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SOME FIXED POINT THEOREMS FOR GENERALIZED
o-GERAGHTY CONTRACTION TYPE MAPPINGS IN B-METRIC
SPACES AND SOME APPLICATIONS TO THE NONLINEAR
INTEGRAL EQUATION
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Abstract. The aim of this paper is to introduce the notion of a generalized a-Geraghty
contraction type mapping in b-metric spaces and state the existence and uniqueness of
a fixed point for this mapping. These results are generalizations of certain main results
in [D. Duki¢, Z. Kadelburg, and S. Radenovié, Fized points of Geraghty-type mappings
in various generalized metric spaces, Abstr. Appl. Anal. 2011 (2011), 13 pages| and
[O. Popescu, Some new fized point theorems for a-Geraghty contraction type maps in
metric spaces, Fixed Point Theory Appl. 2014:190 (2014), 1 — 12]. Some examples
are given to illustrate the obtained results and to show that these results are proper
extensions of the existing ones. Then we apply the obtained theorem to study the
existence of solutions to the nonlinear integral equation.
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1. Introduction

The Banach contraction principle is a useful tool in the study of many branches
of mathematics and mathematical sciences. This principle was improved, general-
ized and extended in various ways and many fixed point results were obtained. One
of the interesting generalizations of this basic principle was given by Geraghty [15]
in 1973 by considering an auxiliary function. After that, Geraghty’s result was gen-
eralized and many fixed point results were stated in many ways [4, 9, 10, 16, 21]. In
particular, Popescu [26] generalized the obtained results in [10] by using the concept
of triangular a-orbital admissible mappings and studied other conditions to prove
the existence and uniqueness of a fixed point of a-Geraghty contraction type map-
pings in complete metric spaces. In 2016, Arshad et al. [2] introduced a generalized
contraction by using the concept of triangular a-orbital admissible mappings and
stated some fixed point results in the setting of the Branciari metric space.
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In recent times, there were some new approaches to the generalization of the
Banach contraction principle on complete metric spaces. In 2004, Ran and Reurings
[27] stated a generalization of Banach contraction principle by using a partial order
on a metric space. In 2008, Suzuki [30] proved a generalization of Banach contrac-
tion principle by using a contraction condition depending on a non-increasing func-
tion 6 : [0,1) — [4,1]. In 2015, Kumam et al. [23] introduced a new generalized
quasi-contraction by adding four new values d(T?z, x), d(T?x, Tx), d(T?x, Ty), d(T?x, y)
to a quasi-contraction condition. The authors also stated a unique fixed point the-
orem which is the generalization of Cirié¢ fixed point theorem in [11].

Another way to generalize Banach contraction principle, appealing to many
authors, was replacing the given metric space by some generalized metric space
and stating analogues of fixed point theorem on metric spaces. In this way, there
were many generalizations of a metric space and many fixed point theorems on
generalized metric spaces were stated [5]. Note that b-metric is a generalization of a
metric that was introduced by Czerwik in [7] and then extensively used by Czerwik
in [12, 13]. The first important difference between a metric and a b-metric is that
the b-metric need not be a continuous function in its two variables, see [22, Example
13]. This led to many fixed point theorems on b-metric spaces being stated, so the
readers may refer to [1, 3, 6, 8, 17, 18, 19, 20, 24, 25, 28, 29] and references therein.

In 2011, Dukié et al. [14] generalized the class of functions F to the class of
functions Fy for some s > 1. By using the function 5 € F, the authors stated the
existence and uniqueness of a fixed point for Geraghty contraction type mapping in
b-metric spaces.

The aim of this paper is to introduce the notion of a generalized a-Geraghty
contraction type mapping in b-metric spaces by adding four terms d(72%w,Tx),
d(T?z,z) + d(T?x, T
( )+ d{ y)7 d(T?z,y), d(T?z, Ty) to the contractive condition in [26,
Definition 4] and state the existence and uniqueness of a fixed point for this map-
ping. Some examples are given to illustrate the obtained results and to show that
these results are proper extensions of the existing ones. Then we apply the obtained
theorem to study the existence of solutions to the nonlinear integral equation.

2. Preliminaries

The following interesting result was given by Geraghty [15] in 1973 by considering
an auxiliary function.

Theorem 2.1. [15] Let (X,d) be a complete metric spaces and T : X — X be a
mapping. Suppose that there exists 5 € F such that for oll x,y € X,

d(Tz, Ty) < Bd(z, y))d(z, y),
where F s the family of all functions B : [0,00) — [0, 1) such that

lim B(t,) =1 implies lim t, = 0.
n—o00 n—00
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Then T has a unique fized point z € X and {T™x} converges to z for each
reX.

In 2014, Popescu [26] studied the existence and uniqueness of a fixed point of
a-Geraghty contraction type mappings in complete metric space.

Definition 2.1. [26] Let T : X — X be a mapping and a : X x X — R
be a function. Then T is called a-orbital admissible if o(x,Tx) > 1 implies
a(Tz,T?x) > 1 for all z € X.

Definition 2.2. [26] Let T : X — X be a mapping and o : X x X — R be a
function. Then T is called triangular a-orbital admissible if

1. T is a-orbital admissible.

2. a(z,y) > 1 and oy, Ty) > 1 imply a(z,Ty) > 1 for all z,y € X.

Definition 2.3. [26] Let (X, d) be a metric space, a : X x X — R be a func-
tion and T : X — X be a mapping. Then T is called a generalized «-Geraghty
contraction type mapping if there exists § € F such that for all z,y € X,

O‘(xvy)d(Tvay) < ﬁ(MT(xvy))MT(xv y)7

where

d(z, Ty) + d(y, Tx) }

Mr(z,y) = max{d(x,y),d(x,T:z:),d(y,Ty), )

The notion of a b-metric space and some notions on b-metric spaces was introduced
as follows.

Definition 2.4. [13] Let X be a non-empty set and d : X x X — [0,00) be a
function such that for all z,y,z € X and some s > 1,

1. d(z,y) = 0 if and only if x = y.

2. d(z,y) = d(y,x).

3. d(z,y) < s(d(z, 2) + d(z,y)).

Then d is called a b-metric on X and (X,d, s) is called a b-metric space.
Definition 2.5. [13] Let (X, d, s) be a b-metric space. Then

1. A sequence {x,} is called convergent to z, written lim z, = x,if lim d(z,,z) = 0.

n—oo n—00

2. A sequence {z,} is called Cauchy in X if lirg d(xp, m) = 0.
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3. (X,d,s) is called complete if each Cauchy sequence is a convergent sequence.

Aghajani et al. [1] proved the following simple lemma about the convergent
sequence in b-metric spaces.

Lemma 2.1. [1] Let (X,d,s) be a b-metric space and lim z, = z, lim y, = y.
n—oo

n— o0
Then

1
1. —d(x,y) < liminf d(zy,, yn) < limsup d(zy, yn) < s2d(x,y). In particular, if
S n—0o0 n— o0
x =y, then lim d(zn,yn) =0.
n—oo

1
2. For each z € X, —d(z,z) < liminf d(z,, z) < limsupd(z,, z) < sd(zx, z).
s

n—00 n—00

Dukié et al. [14] stated the existence and uniqueness of a fixed point for Geraghty
contraction type mapping in b-metric spaces by using the function 5 € Fs.

Lemma 2.2. [26] Let T : X — X be a triangular a-orbital admissible mapping.
Assume that there exists x1 € X such that a(z1,Tx1) = 1. Define a sequence {xy}
by Xpy1 = Tay, for alln > 1. Then a(zy, m) =1 for allm >n > 1.

Theorem 2.2. [14] Let (X,d,s) be a complete b-metric space and T : X — X
be a mapping. Suppose that there exists B € Fs such that for all x,y € X,

d(Tz, Ty) < B(d(z,y))d(z,y),

where Fy is the family of all functions B : [0,00) —> [0,1) which satisfies the
1
following condition: lim B(t,) = — implies lim t, = 0. Then T has a unique
n—oo S n—o00

fized point z € X and {T™x} converges to z for each x € X.

3. Main results

d(T?z,x) + d(T?x, Ty)

2s ’
d(T?z,Tx), d(T?z,y), d(T?z,Ty) to the generalized a-Geraghty contraction con-
dition in metric spaces, we introduce the notion of a generalized a-Geraghty con-
traction type mapping in b-metric spaces.

First, by using the function 5 € Fs and adding four terms

Definition 3.1. Let (X,d,s) be a b-metric space, a : X x X — R be a func-
tion and T : X — X be a mapping. Then T is called a generalized «-Geraghty
contraction type if there exists 5 € Fs such that for all z,y € X,

(3.1) sa(z,y)d(Tz, Ty) < B(CS(:E, y))CS(:E, Y),
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where
d vay + d y,TI
Culey) = max{d(e.y). (e, Tx), d(y, Ty), WL ATE)
d(1? d(T?z,T
( «I,«TE)_; (T%z, y),d(T2:E,T:Z?),d(TQ.TE,Ty),d(TQ:E,y)},
S

The following theorem is a sufficient condition for the existence of the fixed point
for a generalized a-Geraghty contraction type mapping in b-metric spaces.

Theorem 3.1. Let (X,d,s) be a complete b-metric space, @ : X x X — R be a
function and let T : X — X be a mapping such that

1. T is a generalized o-Geraghty contraction type mapping.
2. T is a triangular a-orbital admissible mapping.
3. There exists x1 € X such that a(xz1,Txz1) > 1.

4. T is continuous.

Then T has a fized point z € X and {T"x1} converges to z.

Proof. Let x1 € X such that «(x1,Tz1) > 1, we construct a sequence {z,} by
Zpy1 = Txy, for n > 1. By using Lemma 2.2, we have a(zy,, Zn41) = 1 for all n > 1.
Since T is a generalized a-Geraghty contraction type mapping, we have

$d(Tnt1, Tni2) = Sd(Txn, Txpi1)
sa(zn, ni1)d(Txn, TTpi1)
ﬂ(CS(InaInJrl))CS(ImInJrl)-

NN

(3.2)

We also have

max{d(zn, InJrl)v d(InJrlv $n+2)}
S Cs(xny -InJrl)
= mnax {d($n,$n+1),d($n,T$n),d(fl;n+1,T$n+1),
d(Tn, TTpi1) + d(xpi1, Tzy) d(T?20,20) + d(T?20, TTyy1)
2s ’ 2s ’
d(T%z,, Txy), d(T?* 2, Tapi1), d(T? 2, xn+1)}
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= max{d(:z:n,xn+1),d(xn,xn+1),d(xn+1,:En+2),
d({En, $n+2) + d(xn—i-l y :En-i-l) d($n+27 xn) + d($n+27 $n+2)
25 ’ 2s ’
d($n+27 :En-i-l)u d(xn+27 xn+2)7 d($n+27 :En-l-l)}
d({En, $n+2) }
2s

d({En, :En-i-l) + d(xn—i-la xn+2) }
2

= maX{d(fEn,$n+1),d($n+1,$n+2),

< max {d(mn, Tnt1), A(Tnt1, Tnt2),
= max {d($n, Tnt1), d($n+1,$n+2)}.
This implies that
(3.3) Cs(Tpn, Tnt1) = max {d(:z:n, Tnt1), A(Tnt, $n+2)}.
From (3.2) and (3.3), we have

$d(Tnt1, Tnt2)
(34) < B(max {d(wn, Tni1), d(Tnt1, Tpi2)}) max{d(zy, Tni1), d(Tns1, Tnt2) }-

If there exists n > 1 such that max {d(xn, Trt1)s d(xn+1,xn+2)} = d(Tpt1, Tnt2),
then (3.4) becomes

s5d(Tni1,Tnt2) < B(d(@ny1, Toy2))d(Tng1; Tnya)

1
< Ed($n+1,In+2).

This implies that
s2—1

S

d(l’n_;,_l, $n+2) < 0.

This leads to a contradiction with s > 1. Therefore, max {d(;vn, Tnt1), A(Tnt1, xn+2)} =
d(xp, Tpt1) for all n > 1. Then (3.4) becomes

Sd($n+1, $n+2) < ﬁ(d(l‘n, xn-l—l))d(xnu xn-{-l)

1
;d(.’lin, :En-i-l)

IN A

(3.5) sd(xp, Tpy1)-

It follows that {d(2y, xn+1)} is a non-decreasing sequence of non-negative real num-
bers. Therefore, there exists r > 0 such that lim d(x,,x,4+1) = r. We will show
n—oo

that 7 = 0. On the contrary, suppose that r > 0. From (3.5), we obtain

1
gd(xn—i-la xn+2) < B(d(l‘n, xn—i—l))d(xna xn—i—l)

1
(36) < gd(l’n,.’lfn_;,_l).
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Letting n — oo in (3.6), we get

1 1
—r <7 lim B(d(zp, Tpni1)) < —
3 s

n—r oo

T
Co . 1 .. .
This implies that lim S(d(x,,Znt+1)) = —. Since § € Fs, we obtain
n— oo S

nh~>ngo d(fEn, $n+1) = Oa

which contradicts r = 0. Therefore, we conclude that

(3.7) lim d(zp, 2p41) = 0.

n—00

237

Next, we will prove that {z,} is a Cauchy sequence. On the contrary, suppose
that {x,} is not a Cauchy sequence. Then there exists £ > 0 for which we can find
two subsequence {x, ()} and {Z, )} of {x,} such that m(k) is the smallest index

satisfying m(k) > n(k) > k > 1 and

(3.8) d(Tn(k)s Tm(k)) = €
This implies that

(3.9) d(Zn(k)s Tm(k)—1) < €.
Then, from (3.8) and (3.9), we get

e < dZpk)s Tm(k))
< sd(@n(k)s Tmk)—1) + ST (k) > T (k)—1)
(310) < &s+ Sd(il?m(k),:tm(k)_l).

Letting k — oo in (3.10) and using (3.7), we have

(3.11) e < likrgirolf d(Tn(k)s Tm(k)) < 1i£nsup AT (ks Tm(k)) < €S-

— 00

From (3.8), we again have

e < d(Zmk)s Tnk))
< ATy Ty —1) + SATom(k)—1, Tn(k))
(312) < sd(@m()s Tm(ky—1) + U Tm(k)y—15 Tng)—1) + A Tn()—1, Tn(k))-

Letting k — oo in (3.12) and using (3.7), we have
52 k—o0

€ .. .
(3.13) — < liminf d(z, ) —1, Tmr)—1) < hlrcnsup AT (k)y=1> T(k)—1)-
—00

From (3.9), we also have

A Tpk)y—1, Tmk)—1) < SA(Tnk)=1> Tn(k)) + S Tr k), Tm(k)—1)
(3.14) < Sd(Tn(r)-1, Tn(r)) T SE
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Letting k — oo in (3.14) and using (3.7), we get

(3.15) lim inf d(2p, (k) -1, Zm(r)—1) < Hmsup d(T,)—1, Tm)—1) < 5.

k—o0 k—o0

Combining (3.13) with (3.15), we obtain

g . . .
(3.16) 2 S lim inf A(Tn(k)y—1, Tm(k)—1) < hglsolip d(Zp(k)—1, Tm(k)—1) < €5.

From (3.8), we also have

(3.17) € < d(Tm(k)> Tn(k)) < SA Ty, Tmk)—1) + $ATimk)—1, Tn(k))-

Letting k — oo in (3.17) and using (3.7), we have

(3.18) Z

< limi <li < es.
< liminf ATk =1, Tn(k)) < 1121;S£p (T (k=1 Tn(k)) < €S

We also have

(3.19) € < d(Tpy(ky, Tn(k)) < STy, Tn(k)y—1) + 5A(Tn(k)—1, Tn(k))

(3.20) d(Zn(k)—1, Tmk)) < SA(Tr (k) =15 Tm(k)—1) F A Tm(k)—1> Tm(k))-
Letting k — oo in (3.19), (3.20) and using (3.7), (3.16), we get

< liminf d(zy k) =1, Tm(k)) < HMsup d(Znk)—1, Tmr)) < es.

k—o00 k—00

€
3.21 -
(21 S
We again have

(3.22) € < d(Tpiry, Tm(r)) < SA(Tp(k), Tnk)+1) T SA( Tn(k)+1> Tm(k) )

(3.23) (T (k) 41> Tm(k)) < 8A(Tr k)11, Tr(k)) + SA(Tn(k)s Tm(r))-
Letting k — oo in (3.22), (3.23) and using (3.7), (3.11), we obtain

£ ... .
(3.24) B < hkrglnf AT (k)415 Trm(y) < HMSUP ATy (1) 415 Trn(k)) < es2.
oo k—

We also have

(3.25) ATk =15 Tri)) < STy =1, Tru(k)+1) F STy (k)15 Tra(k) )

(3.26) (T (k)41 Trm(k)—1) < ATy (k)+15 Tn(k)) + SATp(k)s Tm(k)—1)-
Letting k — oo in (3.25), (3.26) and using (3.7), (3.9), (3.18), we have

€ . .
(3.27) = < liminf (2 k)11, Tm(r)—1) < hlrcn SUP (L (k) 415 Trm(k)—1) < ES.
—00

k—o0
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Since m(k) — 1 > n(k) — 1, we get a(Znk)—1, Tm(r)—1) = 1 by Lemma 2.2. Then,
from (3.1), we have

5A(Tr (ks T (k)) $A(T Ty (k)—1, TTm(k)—1)

S (L (k)= 1> Zm(k)—1) AT Tr(ky—1, T Ty (ky—1)

NN

(3.28) B(Cs(@nk)=1> Tm(k)=1)) Cs (Tn(k)—15 Tm(k)—1)

where
Cs(Tn(k)y—15 Tm(k)—1)

= maX{d(xn(k)—laIm(k)—l)vd(xn(k)—laT*Tn(k)—l)vd(Im(k)—laTxm(k)—l)v
d(Znk)y—1, TTrmk)—1) + A @mk)—1, TTp(r)—1)
2s ’
A(T? T (y—1, Tnry—1) + AT?Tp k)1, T () —1)
2s ’

AT )15 T2 (k) -1) AT Ty -1, Ty 1), AT T (1)1 Im(k)q)}

= max{d(xn(k)fluxm(k)fl)ad(xn(k)fluxn(k))ud(xm(k)flaxm(k))a

(T (k) =15 Tr(k)) + ATy =1, Tnk)) A Zn)+15 Tn)—1) + ATnm)+1> Tm(k))
2s ’ 2s ’

(329)  (@n)+15 Tn(k)), ATn(k)+1> Tm(k))> A(Tn()+1, ﬂ?m(k)—l)}-

Letting k — oo in (3.29) and using (3.7), (3.16), (3.18), (3.21), (3.24) and (3.27),

we have

e S+E0+2 e«
— = —,O,O,S S, 5705_5_}
52 max{s2 2s 2s s’ 52

< liminf Cs (2 k)1, T k) —

< %Crggol (33 (k)—15Tm(k) 1)

< limsup Cs (fEn(k)—l ) Im(k)—l)

k— o0

2 2 2

< max{as,(),(), 5 Tes 70+ES ,07582,65}
2s 2s

(3.30) = es’.

Letting k — oo in (3.28) and using (3.30), we have

se < limsup B(Os(xnvanrl)) lim sup Os(xnvanrl)

< es?limsup B(Cs(zn, Tni1))-

n—oo

This implies that limsup 8(Cs(zn, Tnt1)) >

n—oo

1
—. Since g € Fs, we have
s

limsup B(Cs(xn, Tny1)) <

n—oo

[V
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We conclude that

1
(3.31) limsup 8(Cs (zn, Tnt1)) = —.
n—o00 S

Similary, we also see that
3.32) lim inf 5(C =1
(3. imin s(Tn, Tni1)) = 5

1
Combining (3.31) with (3.32), we conclude that ILm B(Cs(xn,xny1)) = —. Since
n—o00 S
8 € Fs, we have lim Cy(xn,2nt1) = 0, contrary to (3.30). Thus, {z,} is a
n—00

Cauchy sequence in (X,d, s). Since (X,d, s) is complete there exists z € X such

that lim x, = z. Since T is continuous, we obtain z = lim z, = hm Tpt1 =
n—oo n—oo n—

lim Tz, = T( hm xn) = Tz. It implies that z is a fixed point of T Since

n—oo

lim 41 =2 and xn+1 Tr, =T"z;, lim T"z; =2. O
n— o0 n— o0

In the following theorem, we replace the continuity of a mapping 7" in Theo-
rem 3.1 by another condition.

Theorem 3.2. Let (X,d,s) be a complete b-metric space, o : X x X — R be a
function and T : X — X be a mapping such that

1. T is a generalized a-Geraghty contraction type mapping.
2. T is a triangular a-orbital admissible mapping.
3. There exists x1 € X such that a(x1,Tz1) > 1.

4. If {zn} is a sequence in X such that a(Tpn,Zny1) = 1 for alln > 1 and

lim z, =z € X, then there exists a subsequence {xn(k)} of {zn} such that
n—oo

a(xn(k)u ) =1 fO'l" all k > =

Then T has a fized point z € X and {T"x1} converges to z.

Proof. Following the lines in the proof of Theorem 3.1, we conclude that the se-
quence {x,} by x,+1 = Tz, for n > 1 converges to z € X. By using hypothesis (4),
we deduce that there exists a subsequence {2y} of {x,} such that a(xy),z) > 1.
Since T is a generalized a-Geraghty contraction type mapping, we obtain

sd(@py41,T2) = sd(Txpu),Tz)
< sa(Tnr), 2 ) (T2 k), T2)
(333) < ﬁ(cs(xn(k)u ))Cs(xn(k)a 2)7



Some Fixed Point Theorems for Generalized a-geraghty Contraction Mappings 241

where

Cs(Tnr),2) = max {d(xn(k),z), ATy, TT(ry), d(z, T2),
d(In(k) , TZ) + d(Z, Twn(k)) d(T2$n(k) , In(k)) + d(TQ,Tn(k) , TZ)
2s ’ 2s
A(T? 2y T (iy), ATy T2), AT T 1) Z)}

)

= max {d(xn(k) 2 2), d(Z (ks Tn(k)+1), d(2, T'2),

ATk, T2) + d(2, Try+1) A Znk)+2> Tnk)) + A Tnk)+2, T2)
2s ’ 2s

(3.34) AT k)12, Trk)+1)s A Tnk)+2, T2); AT k)42, Z)}-

)

On the contrary, suppose that Tz # z. Then d(T'z, z) > 0. Letting k — oo in (3.34)
and using (3.7), Lemma 2.1, we have

1
(3.35) S—2d(z, Tz) < liminf Cg (2 (xy, 2) < limsup Cs (w1, 2) < sd(z, T2).

n—00 n—00

Letting k& — oo in (3.33) and using (3.35), Lemma 2.1, we get

d(z,Tz) = s(%d(z, Tz)) < sd(z, Tz) limsup B(Cs (2 k), 2))-

n—00

1
This implies that limsup 8(Cs(znk),2)) > —. Since 3 € F, we have
n—00 S
. 1
hmsupﬁ(cs(xn(k)uz)) < -
n—00 S
We conclude that
1
(3.36) limsup B(Cs (2 (), 2)) = —.
n—o00 S
Similarly, we also see that
. 1
(3.37) llan_l}l(ng(Cs(xn(k),Z)) =
1
Combining (3.36) with (3.37), we get lim B(Cs(wp4),2)) = — . Since B € F, we
n—00 S

have lim Cs(2y ), z) = 0, which 0 (3.35). This implies that 7'z = z. Therefore, 2
n—oo
is a fixed point of T'. Since lim z,41 = z and x,,4+1 = Tx, = T™x1, we get that
n—oo

lim T"x1 = 2. O
n—oo

The following theorem is a sufficient condition for the uniqueness of a fixed point
for a generalized a-Geraghty contraction type mapping in b-metric spaces.



242 N. T. Hieu and L. T. Chac

Theorem 3.3. Let (X,d,s) be a complete b-metric space, o : X x X — R be a
function and T : X — X be a mapping such that

1. All the hypotheses in Theorem 8.1 or Theorem 3.2 are satisfied.

2. If x # y are two fized points of T, then there exists v € X such that a(x,v) >
1,a(y,v) > 1 and a(v,Tv) > 1.

Then T has a unique fized point.

Proof. By Theorem 3.1 and Theorem 3.2, T has a fixed point. Suppose that x
and y are two fixed points of T with z # y. By using hypothesis (2), there exists
v € X such that a(z,v) > 1,a(y,v) > 1 and a(v,Tv) > 1. Since a(z,v) > 1 and
a(v, Tv) > 1, we have a(x, Tv) > 1. Since a(v, Tv) > 1, we also have a(Tv, T?v) >
1. This implies that a(x, T?v) > 1. Continuing this process, we get a(x, T"v) > 1
for all n > 1. Similarly, we also see that a(y,7"v) > 1 for all n > 1. Since
a(z,T"v) > 1 and T is a generalized a-Geraghty contraction type mapping, we
obtain

sd(xz, T" ) = sd(Tz, T v)
< safx, T™)d(z, T™v)
(3.38) < B(Cs(z, T™))Cs(z, T"v),
where

Cy(z, T™)
d(z, T""v) + d(T™, Tx)
2s ’

= max {d(:z:, T™),d(z, Tz),d(T"v, T" " v),

d(T?x,z) + d(T?z, T" o)
2s

(3.39F max {d(:z:, T™), d(T™v, T" ),

,d(T?x, Tx),d(T?z, T" '), d(T?z, T"v)}

d(z, T" ) + d(T™v, x)
2s

It follows from Theorem 3.1 or Theorem 3.2 where x; is replaced by v that there
exists z € X such that lim 7T"v = z and Tz = z. On the contrary, suppose that

n—r oo

x # z. Letting n — oo trong (3.39), we have

,d(x,T”Jrlv)}.

1
(3.40) —d(z,z) < liminf Cs(zp, Zni1) < limsup Cs(zp, Tni1) = sd(z, 2).
s

n—00 n—00

Letting n — oo in (3.38) and using (3.40), we have

Az, 2) = Lsd(z, 2) < limsup B(Ci (20, Tns))sd(z, 2)

S n—00

®» | =

This implies that limsup 8(Cs(zn, Tnt1)) >

n—oo

Since 8 € Fg, we have

® | =

lim sup B(Cs(Tn, Tnt1)) <

n—r oo
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Therefore, we conclude that

1
(3.41) limsup B(Cs(zn, Tnt1)) = —.
n— oo S

Similarly, we also see that
3.42) lim inf 3(C =1
(3. imin s(Tn, Tni1)) = 5

Combining (3.41) and (3.42) gives lim B(Cs(zpn,Tnt1)) =
n—r oo
follows that lim Cs(zn,xnt1) = 0, which contradicts (3.40).
n—roo

Since g € Fg, it

t implies that x = z

—_ | =

and hence lim T"v = x.
n— o0

Similarly, we also see that lim 7T"v = y. Then, we conclude that = y and
n—oo

hence T has a unique fixed point. O

Since each metric is a b-metric with s = 1, from Theorem 3.1, Theorem 3.2 and
Theorem 3.3, we get following corollaries. These results are generalizations of [26,
Theorem 4, Theorem 5 and Remark 9].

Corollary 3.1. Let (X,d) be a metric space, a: X x X — R be a function and
T: X — X be a mapping such that

1. There exists 5 € F such that for all z,y € X,
a(z,y)d(Tz, Ty) < B(C(x,y))C(z,y),

where

d(z,Ty) + d(y, Tz)
2 9

C(z,y) = max {d(:z, y),d(x, Tx),d(y, Ty),

d(T?xz,z) + d(T?z, Ty)
2

(T2, Ta), d(T%, Ty), d(T*z, ) }.

2. T is a triangular a-orbital admissible.
3. There exists x1 € X such that a(x1,Tzy) > 1.

4. T is continuous.

Then T has a fized point z € X and {T"x1} converges z.

Corollary 3.2. Let (X,d) be a metric space, a : X x X — R be a function and
T:X — X be a mapping such that
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1. There exists B € F such that for all z,y € X,

a(z,y)d(Tz, Ty) < B(C(z,y))C(x,y),

where
d :EuT + d ,T.’II
Clz,y) = maux{d(;zc,y),d(:zc,Tgc)7d(y7Ty)7 (=, Ty) . (y )7
2 2
d(T €, ZE) +2d(T Z, Ty) , d(TQCE, TLL'), d(T2£C, Ty), d(Tzib, y)}

2. T is a triangular a-orbital admissible.
3. There exists x1 € X such that a(x1,Tz1) > 1.

4. If {xn} is a sequence in X such that o(z,,zny1) = 1 for allm > 1 and

lim z, = x € X, then there exists a subsequence {Tyn)} of {xn} such that
n—oo

& Zp(ry, ) = 1 for all k > 1.
Then T has a fized point z € X and {T™z1} converges z.

Corollary 3.3. Let (X,d) be a metric space, a : X x X — R be a function and
T:X — X be a mapping such that

1. All the hypotheses s in Corollary 3.1 or Corollary 3.2 are satisfied.

2. If x # y are two fixed points of T, then there exists v € X such that
a(z,v) > 1,a(y,v) > 1 and a(v, Tv) > 1.
Then T has a unique fized point.

Remark 3.1. Theorem 3.1, Theorem 3.2 and Theorem 3.8 are generalizations of
[14, Theorem 8.8].

Finally, we give some examples to support our results. The following example
is an illustration of Theorem 3.2. This example also proves that Theorem 3.2 is a
proper generalization of [14, Theorem 3.8].

Example 3.1. Let X = [-2,—1] U {0} U [1,2] and b-metric d be defined by d(z,y) =
(x — y)? for all 2,y € X. Then (X,d, s) is a b-metric space with s = 2. Let T: X — X
be defined by
_f —z ifzel-2,-1)U(L,2]
T"”*{ 0 ifze{-1,01}.

By choosing z = 1,y = 2, we have d(z,y) = d(1,2) =1 and d(Tz,Ty) = d(0, —2) = 4.
Then, if the condition d(7'1,72) < B(d(1,2))d(1,2) is satisfied, then 4 < g(1). This
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contradicts 8 € Fs. Therefore, [14, Theorem 3.8] cannot be used to prove the existence of
a fixed point of T

Define a mapping o : X x X — R by
if x,y € {-1,0,1}

ifxy >0
otherwise.

O‘(x7y) =

o= —

We claim that T is triangular c-orbital admissible mapping. Indeed, for x € X such
that a(x, Tx) > 1, it implies that © € {—1,0,1}. Then (T, T?z) = a(0,0) = 1. It implies
that T is a-orbital admissible. For z,y € X such that a(z,y) > 1 and a(y,Ty) > 1, it
follows that Ty = 0 and = € {—1,0,1}. This implies that «(z, Ty) > 1. Therefore, T is a
triangular a-orbital admissible mapping.

Let {z»} C X such that a(zpnt1,2,) > 1 and lim z, = z € X. We conclude that

n— o0
x,xn € {—1,0,1} and hence a(zn,z) > 1.
Finally, we claim that T is a generalized a-Geraghty contraction type mapping with

1
B(t) = 3 for all t > 0. Indeed, for all z,y € X, we consider the following cases.

Case 1. z,y € [-2,—1). Then d(T=z,Ty) = d(—z,~y) = (z —y)> < 1 and Cs(x,y) >
4. This implies that

sa(z,)d(Te, Ty) < 2x = x 1= < and B(Ci(x,))Cs(x,y) >

4 =
3 X

Wl
[SUR RN

Case 2. z,y € (1,2]. Then d(Tx,Ty) = d(—z,—y) = (x —y)* < 1 and Cs(z,y) > 4.
This implies that sa(z, y)d(Tx,Ty) < 2x % x1= % and B(Cs(z,y))Cs(x,y) > % x4 = %

Case 3. z € [-2,—1),y = —1or z € (1,2],y = 1. Then d(Tx,Ty) = d(—=,0) = z*
and Cs(x,y) > x2. This implies that

2
sa(z,)d(Tx, Ty) <2 x <% = = and B(Cu(z,y))Ci(w,y) >

w.| 8

Case 4.: z € [-2,-1) U (1,2],y = 0. Then d(Tz,Ty) = d(-=,0) = z* and
Cs(x,y) > x?. This implies that

»

sa(z,y)d(Tz, Ty) <2 x 0x 22 =0 and B(Cs(z,y))Cs(z,y) > %
Case 5. z,y € {—1,0,1}. Then d(Tz,Ty) = d(0,0) = 0 and Cs(z,y) > 0.
Case 6. © = —1,y € [-2,—1). Then d(Tz,Ty) = d(0,—y) = y* and C(z,y) > 44°.
2
2

3
This implies that sa(z,y)d(Tz,Ty) < 2 X %yz =% and B(Cs(z,y))Cs(x,y) > 4

3
Case 7. © = 1,y € (1,2]. Then d(Tz,Ty) = d(0, —y) = y* and Cs(z,y) > 4y>. This
2 2
implies that sa(z,y)d(Tz, Ty) < 2X é xy? = % and B(Cs(z,y))Cs(z,y) > %X4y2 = 4%

Case 8. =0,y € [-2,-1)U(1,2]. Then d(Tz,Ty) = d(0, —y) = > and Cs(z,y) > 4y°.
2
This implies that sa(x,y)d(Tz, Ty) < 2 x 0 x y*> =0 and B(Cs(x,y))Cs(z,y) > 4%
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Case 9. z € [-2,-1),y € (1,2] or z € (1,2],y € [-2,—-1) or z € [-2,-1),y =0 or
z € (1,2,y=—-lorax=-1ye (1,2 orz =1,y € [-2,—1). Then Cs(z,y) > 0 and
sa(z,y)d(Tz,Ty) = s x 0 x d(Tz,Ty) = 0.

By the above cases, we conclude that sa(z, y)d(Tz, Ty) < ﬂ(C’(:tc7 y))C’(:tc7 y) and hence

T is a generalized a-Geraghty contraction type mapping. Therefore, all the hypotheses in
Theorem 3.2 are satisfied. So, Theorem 3.2 is applicable to T', a, 8 and (X, d, s).

The following example proves that Corollary 3.1 is a proper generalization of
[26, Theorem 4, Theorem 5].

Example 3.2. Let X = {1,2,3,4,5} and metric d be defined by

0 ifex=y

d(z,y) = 2 if(z,y) € {(174)7(471)7(175)7(571)}
1  otherwise.

Define a map a: X x X — R by

1 if (z,y) € {(1,1),
afr,y) = (3,5),(4,5), (5,4)
0  otherwise.

(1,2),(1,5),(2,1),(2,2),(2,5),
}

Let T : X — X be defined by 71 = T2 = T3 = T4 = 1,75 = 2. Then T is
triangular a-orbital admissible. Indeed, for z € X such that a(x,Tz) > 1, we conclude
that = € {1,2}. Therefore, a(T1,7%1) = a(1,1) = 1. This implies that T is a-orbital
admissible. For z,y € X such that a(z,y) > 1 and a(y,Ty) > 1, we have z,y € {1,2}.
This implies that a(x,Ty) = «(1,1) = 1. Therefore, we conclude that T is triangular
a-orbital admissible.

By choosing x = 2,y = 5, we have «(2,5) = 1,d(Tz,Ty) = d(1,2) = 1 and

=1.

Mz (2,5) = max {d(z, 5),d(2,1),d(5,2), W}

If hypothesis (1) in [26, Theorem 4, Theorem 5] is satisfied, then it implies that 5(1) > 1.
This contradicts 8 € F. Thus, [26, Theorem 4, Theorem 5] is not applicable to T, (X, d)
and a.

Let B(t) = % for all t > 0. For z,y € X, put

L= ala, y)d(Te, Ty), R = 6(C(a,))C(w,y) = 3C(w,v).

Then we have the following table.
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a(z,y) | d(Tz,Ty)

0

o(

8
<

) | R

&
<

)

o|l=|o|lo|orlo|lololo|~|lo|lo|o|o|r|o|lo|lo|o|~|o|lo|o|o|

QU U O O U | s s | B W W (W W N NN NN R =P8
QUS| W N RO WIN| RO W NP O W N O W N R
(o) ol ool Hen) Hen) B o Heo) Hen) Hen) Renl B Heol oo Heol Kl B L=t Bl R o Bl el Remll B o
(==l Rl Bl Rl i Bl Hem) fen) Hen) Renl o Nen) el Nen) Nen) il Hen] Ren) Nen) Ren) il Ren] Nen) an)
N[ NI = N[N N[ N[N N[ N[N === NN =] =N N == O
00| o0 il = 00 | A | {0 |C | e | (0 | e | e | (e | o0 | I | f | NFe0 | e | i | Nfeo | bl | hofo | oo isto | nfeo I ©

This implies that hypothesis (1) in Corollary 3.1 is satisfied. Therefore, all the hy-
potheses in Corollary 3.1 are satisfied and hence Corollary 3.1 is applicable to T, (X, d), «
and f.

Finally, we apply Theorem 3.2 to study the existence of solutions to the nonlinear
integral equation.

Example 3.3. Let C[a, b] be the set of all continuous functions on [a, b], b-metric d with
s = 2P~ defined by

d(u,v) = t:t[lpb] lu(t) —v(t)[

for all u,v € Cla,b] and some p > 1. Consider the nonlinear integral equation

(3.43) u(t) = g(t) +/ K(t,z,u(x))dz,

where ¢t € [a,b], g : [a,b] — R, K : [a,b] X [a,b] X ula,b] — R for each u € CJa,b].
Suppose that the following statements hold.

1. g is continuous on [a,b] and K(t,z,u(z)) is integral with respect to x on [a, ).

b
2. Tu € Cla,b] for all u € [a, b], where T'u(t) = g(t)+/ K(t,z,u(x))dx for all t € [a, b].
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3. For all u € Cla, b] and u(x) > 0 for all z € [a, b], we have T?u(z) > 0 for all x € [a, b].

4. For all z,t € [a,b] and u,v € Cla,b] such that u(z),v(z) € [0,00) for all = € [a, b],
we have

|K(t7 x, u(m)) - K(t7 T, v(m))|
< &(t,r) max {lu(fb‘) —v(z)], [u(z) — Tu()], [v(z) — Tv(z)],

Jue) = To(@)| + [o(e) = Tu(@)| [Tu(z) - u@)] + [Tu(z) - To(a)
2p ’ 2

T*u(z) — Tu(x)|, |T*u(x) — Tv(z)|, T u(z) - v(:c)|},

I

where € : [a, b] X [a,b] — R is continuous function satisfying

sup (/;b§p(t7m)dx) < m.

t€la,b]

5. There exists u1 € C[a, b] such that u;(t) > 0 and T'uy(t) > 0 for all ¢ € [a, b].

Then nonlinear integral equation (3.43) has a unique solution in Cfa, b].
Proof. Define a mapping T : C|a, b] — C|a, b] by

b
Tu(t) = g(¢) —|—/ K(t,z,u(zx))dx

for all u € Cla,b] and for all ¢ € [a,b]. It follows from hypothesis (1) and hypoth-
esis (2) that T is well-defined. Notice that the existence of a solution to (3.43) is
equivalent to the existence of a fixed point of T. Now, we will show that all the
hypotheses of Theorem 3.2 are satisfied.

Define a mapping « : Cla,b] x Cla,b] — R by

[ 1 ifu(x),v(z) €[0,00) forall x € a,b]
(v, v) = { 0 otherwise.

(1). We claim that T is a generalized a-Geraghty contraction type mapping.

1 1
Indeed, let ¢ > 1 such that — + — = 1. From condition (4), for all u,v € Cfa, b
p g
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such that u(z),v(z) € [0,00) for all = € [a, b], we have

2;0*104(11,, v) [Tu(z) — Tv(x)lp
— op—1 |Tu(z) — TU(:E)|p

/abK(t,:v,U(:v))d:E - /abK(t,x,v(x))dx ’

p

or—1

IN

or—1

b
/(K(t z,u(x)) — K(t,z,v(x)))dx

(/ |K(t,z,u(z)) — K(t,z, (x))|d:v>

IN

IN
~
8
<

< fort (/ dx) </ | K (t, 2, u(zx K(t,x,v(:z:))|pdx> '
< 2 lp-ar (/ & <t,x>dx> max {fu(e) = o(2)] u(a)  Tu(a)
|U($) _ TU($)|, |’U,($) — TU(I)|;;|U(I) — T’UJ({E)|,
2u(z) —u(z 2u(x) — To(x
T2u(2) = To(@)], [T?u(z) - ()|}
b
= 2p71(b—a)p71(/ §p(t,x)dx)Cs(u,v)
P=L(p — u P(t,x) x U, v
= ACs(u,v),
where A\ = 2P~ 1(b — )P~ sup /ﬁptxdx
tela, b]
tion (3.1) is satisfied with §(t) = A for all ¢ > 0. Therefore T is a generalized

a-Geraghty contraction type mapping.

(2). We shall show that T is triangular a-orbital admissible mapping. Indeed,
for u € Cla,b] such that a(u,Tu) > 1, we have u(xz) > 0 for all z € [a,b]. It
follows from condition (3) that T2u(z) > 0. Therefore, a(u, T?u) > 1 and hence T
is a-orbital admissible mapping. In addition, for u,v € C|a, b] such that a(u,v) > 1
and a(v,Tv) > 1, we have u(z),v(z), Tv(z) > 0 for all z € [a,b]. It implies that
a(u,Tv) > 1. Thus, T is triangular c-orbital admissible mapping.

(3). By hypothesis (5), we have a(uy, Tuy) > 1.

(4). Let {u,} C Cla,b] such that a(uy,tpt1) > 1 and lim w,, = u € Cla, ).

n—roo
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Then u(x), u,(x) € [0,00) for all z € [a,b] and n > 0. Therefore, a(un,u) > 1 for
alln > 1.

Therefore, we conclude that all the hypotheses in 3.2 are satisfied. Thus, T" has
a fixed point u € Cf[a,b] and hence equation (3.43) has a solution v € C[a,b]. O

The following example guarantees the existence of the functions K and ¢ satis-
fying all the hypotheses in Example 3.3.

Example 3.4. Let C[0, 1] be the set of all continuous functions on [0, 1], b-metric d with
s = 2 defined by
d(u,v) = sup [u(t) —v(t)|*
t€[0,1]

for all u,v € C[0,1]. Consider the nonlinear integral equation

_ t2 L@+ DitPu(z) .
w0 =" )y vt )
t2 _ (z + 1)t*u(x)

forall ¢t € [0,1] and u € C0,1]. Put g(t) = —

+tand K(t,z,u(z))

2V14 2VT4(1 + u(z))

for all z,¢ € [0,1] and u € C[0,1]. Then
(1). g is continuous on [0, 1]. Since u € C0, 1], K (¢, z, u(z)) is integral with respect to
z on [0,1].
(2). For all x,t € [0, 1] and the sequence t, € [0,1] with lim ¢, =¢. We have
n—oo

ITu(ts) ~ Tu(t)] < |g<tn>—g<t>|+2% / (1+ )2 — £2] 11(5()@ da
< lg(tn) — g(®)] 2\/_/ D) — £|da
= |g(tn)—g(t)|+ \/ﬁhﬁ |

This implies that Tu € C[0, 1] for all u € C[0, 1].

(3). It is easy to see that g(t) > 0 for ¢ € [0,1]. In addition, for u € C[0,1] such
that u(z) > 0 for all z € [0,1], we have K (¢,z,u(z)) > 0 for all z,¢ € [0,1]. It implies
that Tu(t) > 0 for all uw € C[0,1] and ¢ € [0,1]. This implies that for all ¢ € [0, 1] and
u € C[0,1],

1
T?u(x) = g(t) —|—/ K(t,z,Tu(z))dz > 0.
0
(4). Let u,v € C[0,1] and u(z),v(z) € [0, 00) for all z € [0, 1], we have

K (8,2, u(z)) — K(t,2,0(2))] (1 +2)t

(z) v(z)
’1—|—u(x) 1+’u()’

u(z) — v(z) ‘
[T+ u(@)][1 + v(z)]

’u(:c) — fu(:c)‘

(1 —l—gr:)t2
2V/14

(14 z)t?

< Tovii
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2 1
By choosing &(t,z) = M, it see that £ is continuous, sup (/ £ (t, x)dx) < i,
0

2v/14 t€[0,1]
0 < |K(t,z,u(z)) — K(t,z,v(x))| < £(t,z)|u(z) — v(z)|, and hence

|K(t, x, u(:c)) — K(t, x, v(x))|
< (¢, r)max {lu(fv) —v(z)|, lu(z) — Tu(z)], |v(z) — Tv(z)],

lu(x) — Tv(x)| + [v(z) — Tu(x)| |T*u(z) — u(z)| + |T?*u(z) — Tv(z)|
20 '

P
T?u(z) — Tu(@)|, |T*u(z) - Tv(z)], [T u(r) — v(w)l}o

I

(5). By choosing u1(t) =t for all t € [0,1], we have Tui(t) = ¢ for all ¢t € [0,1]. Then
u1(t) > 0 and Tui(t) > 0 for all ¢ € [0,1]. It implies that a(u1,Tu1) > 1.

From the above, all the hypotheses to K and g in Example 3.3 are satisfied.
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