)v ( ZL ) Lhk+nov-
v=0

Taking n = 1, we get the spaces loo(A™), ¢(A™) and ¢o(A™) studied by Et and
Colak [16]. Taking m = n = 1, we get the spaces I (A), ¢(A) and ¢o(A) introduced
and studied by Kizmaz [19].

Tiirkmen and Basar [30] defined the geometric complex numbers C(G) as follows:
C(G) ={e*: ze C} =C\ {0}.

Then (C(G), @, ®) is a field with geometric zero 1 and geometric identity exponential
e. They have also proved w(G) = {(z1) : 1 € C(G) for all k € N} is a vector space
over C(G) with the algebric operations @ addition and ® multiplication

@ :w(G) x w(G) = w(G)

(z,y) =2 Dy = () © (yx) = (Tryr)
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©:C(G) x w(G) = w(G)

(y) > a0y =ao (y) = ("),

where x = (z1),y = (yx) € w(G) and o € C(G). Further, these results have been
generalized and studied by K. Boruah and et.al [5].

Lemma 1.1. [30] (Triangle inequality) Let x,y € C(G). Then
(1.1) r@yle < lzle @yl

Lemma 1.2. [30] (Minkowski’s inequality) Let p > 1 and ay, by € C(G) with
ap = e, by, = e¥ for k€ {1,2,...,n}. Then

Vel
G

G

n
o D blEE
k=1

n

- G
(1.2) ’ G;m@bwg@ <y G;mkvgc ® ?

Let A = (ank) be an infinite matrix of real numbers and z = (zx) € w be an infinite
sequence. Then we obtain the sequence (Azx),, denoted by A-transform of z, as

aill ai12 alk X

a1 ag9 asg i)
Ax =

an1 Qap2 N 0 T
a11x1 + a12x9 + a13T3 + ... (ACC)l
a21x1 + ao0x2 + ao3x3z + ... (A.’L‘)g
An1T1  + ApaZa  + ap3rsz  + ... (Ax),

In this case, we transform the sequence x into the sequence Az = {(Axz),} with

(1.3) (Az), = iankxk (n e N)
k=1

provided the series on the right hand side of (1.3) converges for each n.

Let X and Y be any two sequence spaces. If Ax exists and is in Y for every sequence
x = (zx) € X, then we say that A defines a matrix transformation from X into Y,
that is, A: X = Y. By (X : Y), we denote the class of all matrices A from X into
Y.
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Definition 1.1. An Orlicz function M : [0,00) — [0,00) is a continuous, non-
decreasing and convex such that M(0) =0, M(z) > 0 for z > 0 and M(z) — o
as © — o0o. If convexity of Orlicz function is replaced by M (x+y) < M (x)+ M (y),
then this function is called modulus function. Lindenstrauss and Tzafriri [10] used
the idea of Orlicz function to define the following sequence space,

KM—{x—(xk)széM(ﬁﬁ)<oo, forsomep>0}

is known as an Orlicz sequence space. The space £, is a Banach space with the

norm
I|z|| = mf{p >0: ZM('Z’“') < 1}.

Also it was shown in [10] that every Orlicz sequence space £j; contains a subspace
isomorphic to £,(p > 1). An Orlicz function M can always be represented in the
following integral form

where 7 is known as the kernel of M, is a right differentiable for ¢ > 0, n(0) =
0, n(t) > 0, n is non-decreasing and n(t) — oo as t — oo. For more details (see [7],
[22], [23], [25], [27], [28]) and references therein.

Definition 1.2. A sequence M = (Mj}) of Orlicz functions is said to be Musielak-
Orlicz function (see [20, 24]). A Musielak-Orlicz function M = (M) is said to
satisfy As-condition if there exist constants a, K > 0 and a sequence ¢ = (¢x)72, €
1% (the positive cone of I*) such that the inequality

Mk(2u) S KMk(u) + ck

holds for all k£ € N and v € R*, whenever My (u) < a.

Definition 1.3. Let X be a linear space. A function p : X — R is called para-
norm, if

(PNl) p(z) >0 for all z € X,

(PN2) p(—z) =p(x) for all x € X,

(PN3) p(xz+1y) <plx)+py) forall z,y € X,

(PN4) if (A\,) is a sequence of scalars with A\, — A as n — oo and (z,) is a se-
quence of vectors with p(x, —x) — 0 as n — oo, then p(A\,z, —Ax) = 0 asn — .
A paranorm p for which p(z) = 0 implies « = 0 is called total paranorm and the pair
(X, p) is called a total paranormed space. It is well known that the metric of any lin-
ear metric space is given by some total paranorm (see [33] Theorem 10.4.2, pp. 183).

Let w(G) denote the set of all sequences over the geometric complex field C(G).
Let M = (Mj) be a Musielak-Orlicz function, v = (ux) be a sequence of strictly
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positive real numbers and p = (px) be a bounded sequence of positive real numbers.
In present paper we define the following classes of sequences:

lOO[GvGA;,naAvMapv ’LL] =

|:Mk ( lurc AL k|G

P
)] * < o0, for some p > 0},
p

{33 = (x) € w(G) : sup ang
keN

C[G’ GA:‘LTL7A’ M7p’ u] =

lukc Az ©

P
)} kzl, for some [ and p > O},
p

{$=($k) cw(G): % lim an [Mk(
k—o0
Co[G,GA?,A,M,p,U] =

(|ukGAZlIk|G)]pk

{x:(xk) e w(G) : lei)n(; Ank {Mk =1, for some p > 0},

where m,n € N and

cAbr = (cAar) = (vx)
cAnr = (cAnzr) = (Tk © Tpy1)
A2z = (¢AZxk) = (¢Anak © ¢AnTit1)
= (T © Tht1 © Thy1 D Tig2)
= (ZCk S e? © Try1 D xk+2)
cAdr = (¢Adxy) = (¢A22, © ALTL41)
= (xx @63®$k+1 @63®Ik+2 O Tpt3)
GA?,T = (GA;TL:EIC) = (GA?_lfL'k S GA?_lxk-'rl)
= (D@0 0 O apin, ), with (56)°¢ =e.
v=0

If M = My (z) = z for all k € N, then above sequence spaces reduces to I [G, AT, A, p, u],
C[Ga GAT7 Aapv u] and CO[G7 GA:Lna Avpa U]

By taking p = (p) = 1, for all k then we get the sequence spaces I [G, AT, A, M, u],
|G, AT A, M, u] and ¢[G, AT, A, M, u).

The following inequality will be used throughout the paper. If 0 < py, < suppx = H,
K = max(1,2%-1) then

(1.4) lax ® brlgr < K{|arlgy @ |beler }

for all k and ay, by, € C(G). Also |alP¥ < max(1, |a]Z) for all a € C(G).
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In this paper, we first give a description of some new difference sequence spaces
for an infinite matrix and Musielak-Orlicz function over the geometric complex
field which forms a Banach space with the norm defined on it. We investigate some
topological properties of these sequence spaces and establish some inclusion rela-
tions concerning these spaces. Furthermore, we devote the final section of the paper
to compute their algebraic duals such as the a—, 5—,y-duals.

2. Main Results

In this section we study some topological properties and some inclusion relations
between the sequence spaces which we have defined above.

Theorem 2.1. Let M = (M) be a Musielak-Orlicz function, u = (ug) be a
sequence of strictly positive real numbers and p = (pr) be a bounded sequence
of positive real numbers. Then l[G, AT, A, M, p,u], c[G, AT, A, M, p,u] and
oG, cAT, A, M, p,u] are linear spaces over the field C(G) of geometric complex
numbers.

Proof. We shall prove the assertion for o [G, g AT, A, M, p,u] only and the others
can be proved similarly. Let x = (x) and y = (yx) € lo[G, ¢AL, A, M, p,u] and
a, B € C(G). Then there exist positive numbers p; and p2 such that

lurc AL k|G

p
SUp Gk [Mk< )} * < oo, for some p; >0

keN P1
and A
m Pk
SUp Ank {Mk(w)} < 0o, for some ps > 0.
keN P2

Let ps = max(2|alp1,2|8|p2). Since M = (M},) is a non-decreasing and convex so
by using inequality (1.4), we have

A™ p
Sup Gk {Mk('mcc n (azk & ﬂ%ﬂc” '
keN P3

A™ A™ »
= SUpank [Mk (w) @® M, (M)} ,
keN P3 03
L Ay P 1 A P
< K'sup —ank [Mk(w)} " @ K sup —ani [Mk(w)} ,
keN 2Pk P1 keN 2Pk p2
A p A™ P
< Ksupang [Mk (w)} s K sup ayy, {Mk(w)} "
keN P1 keN P2
< o0.

Therefore, (ax @ By) € lo|G, cAT, A, M, p,u]. This proves that
loo|G, ¢ AT, A, M, p,u] is a linear space. Similarly, we can prove that
|G, AT, A, M, p,u] and ¢o[G, A", A, M, p, u] are linear spaces. [J
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Theorem 2.2. Let M = (M) be a Musielak-Orlicz function, u = (ux) be a
sequence of strictly positive real numbers and p = (p) be a bounded sequence of
positive real numbers. Then l[G, AN, A, M, p,u] is a paranormed space with
paranormed defined by

AP (loM)
g(z)=inf {(p)(px@M)G : (sup Gnk {Mk(w)rk) Gg 1, for some p>0},

keN

where 0 < px, < suppr = H < 0o and M = max(1, H).

Proof. (i) Clearly g(x) > 0for z = (v1) € |G, cAN, A, M, p,u]. Since M}, (0) =0,
we get ¢g(0) = 0.
(ii) g(=z) = g(z).

(iii) Let = (x) and y = (yx) € lo[G, gAI', A, M, p, u], then there exist positive
numbers p; and p2 such that

|ukgAn $k|G>:|pk S 1

Sup Gnjk [Mk (
P1

keN

and Am
luka nwklcﬂpk <1
P2

Let p = p1 + p2. Then by using Minkowski’s inequality (1.2), we have

SUp Gnk [Mk (
keN

Am p r Am p
SUP A [Mk(h”“G n (xk @yk)|G):| k — supan Mk(|UkG n (ij ®yk)|G):| k
kEN p kEN L p1+ p2
r AMm P
< supank Mk(w)} *
keN L p1+ p2
r AT p
©  Supan Mk(wﬂ ‘
keN L p1+ p2
A™ P
< ( 1 )Supank [Mk(w)} .
pP1+ P2/ keN p1
A™ P
( p2 )Supank [Mk(w)} *
p1+ P2/ keN P2
<1
and thus,
AT Py (10M)
glxdy) = inf{(p)(pk@M)G : (Supank [Mk(|“’f0 n (:ckGByk)IGH ) o _ 1}
keN P
A pry (1OM)
S inf{(ﬂl)(ka)M)G : (supank [Mk(w)} ’“) ¢ < 1}
keN P1

ot (o (520) 1) < 1)
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Therefore, g(x @ y) < g(x) ® g(y). Finally, we prove that the scalar multiplication
is continuous. Let A be any geometric complex number. By definition,

JAoz) = inf{(p)(pk®M)c : (225%’“ [Mk(IUkGA?(:@xk)lc)}m)(l@M)a - 1}

AM pry (10M)
= inf{(|)\|t)(pk®M)G : (supank [Mk(w)} k) ¢ < 1}
keN p

where ¢ = = > 0. Since A& < max(1,|A[&PP*), we have

Am P\ (1O0M)
g(Aoz) < max(1, [A[GPP*)inf {t(p’“@M)G : (supank [Mk(w)] k) ¢ < 1}.

keN p

So, the fact that the scalar multiplication is continuous follows from the above

inequality. This completes the proof of the theorem. O

Theorem 2.3. If0 < pr < qx < oo for each k, then we have lo[G, AT, A, M, p,u] C
loo[Gv GA?a Av Ma q, U’]

Proof. Let © = (x) € loo|G, gAT, A, M, p,u]. Then there exists p > 0 such that

upaA™x Pk
SUp ank [Mk(7| kGZn k|G)} < 0,
keN P

m p
This implies that a,k [Mk(wn ' < 1 for sufficiently large values of k.

Since M}, is non-decreasing, we get
|ukGAzle7k|G)}q’“ |UkGAnmIk|G)rk
—_— _— < 0.
P P
Thus, z = (zx) € loo[G, ¢AT, A, M, q,u]. This completes the proof. [J

SUp apjk [Mk (

< sup apg [Mk (
keN

keN

Theorem 2.4. Suppose M = (My) be a Musielak-Orlicz function, u = (uy) be
a sequence of strictly positive real numbers and p = (px) be a bounded sequence of
positive real numbers. Then the following inclusions hold:

(i) If 0 < inf pi, < pr < 1 then Io[G, AT, A, M, p,u] C lo|G, AT, A, M, u,

(i) If 1 < pr < suppi < 00 then lo|[G, AT, A, M, u] C loo|G, AT, A, M, p,ul.

Proof. (i) Let x = (xx) € loo|G, AT, A, M, p,u]. Since 0 < infp, < pr <1, we
obtain the following

SUp ank {Mk
keN

and hence, © = (x1) € |G, AT, A, M, u).

(ii) Let pr > 1 for each k and suppy < oo. Let x = (x) € lo[G, gAT, A, M, u].
Then for each 0 < € < 1 there exists a positive integer N such that

< Sup ank [Mk
keN

< 00,

(|UkGApT=Tk|G)} (lukaﬁgwklc))rk

lura AN zk| ¢

Sup Gnk [M k (
p

kEN )}§e<1forallkeN,
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This implies that

Am P Al
Sup ank {Mk (7@1@@ n il )} ' < sup apgk {Mk (7|ukc n Thlc )} < 0.
keN P keN P

Therefore, x = (z1) € loo[G, ¢AT', A, M, p,u] . This completes the proof. O

Theorem 2.5. If0 < h =infp; < pp < suppr = H < co. Let M = (My) and
M’ = (M) be two Musielak-Orlicz functions satisfying As-condition, then we have

ZOO(G7 GA;,nvAa M/apv u) C lOO(Ga GA:?,A, MOM/apv ’LL)

Proof. Let © = (z1) € loo|G, AT, A, M, p,u]. Then we have,

Araile 1P
(w)} * < o0, for some p >0
p

Sup ank {M,’c
keN

Let € > 0 and choose § > 0 with 0 < § < 1 such that M (t) < e for 0 <t < §. Then

Let yr = ank {M{C (M)] for all k € N and consider

S = S IMeeP S M),

k 1 2

G

where the first summation is over y; < ¢ and second summation is over yi > 0.
Since M = (M},) continuous, so we have

(2.1) S My <
1

and for y; > 0, we use the fact that y, < % <14 %,
By the definition, we have for y; > ¢

Mi(ye) < 2Mk(1)%k

Hence

(2.2) .

D [Mi(ye)l < max(1, (2Mi(1)571)) > lya]™.
k

2

From equation (2.1) and (2.2), we have
ZOO[G, GA§7A’ Ml’p? u’] C lOO[G7 GAZl7A’ MOM/,p7 u]'
o

Mi,(2)

Theorem 2.6. Let M = (My,) be a Musielak-Orlicz function and 8 = tlim >
— 00

0. Then loo[GaGA;nuAaMupv u] = ZOO[Gu GAzlvAupv u]
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Proof. In order to prove that l[G, AT, A, M, p,u] = I[G,cAY, A, p,u]. Tt
is sufficient to show that I[G, gA™, A, M, p,u] C lo[G,cA™, A, p,u]. Now, let
B > 0. By definition of 8, we have My(t) > St for all ¢ > 0. Since 8 > 0, we have
t < 5 Mj(t) for all £ > 0.

Let x = (z1) € lo[G, AT, A, M, p,u]. Then, we have

AM P 1 Ay 3
w)} F < supans {Mk(w)} <o
; p

Sup ank |:( < ﬁ
keN

keN

which implies that © = (zx) € l|G, ¢AT, A, p,u]. This completes the proof. [

Theorem 2.7. For a Musielak-Orlicz function M = (My), p = (pr) be any
bounded sequence of positive real numbers and u = (ug) be a sequence of strictly
positive real numbers. Then

(i) oG, c AT A, M, p,u] Cloo|G, ¢ AT, A, M, p, ul,

(i) |G, AT, A, M, p,u] Clo[G, AT, A, M, p,ul.

Proof. The proof is easy so we omit it. [

Theorem 2.8. Let M’ = (M}) and M" = (M]!) are two Musielak-Orlicz func-
tions,

lOO[G7 GAZl’A7 MI?p’ u]mloo[G’ GA§7A’ Mll’p? u] C lOO[G, GA:ln7A’ M/+M/I7p’ u]'
Proof. Let © = (z1) € loo|G, AT, A, M, p,u] Nl [G, ¢AT, A, M p,u]. Then

AT p
[M,’c(w)] s 0o, for some p; > 0

SUp ani
keN P1
and A
U mr Pk
SUP Gk {M,;’(M)} < 00, for some py > 0.
keN P2

Let p = max{p1, p2}. The result follows from the inequality,

sup a0+ 2
keN

)(|ukgAp$xk|G )rk

|ukGA?$k|G)rk |UkGAﬁIk|G)rk

= Supank {M,'c ( + SUp Gk {M,'c' (

keN P1 keN P2
Am Pk Am Pr
< Ksupank[M,;(w)} +Ksupank[M,g(wﬂ
keN P1 keN P2
< Q.

A P
Thus, Sup ank [(MIQ‘FMQ)(M)] k

kEN P)
x = (2k) € lo|G, c AT, A, M + M” p,u]. This completes the proof. O

< 0. Therefore,
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Theorem 2.9. Let M = (My) be a Musielak-Orlicz functions. Then

(i) X[G,gA™, M,p,u] C X[G,cA™ L, A, M, p,u] and the inclusion is strict, for
X =ly,c and cg.

(i1) co[G, AT, A, M, p,u] C |G, AT A, M,p,u] Clso|G, AT, A, M, p,ul.

Proof. (i) We give the proof for X = Il only. Let = € I [G,cA™, A, M, p,ul.
Since

Gk {M%W)r’“ < apk —Mk(|ukG(AZLx’f = Aﬁxk+1)|c)rk
P . P
< au ‘Mk(w)rk
- P1
r upa A x Pk
& am Mk(w)}
. p
we obtain z € l|G,gA™ L A M,p,u]. For A = (C,1), Mi(z) = z, pr = 1,
ur = 1 for all £ € N, this inclusion is strict since the sequence x = (ekm) belongs

t0 loo |G, AL A, M, p,u] but does not belong to I [G, cA™, A, M, p,u], where
n = (e¥).
(ii) The proof is trivial. O

Theorem 2.10. The spaces |G, AT, A, M,p,u], ¢o[G,cA, A, M,p,u] and
c[G,cAY,
A, M, p,u] are normed linear spaces with norm

m
AT A M, p, urcAN TE |G\ 1P+
lalg % A2 = S g o | latite)]
=1

p

A [Mk (

Goo
Proof. Tt can be easily proved so we omit it. [

Theorem 2.11. The spaces loo[G, AT, A, M, p,u], ¢o[G, A", A, M,p,u] and
C[G, GA?,
A, M, p,u] are Banach spaces with norm

JellgF M = S o o wesie)”
G
i=1

p

nk [Mk (

Goo

Proof. Since the proof is similar for the space c[G, ¢A", A, M, p,u] and

|G, cAT, A, M, p,u], we prove the theorem only for I[G, AT, A, M, p,u]. Let
(x7) be a Cauchy sequences in lo[G, gAY, A, M, p, u], where

z;= @) = (29,2 20, .) for j € Nand xg) is the k' coordinate of ;. Then
(2.3)

m
m ; upaA"™(z; O x Pk
IIxj@:z?zHgA" AMpu . Z |$E])@$§D|G@Hank [,7! [k(| kG, (p] l)|G)}
=1

1=

Goo
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- i 127 & 206 @ sup {ank [Mk ( ure An'(e; © Iz)|a)}pk}
X ¢ ¢ kEN P

—lasl,j— oo.

This implies that |a:,(€j) S a:,(j)|g — lasl,j — oo for each k € N. Therefore, (:r,(cj)) =
(xg),ng), a:,(f’), ...) is a Cauchy sequence in C(G). Then by completeness of C(G),
(xg)) is convergent. Let us suppose 1Lm xggj) = xy, for each k € N. Since (z;)
is a Cauchy sequence, for each € > 1,71t}(132re exists N = N(e) such that ||z; ©

xl||gAZL’A’M’p’u < e for all j,1 > N. Hence, from equation (2.3) we have

Sk el <e
=1

and

m v m (@) @ Pk
Ak [Mk < |u/€G Z'L}:O(@e) @ @ e(U ) @ (‘TkJJrnv @ xk+nv)|0>‘| <e
P

for all k € N and 5,1 > N we have

. , . 4
¢ lim ;|I§-J) 95171(-)|G = GZ|$E]) O x;lg < € and

l—o0 G .
=1

m (.5 @ m (.(7)
(|’U,kgAn (ijj @xk )|G)}Pk: ann {Mk(thGAn (xkj @xk)|G)}pk<
p : p
¢ for all n > N. This implies ||z; @ngAn AMAPY 2 for alln > N, that is x; A

as j — oo, where = (21). Now we must show that @ € I[G, gAT, A, M, p,u].
We have

A™ Pk
ank [Mk (7'”” = wkla )}

G lim Ank {M}C
l—o0

[ m va @ (i) b
= ank Mk<|ukczv—0(@e) p®e ka+nv|G>]

= Onk

r m Pk
M;, ( |ukG vazo(@e)vc ®et) @ (Thtno O x{cv-i-nv & IkN+nv)|G>‘|
p

B m v m p
M, ( |ukG E’U:O(ee> ¢@el)® (xi\(‘rnv O xk+nv)|G>1 ’
P

M m v m D
M, ( |u;€G ZUZO(@e) <N0) e ® .’L'{Cv+nv|g>‘| §
p

IN

Qnk

D ank

m w u Ame Pk
[ & allg>¥ A7 & e [, (OSSN _ o),

IN
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Therefore, x € 1[G, gAT, A, M, p,u]. Hence l[G, ¢A, A, M, p,u] is a Banach
space. [

Furthermore, since I [G, AT, A, M, p,u], co|G, AT, A, M, p,u] and

|G, AT, A, M, p, u] are Banach spaces with continuous coordinates, i.e.,

lz; © a:HgA:’A’M’p’u — 1 implies |x§€]) S xp|g — 1 for each k € N as n — o0, these

are also BK-spaces.
Let us define the operator
D : X[G, gAY A, M, p,u] = X[G, gAY, A, M, p,u] by
Dz =(1,1....,Tm+t1, T2, --.),, Where © = (z1, T2, ..., T, ...). 1t is trivial that D is a
bounded linear operator on X[G, AT, M, A, p,u], X = lo, c and ¢y. Furthermore,

the set

D[X[G.eAY, A M.p.ul| = DX[G, AT, A, M.p,u]
={z=(a): 2 € X[G,gA, A, M,p,u],z1 =22 = ... = T, = 1}

is a subspace of X[G, gA™, A, M, p, u] and normed by

AT A M pu u ASIE Pr
llic™ o= |‘T1|G@|I2|G@...@|Im|G@‘ank[Mk<M):| G
AT P
- 1@1@...@1@’%4]\@(w)}k
p Goo
= o e (M)rk
il P Goo
AT P
- ‘ank[Mk(w)] i € DX[G, gA™, A, M, p,u].

DXI[G,gAT, A, M,p,u] and X[G, A, M, p,u] are equivalent as topological spaces
[21] since

cA" : DX[G, gAY, A, M, p,u] - X[G, A, M, p,u] defined by

ez =y = (cATar) = (¢A] 'or © A k),

is a linear homomorphism.

3. The a—, 53— and v— duals of the spaces I[G, cA", M, p,ul,
|G, AT, M, p,u] and ¢|G, AT, M, p,u)

The aim here lies in this section is to determine the Koéthe-Toeplitz duals of the
classical sequence spaces.
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Definition 3.1. ([9], [14], [21]) Let X be a sequence space and one can define

X* = {b = (by) : Z |bray| < oo, for each x € X},
k=1
XA = {b = (by) : Z brxk is convergent, for each x € X},
k=1
X7 = {b = (by) : sup Zbkxk’ < o0, for each x € X}.
" k=1

Then X%, X? and X7 are called a—dual (or Kéthe-Toeplitz dual), f—dual and
y—dual spaces of X, respectively. Then X* € X# Cc X7 . If X C Y, then Y7 C X"
for n = «,p or . It is clear that X = X* then X is called an a-space. In
particular, an a-space is a Kothe space or perfect sequence space.

Lemma 3.1. Let M = (My) be a Musielak-Orlicz functions, u = (uy) be a se-
quence of strictly positive real numbers and p = (pr) be a bounded sequence of
positive real numbers. Then the following conditions are equivalent

lug (AT Lz © AT rap )|
P

k! m—1
(ii)(a) sup {(lnk {Mk('uk(e © aAn an)le
keN P

Am—1 k(k+1)~" Am—1 p
lur (A tap e (ONe7AVY $k+1)|G)] k}<oo.
P

(i) 21€1§ {ank [Mk( )}pk} < oo for some p > 0,

Pk
)} }<ooforsomep>0,

() sup {11

m—1 m—1
Proof. Let (i) be true, that is, sup {ank [Mk ( [un(a AR 21 © aAn ka)lG)rk} <

keN p
Q0.

lur (AT 2166 AT " Lapia)le ) ] P*
Now, a k Mk
) n p

a k[Mk(Wk S (AP ay @GA?_lwm)lc)rk
P
. m
- ank[Mk(|UkEl:1GAM”G)}M
P

IN

i lura A x|\ 1P+ &
S o (S8
=1

and
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lupg AT " Lay g\ Pk
o [ (22025 sl

(cAp ! Apt Apt Apt Apt
— [Mk<\Uk(G 19 q z1®q Tp41 D@ S ye] xk+1)\c>]l’k

P
< an [Mk ( \ukgAz;*lxl\Gﬂpk ® an [Mk<|uk(GA21*1x1 @pcAT*lkarl)\G)]pk
D ank [Mk<|uk(GAwilxk epGAT71Ik+1)‘G>]pk = 0(eb).

k! Am—l P

Therefore, sup {ank [Mk ( G © Al )l )] k} < 00. This completes the
keN p

proof of (ii)(a).

Again, we have

sup { ans [Mk<‘uk(GA?71xk ok g GAZL’lkarl)‘G)]pk}

keN p
lup({e®+D) @ e*+D ™Y 0 AT gy, 6 bHD TN @ GAT T g 1) 6\ 1Pk
= ani [ M ; )]
. k[Mk<‘Uk({(ek€Be)®e(k+l) 1O AT mkeek(kﬂ) O AT wk+1)lc)]
" p
lu({* D™ © AT Ly @ e* DT © GAT 1} 0 FEHD TN @ G AT 1L |G
= ane [ M ( p )"
= ane [ M ur ({7 0 (cARar & AR e )} @ {0 AR e Dle s
P
<a k[Mk<‘uk{ek(k+l) ! @(GA xk@gA $k+1)}|c)]
N P
u e(k+1) 1 Oa Am 1 P
@ank[MkU k( 2 )\c)]
= O(e)

Therefore, sup {ank [Mk
keN
This completes the proof of (i7)(b).

Conversely, let (i7) be true. Then

(|Uk(c;A Ik@ek(kerl) O AN~ Ik+1)|G” }<OO.

-1
anp | My ([le Al ei0e ) 0 AR Ttar)le ||
n p

= ank _Mk(|uk(€(k+1)(k+l)l © AT gy, 0 FFHD T @ GAT_IIkHNG)rk
- p

> au 'ka(|uk{ek(k+l)l O (gA™ 1z © GA?_I:CJCH)HG)T”C
- ’

o Ank -Mk(|Uk( (k+1 @ Am )|G):|pk7
- p

we can write
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—1
i | M, (Ll (AT w06 AT ey Y6 )|
nk k P

< an {Mk(|uk(e(k+l)1 ® GAzlflxk)|G):|Pk

— n. p

lur(c APty © HEHD T @ GA?_IC%HNG)F"
, :

S ank {Mk(

Thus, sup ank
keN
(#2)(b) holds. O

[Mk(luk(cAﬁ—lxk O A 1)le

P )rk < 00. as both (ii)(a) and

Lemma 3.2. Let M = (My) be a Musielak-Orlicz function. Then
k=t Amfi P
sup{ank [Mk(|uk(e ©con xkﬂc)} k} < oo implies
kEN P
—G+1) m—(i
Sup{a k[Mk(Wk(ek O AR May)e
keN P)

)r} < o0, for alli €N and p > 0.

Proof. For i = 1 in Lemma (3.2), the proof is obvious. Let the result is true for

k" AmM—T P
i = r, we have sup {Umk {Mk('uk(e © 6o xk”G)] k} < 0. Then

keN P
k _
_ a k|:Mk(|Uk Zv:l GAZL T:Zj,U|G)i|ZDk
- n
p
a lurG AN " Ty |G\ 1Pk
< 3 ()
v=1 p
k=" m—r
r (r+1) ug (e ®aA x Pk
= O((ek )k) = O(ek ), as sup{ank [Mk(| Kl G n U)lc)} }< oo and
keN P
lurc A" ey g\ en
Ank | My
[ ( ; )]
—a [M ‘“k(cﬁzli(wl)wk®GA?7(T'+1)$1GGA?7(7'+1)9E1®GA?7(T'+1)$k+1GGA?7(7'+1)$1€+1)\G)]Pk
—Unk k 0
m—(r+1) m—(r+1) m—(r+1)
upgA T Pk ur(gA 1 O gl T P
Sank[MkU kGAR 1|G>] @ank[MkU k(GAn 19 G6An k+1)\a>]
P P
lur(cAn ™" a6 AT )6\ 1k p(r+1)
D ank Mk = Ofe .
[ ( , )]" = o)
o~ (r+1)

® GAnm(TH)IkNG)]p"} < .

From this, we have sup{ank [Mk(mk(e
p

keN
Thus,
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|G+ m—(i+1)
P{ank[ (|u;€(e © cAn xk)b)rk} < o0, for all ¢ € N and p >
eN

p
(|

k1t Amfl P
Lemma 3.3. If sup {ank {Mk(wk(e ©con Ik)|G” k} < oo then
keN P

e
sup {ank [Mk ( k(e
keN

O nipxr)|a
p

)rh} < o0, foralli e N and p > 0.

Proof. For i =1 in Lemma (3.3), we obtain

sup {ank {Mk('uk(ekl © GA?_lxk”G)rk} < 0

keN p
—2
sup {a k[ k(|uk(€k ® GA?_QI;CMG)}Z%} <
keN P

Again for i = 2 in Lemma (3.3), we obtain

sup {ank [Mk ( |uk(ek72 © A rrle )}pk} < 0

keN P
—3
:>sup{a k[Mk(th(ek GGA?_gxk”G)]pk} < 00
" .
kEN P

Continuing this procedure for ¢ = m — 1, we arrive

sup {am [ (L @ 0By ey

keN P
k™ »
= sup{ank |:Mk(|Uk(e ®nkxk)|G)} k} <oo. O
kEN p

Lemma 3.4. Ifz € l|G, AT, A, M, p,u], then

p
sup{ank [Mk(|uk(e ®nkxk)|G)} k} < 0.
keN P

k—m

Proof. Let x € |G, gAT, A, M, p, u]

upcAN' T
= sup ank e k|G)} }<oo
keN
Am lop & gAMLy Pk
=  SUp < Gnk Mk (e koG k+1)|G)} }<oo
keN

lug (e

< 00 by Lemma (3.1)

e GGA xk)lc)} }

=  Sup ank Mk
N

|ug(e”

e
(* ’
(
(e

ank Mk © nkxk)lc)} } < 00 by Lemma (3.3).
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O
Theorem 3.1. Let M = (My) be a Musielak-Orlicz function. Then

[e3%

(i) [CO[G,GAg,A,M,p,u]r - [C[G,GAg,A,M,p,u]]
_ [zoo[G,GAg,A,M,p,u]r — Dy,

(i) DY = Do, where

D, = {b— (by) Zank[Mk(|uk et ®pnklbk)|G)rk<oo},
Dy, = {b:(bk):supank[Mk(mk(eK p®nkbk)|G)]pk<oo}.

keN

Proof. (i) First we suppose that b € Dy, then

0o k™ ~1 »
GZank {Mk(mk(e © xk”G)} * < 00.
k=1

p

Now, for any x € l[G, ¢A', A, M, p,u], we have

p
Omnle)) o
P

E—m

Sup Gnjk [Mk ( k(e
keN

Then we have

o ()

G i Onk [Mk ( Jus{e " © "kxk}f {" © "Zlbk})lc)rk

oo k™ _1b »
< GZank [Mk('uk(e Gpnk k)|0)} * < o0.
k=1

(e

Hence, b € [loo[G,GAg,A,M,p,u]]
Conversely, let b € [ G, cA™ A, M,p,u]]a for X = c and l,. Then,

Zank[ (M)} < oo for each x € X[G, gA", A, M, p,u]. So we

take
xp = eF" @ngl, k > 1. Then,

Ggank [Mk(hug( k™ Ong Ly, |G)} Zank[ (|Uk bkp@xk)|G):| < .

p
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This implies that b € D;.
Again suppose that b € [co G, cAT A, M, p, u]} and b ¢ D;. Then there exists a

strictly increasing sequence (v;) of positive integers v; with v1 < vy < ... such that

Vit1 Em 1
ug(e® ©n, b Pe
Z ank{Mk(| k( k k)|G):| > 1.
k=v;+1 p

Now we define a sequence x = () by

17 1§k§7}17
T = k™ —1 .
w ’Ui—|—1<l€§’0i+1, 1=1,2,..

7 3

Then it is easy to verify that « € ¢o[G, gA™, A, M, p,u]. But
- |ug (b © Tr)|G \ 1P+
)

ank [Mk(w)rk +...

va
Gk:’ul-‘rl P
Vit1
|ug (br © x)|G \]Px
+ a Z ank[Mk( P ‘)} + ...
k=v;+1
V2 k™ -1 P
R S VY CGaCL 1) o
G P
k=v1+1
1 ARy up(ed” @ n1b Pk
LS ot oy |
szZ:Ui-‘rl p
> GZ;1:°O’

where A = (C,1), My(z) = z, pr = 1, up, = 1 for all k¥ € N. Hence, b ¢
[CO[G,GAnm,A,M,p, u]| which contradicts our assumption and b € D;. This
completes the proof.

(ii) The proof is similar to that of part (i). O

Theorem 3.2. Let X stand for lo or c then [X[G, GAnm,A,M,p,u]] = Ds.

ko b
where Dy — {b — (be) : sup ans [Mk(|wc(e oy k)lc)}pk g 00}7
keN P

Proof. Let b € Dy and x € [X[G, GAT A M, p, u]r, then we have



546 K. Raj and C. Sharma

S (e

- lur({e”” O ny o} © {e" " © mibi})|a V1P
5 (0 057 )

IN

> |uk(€km @n,;libkﬂg Pk
o [ M )

k™ b P
® supank {Mk('uk(e © n k)|G)} ’ < 00.
keN P

(676

Hence, b € [X[G, GA?,A,M,p,u]]
Conversely, let b € [X[G, GAT A M, p, u]} - and b ¢ Dy. Then we must have

k™™ b P
Sup ank [Mk(wk(e © k>|G)} o 0.
keN P

Therefore, there exists a strictly increasing sequence (e¥(i)) of geometric integers
[30], where k() is a strictly increasing sequence of positive integers such that

i [Mk (

kO™ © npy b .
(e T () k(z))|G)]Pk S e
P

Let us define the sequence x = (z) by

o= Une@brala) e, k= k(i),
L k # k(i),

where (|nk(i)bk(i)|g)71G is a geometric inverse of |ny(;)bi(;)|c so that
|nk(i)bk(i)|G ®© (|nk(i)bk(i)|g)flc = e. Then we have

> |uk(€km @n,;lxkﬂg Pk
e [ M )]

= & g Ank {Mk ( |Uk(e[k(i)’"] ink(i)bk(i)ﬂg )}pk

—m

< e < oo.

Hence, z € {X[G,GAS,A7M,]),’UJ]}Q and Giank[Mk(M)}pk =
k=1

a2 e =00, where A = (C,1), My(x) =2, pr =1, up, =1 for all k € N. This is a
contradiction as b € [X[G, GA A M, p, u]} . Therefore, b € Dy. O
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Corollary 3.1. Let X stand for lo or c, we have

[X[G, 02,4, M,p,u)|* =

{b —(b) - supa {Mk(luk(ekz Snkbk)lc)rk B OO}'

Proof. By putting m = 2 in Theorem (3.2),we obtain the result. O

Corollary 3.2. The sequence spaces loo|G, AT, A, M,p, u], c|G, AT, A, M, p, u]
and co|G, AT, A, M, p,u] are not perfect.
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