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ENERGY DECAY RATES FOR THE BRESSE-CATTANEO
SYSTEM WITH WEAK NONLINEAR BOUNDARY DISSIPATION

Taklit Hamadouche and Ammar Khemmoudj

Abstract. In this paper, we consider a one-dimensional Bresse system with Cattaneo’s
type heat conduction and a nonlinear weakly dissipative boundary feedback localized on
a part of the boundary. We show the well-posedness, using the semigroup theory, and
establish an explicit and general decay rate result without imposing a specific growth
assumption on the behavior of damping terms near zero.
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1. Introduction

In [3] a simple one dimensional Bresse model is usually considered in studying
the elastic structures of the arcs type whose motion is governed by the following
system of three wave equations:

p1pu — k(@2 + 10 +lw), — kol (wy —lp) =0, in (0,L) x (0,00)
(1.1) P2t — gy + £ (0r + ¥ +1lw) =0, in (0,L) x (0,00)
P1Wtt — Ko (ww - l@)x + Kl ((P;E + Q/J + lw) = 07 in (07 L) X (07 OO)

where the coeflicients p;, p2 denote respectively the mass per unit length, the mass
moment of inertia of a cross-section of the beam and the coefficients xg, x, b and [ are
equal to F A, K GA, ET and R™', respectively, where E is the Young’s modulus, I is
the moment of inertia of a cross-section of the beam, G is the modulus of elasticity
in shear, A is the cross sectional area, % is the shear factor and R for the radius of
the curvature. The functions ¢, ¥ and w represents the vertical, rotation angle, and
longitudinal displacements, respectively, of the point x of the beam at the instant
t.

Remark 1.1. We note that when R — oo, then [ — 0 and then this model reduces to
the well-known Timoshenko beam equations (see [24]).
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There exist a few results about the stability of the Bresse system where the authors
consider the different kinds of the dissipative mechanism. The case of one fric-
tional damping has already been considered by Alabau Boussouira et al. [1], Noun
and Wehbe [17] where the authors proved that the semi-group associated with the
following Bresse system

P1Ptt — K (90:5 + w + lw)m - KOZ (w;n - 190) = 07 in (07 L) X (07 OO)
(1.2) P2ty — bge + K (pe + 0 +lw) + v, =0, in  (0,L) x (0,00)
prwe — ko (We —1@), + Kl (pr + ¥ +1w) =0, in (0,L) x (0,00)

with boundary conditions of the Dirichlet-Dirichlet-Dirichlet type or mixed bound-
ary conditions is polynomially stable provided

pL_ K
(1.3) P and K= Ko.

(i.e., the equal-speed wave propagation condition) and moreover they proved the
lack of exponential stability when they considered the Dirichlet-Neumann-Neumann
type boundary condition. The equal-speed wave propagation condition has been
used in many works in order to establish exponential decay rates. Fatori and Mon-
teiro [6] showed the optimality of the polynomial decay rate for the Bresse system
(1.2) with the Dirichlet-Neumann-Neumann type boundary condition. In [23], the
authors considered the Bresse system with indefinite damping mechanism acting on
the equation about the shear angle displacement. Under the equal speeds condition
and only with Dirichlet.Neumann.Neumann boundary condition type, they proved
the exponential stability of the system. Wehbe and Youssef [25]; Santos and Junior
[20] showed the asymptotic stability without impose conditions about the equal-
speed wave propagation for the Bresse system with linear dissipation by different
methods. Soriano et al. [22] and Charles et al. [5] gave the asymptotic stability for
the following Bresse system with nonlinear dissipation

p1oe — K (2 + ¢ + lw), — kol (we — lp) + a1 (x)g1 () = 0,

p2¢tt - bwLIJLIJ + K (901 + w + lw) + 042(55)92(¢t) = 07
prwg — ko (We — 1), + KL (0 + ¥ +lw) + as(z)gs(w:) = 0,

in  (0,L) x (0,00) by energy methods. However, to obtain the energy decay rate
estimate, the authors required that a; and the damping terms g;(.) satisfy the
following growth rate:

(1.4) a; = ai(z) € L*°(0,L), a;(z)>C >0,
' gi(s)s >0, for s#0, cs<gi(s)<ds for |s|>1, i=1,2,3.
where C,c¢,d are constants. Li et al [11] extend the behavior of «;, g;(.) to more

general cases which does not necessarily satisfy (1.4) and get the explicit energy
decay rate estimate for the system.
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Concerning stabilization via heat effect, Liu and Rao [12] considered the Bresse
system with two different dissipative mechanism, given by two temperatures coupled
to the system. The authors considered the problem

prow — K (9o + 10 + lw), — Kol (wy — lp) + k101 =0,
pathss — e + K (e + 0 +1lw) + K162 = 0,

(1.5) prwsy — Ko (Wy —19), + Kl (g + 2 + lw) + K165 = 0,
p3bf — abl, + k1 (wy —lp) =0,

P30} — ab, + kit =0,

in (0,L) x RT and they proved that the exponential decay exists only when the
velocities of the wave propagations are the same. If the wave speeds are different
they showed that the energy of the system decays polynomially to zero with the
rate t—1/2 or t='/4, provided that the boundary conditions is of Dirichlet-Neumann-
Neumann or Dirichlet-Dirichlet-Dirichlet type, respectively.

If ' = 0 in (1.5) Fatori and Munoz Rivera [7] analyzed the exponential stability
of the obtained Bresse-Fourier system they showed that, in general, the system is
not, exponentially stable but that there exists polynomial stability with rates that
depend on the wave propagations and the regularity of the initial data. Recently,
Najdi and Wehbe in [16] extended and improved the results of [7] when the thermal
dissipation is locally distributed.

In system (1.5), the heat equation is governed by Fourier’s law of heat conduc-
tion, which states that the heat flux is proportional to the gradient of temperature.
Moreover, it is well known that the model using the classic Fourier’s law leads to
the physical paradox of infinite speed of heat propagation. In other words, any
thermal disturbance at one point will be instantaneously transferred to the other
parts of the body. However, experiments showed that heat conduction in some di-
electric crystals at low temperatures propagates with a finite speed [9]. To overcome
this physical paradox but still keeping the essentials of a heat conduction process,
many theories have subsequently emerged. One of which is the advent of the sec-
ond sound effects observed experimentally in materials at a very low temperature.
Second sound effects arise when heat is transported by a wave propagation process
instead of the usual diffusion. This theory suggests replacing the classic Fourier’s
law

(1.6) qg+v0, =0

where g is the heat flux and 7 is the coefficient of thermal conductivity by a modified
law of heat conduction called Cattaneo’s law

(1.7) Tq +q+ 7. =0

Here, the parameter 7 > 0 represents the relaxation time describing the time lag in
the response of the heat flux to a gradient in the temperature. The obtained heat
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system is of hyperbolic type and hence, automatically, eliminates the paradox of
infinite speeds.

The coupling of the Bresse system (1.1) with the aforementioned theory is given
by

p1pe — K (pz + 0 +1lw), — kol (wy —lp) =0, 0<z <1, t>0
p2thit — buy + K (0o + 0 +lw)+ 60, =0, 0<x<1l, t>0
(1.8) prwg — Ko (We — 1), + Kl (e + 1 +1lw) =0, 0<z<1, t>0
P30 + qu + 0thy =0, 0<az <1, t>0

Teqt +Bg+0, =0, 0<z<1l, >0

When thermal effects are considered, the asymptotic behavior of the Bresse system
may become more complicated because of the coupling between the elasticity and
heat conduction. Concerning to system (1.8), we found several papers that studies a
reduced version which is known as Timoshenko system. Fernandez Sare and Racke
[8] considered the following Timoshenko-Cattano system

prow —k(ps+v), =0, 0<z<l, t>0

(1.9) Pttt — bihas + k(e +0) 4+ 00, =0, 0<z<1, t>0
P30 +qp +0Uie =0, O<z<l, t>0
Teqt +Bq+0, =0, 0<z<l1l, t>0

with some initial and Dirichlet-Neumann-Dirichlet boundary conditions and proved
that the system is not exponentially stable even if the propagation speeds are equal.
Moreover, they showed that the presence of viscoelastic damping term of the form

o0
J 9(8)pua(t — s)ds in the second equation of (1.9) is also not sufficient to obtain
0

exponential stability. Recently, Santos et al. [21] considered (1.9), and introduced
a new stability number in the form

_ p1 (p2 Pl) Tp16?
p=(r—— ) (F-7)-
kpg b k kbpg

and used the semi-group method to obtain exponential decay result for 4 = 0 and
a polynomial decay for u # 0. Also, a stability result, using this new number, was
obtained by Said-Houari and Hamadouche in [19] by considering the Cauchy prob-
lem for the one-dimensional Bresse system coupled with heat conduction governed
by the Cattaneo law.

In [2] Ayadi et al considered the nonlinear Timoshenko-Cattaneo system of the
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form

prow —k(ps +4),=0, 0<z<l, t>0
p2thir — buy + k (pz +10) + 00, + a(t)h(yy) =0, O0<z <1, t>0
p30; +qp + 0y =0, O<z<l, t>0
Teqt +Bq+0, =0, 0<z<l1l, t>0
and proved an explicit and general decay results which depend on the stability

number pu as identified previously by Santos et al. in [21].

The boundary feedback with a time-dependent coefficient has been used by
Mustafa [15] for a wave equation.

In the present paper, we consider the Bresse-Cattaneo (1.8) under the following
initial data:

(1.10) U (2,0) = 1 () 90 (2,0) = 1 (2) w0 (2,0) = wr (2)
0 (2,0) = 6o () ,q(x,0) = qo (z),
and the following boundary conditions
(1.11) ¥(0,t) = 0,9(0,t) = 0,w(0,t) =0,0(0,t) =0(1,t) =0 ¢t >0
(pz + ¢ +1w) (1,1) = —a(t)h(pi(1,1), >0
(1.12) Ya(1,t) = —a(®h((1,1)), >0
(we —lp) (1,1) = —a(t)h(wi(1,1)), >0

The boundary conditions (1.11)-(1.12) states that the system is fixed at @ = 0
and the other end is subjected to the effect of a nonlinear time-dependent frictional
damping.

Our aim in this paper is to investigate (1.8),(1.10)-(1.12), in which the damp-
ing considered is modulated by a time-dependent coefficient a(t), and establish an
explicit and general decay result, depending on h and «. The proof is based on
the multiplier method and makes use of a lemma by Martinez [13]. This paper is
organized as follows. In Section 2, we present some notations and materials needed
for our work and establish the well-posedness of system (1.8),(1.10)-(1.12) by using
the semi-group theory. The statement and the proof of our main result are given
in Section 3. In the last section, we investigate some special cases.

2. Preliminaries and Well-posedness

In this section, we present some material needed for the proof of our main result
and we prove the existence and the uniqueness of the solution of system (1.8),(1.10)-
(1.12).
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We consider the following hypotheses:
(A1) a: [0,+00) — R are non-increasing C''-function satisfying

oo

/a(t)dt = 400

0

(A2) h: R — R is a nondecreasing C” function such that there exists a strictly
increasing differentiable function hy € C1([0,400)), with ho(0) = 0, and positive
constants ¢y, co and M such that

ho(lt]) < In(0)] < hg*(|t]), [t < M,
eilt] < [h()] < caltl, [t > M

Remark 2.1. Hypothesis (A1) implies that « is bounded and (A2) implies that sh(s) >
0, for all s # 0.

We now discuss the well-posedness of (1.8),(1.10)-(1.12). For this purpose, we
introduce the following spaces:

V ={ve H}0,1):v(0) =0}
Lz(O,l):{w€L201 }w :O},
0
H(0,1) = H*(0,1) N L%(0,1)
Introducing the vector function

(21) U = (QD,U,’Q[J,’U,’U},Z,H,Q)T
where u = ¢y, v = Yy, z = wy. The phase space of our problem is
(22) H=VxL*0,1)xV x L*(0,1) x V x L*(0,1) x L*(0,1) x L?(0,1)

equipped with the inner product
1 1
U,0)y = /n(% + 9+ lw)(e + ¥ + li)dx + /b%u}zdm
0 0

1 1
+ | kolwy — lo) (W, — l@)dx + /plu&dx + /pgvﬁdac
0 0

— O —

1 1
+ plzédx—l—/pg@édx—i—/qu(jd:v.
0 0

(=)
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and the corresponding norm is

lpsu, v, v,w,2,0,4l3 = kllps + ¢ + 1wl + 0l|vel* + wollws — 1pll* + p1[lull® + p2lv]®
+oull2l? + psllOI* + 74 llall*.

System (1.8),(1.10)-(1.12) can be written as a linear ordinary differential equation
in H of the form

d
(2.3) EU(LL) +AU(t) =0, Uo = (o, ¢1, %0, 1, wo, wi, 00, q0) "
where the domain D(A) of the linear operator A : D(A) C H — H is given by

D(A){ UeMt:pp,we H*(0,1)NV,u,v,2€V,0 € Hj(0,1),q € H}(0,1) }
L (e 9+ lw)(D)=a()h(u(1)), de (D=a(t)h(v(1), (we = lp)(1)=a(t)h(2(1))

and

—u

—p%(% + Y +lw), — ’:;_Ull(ww —lyp)
—v

b K )

—z

(e = l)s + 5 5L (o + 1) + lw)

_Qz+ ivz
q+ 9

It is not difficult to see that H is a Hilbert space and that D(A) is dense in H.

We have the following existence and uniqueness result.

Theorem 2.1. The operator A is the infinitesimal generator of Cy-semigroup S(t)
of contraction in H. Thus for any initial data Uy € H, there exists a unique
solution U € C(RY,H) of problem (1.8),(1.10)-(1.12). Moreover if Uy € D(A),
then U € C(RT, D(A)) N CYHRT, H).

Proof. To prove Theorem 2.1, we use the semigroup approach. For this purpose, we
show firstly that the operator A4 is monotone in the phase space H. Indeed, for any
U € D(A), by definition of the operator A and the scalar product of H, we have

(AU, U)y / 2da 4 ka(t)h(u(1))u(1) + ba(t)h(v(1))v(1)
0
(2.4) +roa(t)h(z(1))z(1) > 0.

which implies that A4 is monotone in H. Next, we prove that the operator I — A is
surjective. Given

(2.5) G = (91,92, 93, 94, g5, §6: g7, 9s) - € H
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we prove that there exists U € D(A) satisfying,
(2.6) I+ AU =
Equation (2.6) is equivalent to

—ut+e=aq
—k(pz + 9 + lw)y — kol(wz — ) + pru = p1ge
—v+1 = g3
—bpe + K(pz + 0+ lw) + 00, + p2v = paga
—Z+w=gs
—Ko(We — 1)z + Kl(pz + 1 + lw) + p12 = p19ge
Qe + 6vz + p30 = p3gr
(B+ Tq)q + 0, = 749s.

From the first, the third and the fifth equations of (2.7), we obtain

(2.8) u=@—g, v=10-—g3 z=w-—gs.

From the eighth equation, we have

(2.9) —(B+1g) | ay)dy + 74 | gs(y)dy
foor s
with

(2.10) 6(0,t) =6(1,t) =0

Substitutig u, v, z, 6 into the second , the fourth, the sixth, the seventh equations
n (2.7), we get

—k(pe + U +lw)y — kol(ws — lp) + pro = p1(g1 + 92)
—bhyy + k(2 + ¢ +lw) = 8(B + 74)q + p2vp = pa(gs + g1) — 67498
(2.11) —ro(wy — 190) + Kl(pz + 9 +lw) + 1w =p (95 + 96)

—qz + p3(B+1q) fq Ydy — 61, = pqufgs Ydy — psg7 — 093a

The variational formulation corresponding to (2.11) takes the form

(2.12) a((e1, 1, w1, q1), (92,02, w2, q2)) = L(p2, P2, w2, g2)



Energy Decay Rates for the Bresse-Cattaneo System 667

where the bilinear form a is defined as follows:

((80171/)171017 Q1) (902,1/)2,102, QQ)>

1
H/ P12 + Y1+ lwr) (2,2 + P2 + lws) dI+b/¢1m¢2de
0
1 1
+Ho/w1m lo1)(w2,e — lp2)dx + (B + 74) /ithdiZ?
0

0
1

+P1/901902d$+P2/¢1¢2d$+p1/w1w2d$
0 0

1 x
—06(B+71q) | qb2dzr —6(B+7y) [ V1s | q2(y)dydz
/ [o]
1 x x
+oa+n? [ | [ati [aeway) a
0 0 0

and the linear form

1 1 1
(2,12, w2, ¢2)) Pl/ g1+ g2 802d$+02/ 93+ g4 1/)26136—5771/981/)26133
0 0 0

1 T

+p1 [ (95 + ge)wadr —6(B +74) [ 932 | qo(y)dydx
/ []
1 x x
+ p374(B + 74) / /gg(y)dy — p3gr /Q2(y)dyd$
o \D 0

+ ra(t)h(u(1))p2(1) + ba(t)h(v(1))v2(1) + roa(t)h(z(1))ws(1).
Now, we set X = V3 x L2(0,1) equipped with norm

213) (e, w,q)llx = 1@ + ¢+ w5 + [vell3 + [|(we — L) |13 + llqll3

It is clear that a is bounded and coercive and that ¢ is bounded. Then, using Lax-
Milgram theorem ,we deduce that (2.12) has a unique solution (p, ¥, w,q) € X.
Thus, using (2.8)-(2.9) and classical regularity arguments, we conclude that (2.6)
admits a unique solution U € D(A). Consequently, the operator A4 is maximal.
Hence, the result of Theorem (2.1) follows (see [4]). O
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3. The main result

In this section, we state and prove our main result. For this purpose, we establish
several lemmas.

The energy associated to the solution of system (1.8), (1.10)-(1.12) is given by
the following formula:

E(t)=

N | =

1
/ { Pt pnvt+prudn (wo—1o) 41 (o0 + YHw)? +002+pa0>+7,q" fda
0

We can prove that the system (1.8), (1.11), (1.12) is dissipative as stated below

Lemma 3.1. Let (o, ¢, w,0,q) be a global solution to problem (1.8), (1.10)-(1.12)
on [0,+o0[. Then we have

1
E(t) = —ﬁ/ffdw—m(f)h(%(laf))%(lat) — ba(t)h (i (1,1))1: (1, 1)
0
(3.1) —roa(t)h(we(1,t))w(1,t) <0

Proof. By multiplying the first, the second, the third, the fourth and the fifth
equations of (1.8) by ¢, ¥, wy, 0 and ¢ respectively, integrating by parts over
(0,1),adding these equalities and using hypotheses (A1)-(A2) and some manipula-
tions we obtain (3.1). That is, the energy function E(t) is nonincreasing. [

The following lemma will be of essential use in establishing our main results.

Lemma 3.2. (/13]) Let E: R™ — R™ be a nonincreasing function and o: RT —
RT be a strictly increasing C*-function, with o(t) — 400 ast — +o00. Assume that
there exist p,q > 0 and ¢ > 0 such that

+oo
, . . E(T)
(3.2) T/ o ()E@)Pdt < cEYP(T) + ¢ oa(T)’ 0<T < +oo.

Then there exist positive constants k and w such that

(3.3) i

Et)<ko(t)», if p>0.

{ E(t) < ke—wa’(t), Zf b= 0,
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Lemma 3.3. Let (p,¢,w,0,q) be a global solution of (1.8), (1.10)-(1.12), then
for any N > 0 the energy function satisfies

1
L, dL, NdL; (N+1) / )
(N2 s - —10)%d
o~ WDt gt [ (we = lp)Tde
0

1 1 1
N+1 N+1
IQ/ 0z + U+ lw) d —|—( 5 )clpl/gafdx—k( )Cg/¢5d$
0 0

1
N+1
—I—( 5 )C3p1/wt2d:v+
0

Et) < —(N+1)—/

m/wmm— D 2 (16282 i (1,1))

0
1
+(N;_1)C4/q2d$+ 05/92d;v+ +1) 2(L‘)bh2(¢t(1,t))
0
+(N;r1)az(t>/-e§h (we(1,t)) — ?nh(%(l )ep(1,t) — gbhwt(l,t))w(l,t)

(N+1)
2

(3.4) —gnoh(wt(l,t))w(l,t) + (p1egi(1,t) + p2tof (1, 8)+p1rowi (1,t)) .

where ¢;, (i = 1,...,5) are positive constants and the functionals L;, (i =1, ...,3)are

1 1
Ly(t) = /pllmj(gaz + ¢+ lw)pdx + /plmox(wm — lp)wede,
0 0
1 1
La(t) = [ pawtinde + [ puratads
0 0

1 1 1
Ls(t) = /p1<pts0dw+/pzwtwder/plwtwdw-
0 0 0

Proof. Multiplying the first equation in (1.8) by k(N + 1)a (¢, + ¢ +1lw) — %cp, and
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integrating it over (0,1) with respect to z, we have

1 1
N
0 = (N+ 1)p1ﬂ/x(sﬁz + v+ lw)ppdr — ?pl/¢<ﬁttd$
0 0

1
w2 / (N + V(e + 1 + lw)(gs + 6 + lw)ode
0

1
/ — lp)dx
0

1
(3.5) —rkol(N +1 /x 0z + U+ lw)(w, — lp)dx
0

pELl
2

)z

1
/gaz—|—1/)—|—lw zpdx + Kol
0

By using integration by parts and using the boundary conditions, we get the fol-
lowing estimation

1 1
2 d
—%/wm—lﬂ/}—klw dr = pi(N+1) E 2(pz + U + lw)p] da
0 0
1 1
[k N+1 +N/ N[
prdx 5P dt[%sﬁ]d

0
1

1
N
_pR(N 4 1) /xthwt Yordie — %/%wﬂw pude
0 0

1
—kkol(N +1) /x(g@m + ¢+ lw)(w, —l)dx
0

1
+#ol %/ — lp)pdr — Pl%@?(lvw
0
(36) X aOh(e(1,0)p(1,1) — SN + D (OR(p(1,1)

Next, multiplying the second equation in (1.8) by (N +1)z, — %w, and integrating
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it over (0,1) with respect to x, we obtain

1
0

1 1

— (N + 1) / ssbuds — o [ Guvds

0 0
1

1

N

(N +1) [ 2tbythpeds +b— [ Vpptodx

[t |
1

1
+k(N +1) /xwm(gom + ¢+ lw)dx — mg /w(som + 9+ lw)dx
0 0
1

1
(3.7) FO(N +1) /wzemd:p - g(s/wmdx
0 0
Multiplying the fifth equation in (1.8) by 6(N 4 1)z, and integrating it over (0, 1)
with respect to x, we obtain
1 1 1

(3.8) d(N+ 1)/x1/)m9md3: = —§(N + 1)Tq/xqt1/)md:1: —B(N + 1)5/xq1/)md3:

0 0 0
We have

1 1
d
(3.9) /xq,ﬂ/)zda: /a [xqp,] dx — /xqz/)ztdx
0

0
Multiplying the fourth equation in (1.8) by 7,(N +1)zq and integrating it over (0,1)
with respect to x, we obtain

1 1 1
(3.10)  p37e(N + 1)/x9tqd3: =—71,(N+1) /quqda: — 01y(N + 1)/x1/)tzqu
0 0 0
We can rewrite the term in the left hand side of the last equation as follows
1 1 1
(3.11) /x@tqd:r = / [x8q] dx — /x@qtd:r
0 0 0
Next, multiplying the fifth equation in (1.8) by p3(N + 1)2f and integrating it over
(0,1) with respect to x, we obtain
1 1 1
(3.12) ps(N + 1)Tq/wqt9da@ + Bps(N + 1)/xq9d:v + p3(N + 1)/:56‘9mdx =0
0 0 0
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Substituting (3.9)-(3.12) in (3.8), we obtain

1

1 1
(N + 1)/x1/119xda: = —0(N+ l)Tq/%[qu)x] dx — B(N + 1) 5/3:q1/)zda:
0

1 1
(N +1) d
+ /q2dar—p37'qN—|—1/—:179q
dt
0

0

1 1
S(N +1)
(3.13) —psB(N 1) /xq@d i) + /9%13;
0 0

Replacing (3.13) in (3.7), using integration by parts and boundary conditions, we
get

(N—|—1)

1
b d
—5 [ = 1) [ G levevddo - 2S00
0

1
N+1 N d
s / Ve — N, / 4 o) do
2 dt
0

2

0
0D e pm w1, - bgau)hwtu, e

1

<N+1>/wm<%+w+lw> x—m—/w o + 1+ lw)de

1
d
(N + 1), /Exqwmdx—ﬁ(N—i-lé/xqz/}mdx
0
N 1) i 1d
+ /q2dx_p37-qN—|—1/£$9q
0 0

1 1

1
S(N + 1) N
(3.14) —psB(N +1) /xq@da: i) + /02d:z: + 35/%9(13;
0 0

Finally, multiplying the third equation in (1.8) by xo(N + 1)z(w, — lp) — Fw and



Energy Decay Rates for the Bresse-Cattaneo System 673

integrating it over (0, 1) with respect to x, we obtain
1 1
N
0 = p1ko(N 4+ Da(w, — lp)wpdr — 5P WWr dx
0 0

1
2 / (N + V(s — 1) — 1p)oda

1 1
N N
+Ko— / ©)gwdr — Elil/ (o + ¥ + lw)wdz
0 0
1
(3.15) +n0mz/ (N + Da(wy — 1) (e + 9 + lw)dz
0

Integrating by parts and using boundary conditions, we obtain

1 1
K3 9 d
—7/(1% —lp)dr = piro(N +1) a — lp)w] dx
0 0
1
—p1ko(N +1) /3: Wyt — lpy)widx
0
N [d 2(N 4 1)
= <@ _ oWV AL 5000
yon [ g o do = 2D 020wy (1,0)
0
N N /
—HOTa(t)h(wt(l,t))w(l,t) — KOT /(wm —lp)w,dr
0
N h N i
—551/(@1 + ¢ + lw)wdz + 51 /wfdx
0 0
1
(3.16) +Iio/€l/(N + Da(wy — 1) vz + 9 + lw)dx
0

Combining (3.6), (3.14) and (3.16), we obtain the inequality (3.4). This completes
the proof of Lemma3.3. O

Lemma 3.4. Let (p,9,w,0,q) be a global solution of (1.8), and T' : RT — RT
be a concave nondecreasing C?-class function. Then, for any constant p > 0 the
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energy function E(t) satisfies the following estimation, 0 < T < S

S S 1
/ I (OB dt < CEPYY(T)+C / T B / Pdudt
T T 0
S
+C/F'Ep(t) (97 (1,1) + & (t)h* (pi(1,1))) dt
T
S

+C [ TEP(t) (2(1,1) + o2(t)h% (1 (1, 1)) dt

n T~

(3.17) +C/P’Ep(t) (wi(1,t) + o?(t)h? (we(1,1))) dt.
T
Proof. Using the inequality (3.4), we have

S
/ U'Ertat < —— [ T'EP() (pirg?(1,1) + w202 (0)h% (pi(1,1))) dt
T

=
vl 4
H\m

S
N+1 /
HE VB0 (a0 (1.0 + b (R (1, 1) e
T
S
N+1 g 2 2 2,012
+—2 I EP(t) (prrow; (1) + kga? (£)h (wy(1,1))dt) dt
T
(318) +Ih + 1o+ 13+ 14+ 15 + I
where
5 1
N [ d
L=|T@WFE (t)§ 7 [p1pee + kP + prww] dedt
0

T
S

L= [T EP(t)(N +1)
/

d
i [0162(pz + U + lw)p + paathethy + preox(we — lp)w + p3Texbq] da

/ N

Iy= [ T (EP()

/
i

1

+1

51 / (c16f + 07 + cowy + ¢50%) da.
0

T



Energy Decay Rates for the Bresse-Cattaneo System 675

S
I = /r’ (t)EP(t) <gnh(<pt(1,t))<p(1,t)) dt

&
I

I (t)EP(t) <gnh(wt(1,t))1/;(1,t)> dt

Is= | T'(1)EP(t) (gmh(wt(l,t))w(l,t)) dt

Se— i S,

to estimate the terms I; — I as follows

s s
L = / [F,Ep(t) <g(p1gpt<p + k) + plwwt)> dx}

T

T

| =

s 1
+ /(I‘”Ep + pF,Ep’lEl) / (P11 + K + prwwy)dadt
T 0

IN

S S
7 T 1" / /
¢ [t +cmri) / ' (1)dt| + T (1) / EPE dt
T T

(3.19) CT (T)EPT(T).

IN

We have by similar procedure
(3.20) I, < CT'(T)EPTY(T)

Also we estimate I3 by
s

(3.21) I < c/r’(t)EP“dt.
T

By boundary conditions we have

1 1 1
(3.22) <p2(1,t) < /(pidm, 1/)2(1,t) < /wid:r, wQ(l,t) < /widaz
0 0 0

Then

S
Li+I3+ 1 < g/r’(t)EP“(t)dt
T

S
(3.23) +C / TP () (W (00(1, ) + 2 (1,8)) + B2 (wi(1,1)))
T
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By inserting (3.19),(3.20), (3.21) and (3.23) in estimation (3.18), we obtain the
estimation (3.4). O

We are now ready to state and prove our main result.
Theorem 3.1. Assume that (A1) — (A2) hold. Then, there exist a constant ¢ > 0
such that, for t large, the solutions of (1.8),(1.10)-(1.12) satisfy

2

(3.24) E(t) <c |Hy*! _ t >t

fta(s)ds
0

where Ho(t) = tho(t). Moreover, if hq is strictly convex on [0, M] and hy(0) = 0,
then we have the improved estimate

2

1
(3.25) E(t)<c|hy' | 77— >t
[ a(s)ds
0
Proof. Let us define the following function
/ 1
3.26 7t=1+/ ds t>t
1
for some ¢ > max{1, +}. Then
(3.27) v (t) = L vy
' ho(%) N

It follows from assumption (A2) that ' (¢) is strictly increasing and ' (t) — oo as
t — oo. Thus 7 is a convex and strictly increasing C2-function, with () — oo as
t — o0.

Now we set
(3.28) o(t) = ”y_l(/ a(s)ds).
0

then it is easy to cheak that o is strictly increasing concave C2-function, with

o(t) = oo as t — oo and
o (1) = m(ﬁ)a(w
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is strictly decreasing.

Now, we take I'(t) = o(¢) in Lemma 3.4, we obtain

S S 1 S
o (EPTdt < CEPTNT)+C [ 0 EP(t) | ¢*dedt +C | o EP(t)@2(1,t)dt
/ [ sl
S
+C/U’Ep(t) (R (e (1, 1)) + W2 (W (1, 1)) + B (wy (1, 1)) dt
T

S
(3.29) +C/U'Ep(t) (¥7 (1,t) + wi(1,1)) dt
T

s
Estimation for [ o (t)E(t)2(1,t) By considering the following cases:
T
C1:|p(1,8)] > M,
1
C2: |oe(1, )| < M, and |p:(1,t)] < =Dk
1
C3: o1, )] < M, and [p(1,)] > =)

Q

Q

~—

According to hypothesis (A2), we obtain for ¢ > ¢ in case Cl:

(3.:30) 7 (006 (1,0) £ 0 ()b (L) (1,0) < ~CE (1)
in case C2
(331) 7 (O 0.1) < 70

in case C3: we use the definition of o(t), we obtain

1

o WFLY < Mo (en(L) = Mho(og)a®)i(1,1)
< Mho(jeu(L D)a(®)ler(L,1)] < Ma()h(ed(1,1)ei(1,1)
(3.32) < —CE ().
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By using the estimations (3.30), (3.31) and (3.32), we arrive at

S S S
S WEWSRL DA < —C [ EOE ®dt+ [ o 0)E(W)——dt
/ Jrosous [om0z
o(S)
< CE*(T)+ E(T) / S%ds
o(T)
(3.33) = CE*T)+ E(T) <ﬁ - %) .
Similarly, we estimate
i ! 2 2 1 1
T
S
(3.35) / o (OB w2(1,1) < CEX(T) + E(T) (ﬁ - ﬁ)
T

5
Estimation for [ o (t)E(t)h?(¢.(1,t)) By considering the following cases:
T

(3.36) C'1:|ge(1,8)] > M,
(3.37) C'2:loi(1,8)| < M, and |pi(1,t)] <o (t),
(3.38) C'3:loi(1,8)| < M, and |pi(1,t)] > o (t)
According to hypothesis (A2), we obtain for ¢ > ¢; in case C'1:
(3.39) o ()2 (pe(1,1)) < o ( )eahoi(1,1))pe(1,1) < —CE ().
in case C'2: Since o (t) = ho(ﬁ)a(t), we get
/ 1
-1 < p-l _ -
ho (lee(1,0)]) < hg (o (1)) U(t)a(t),
SO

(3.40) o (Dh2 (01, 1)) < & (H)a2(t)—— < Co’ (1) —

| e o2 = 7 V)

. ! .
in case C 3: Since

o (t) <lee(1,t)] and h(pe(1,)) < hg (lpe(1,8)]) < hg (M)
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we obtain

o (t)h2(p(1,1)) loe(1,8)|hg (M) (e (1,1))

<
(3.41) < by (M)gi(1,1)h(pi(1,1) < —CE'(#).

By using the estimations (3.39), (3.40) and (3.41), we arrive at

S S S
’ ’ ’ 1
o (ER)R (i(1,0)dt < —C | E@)E (t)dt+C | o (t)E(t) dt
/ / [
o(S)
< CE*T)+ CE(T) / S%ds
o(T)
(3.42) = CE%T%+CEUU(;%5—;é§).
Similarly, we estimate
P ) ) 1 1
(3.43) /o@E@hWﬂﬁngCECﬁ+Cﬂﬂ<;?y—R§)
T
S
(3.44) /a@MWﬂWQM§Cﬁ@HCMﬂ<£ﬁ—?%)
T

Finally, inserting (3.33), (3.34), (3.35), (3.42), (3.43) and (3.44) into (3.29) as S —
400, we find that

+oo
(3.45) /A@W@gmﬂn+ilmn
o(T)
T
Hence, we deduce from Lemma 3.2 that
(3.46) Et) <ko(t)™%, t>t;.

In order to obtain (3.24), we take so > ¢ such that ho(%) < 1. Since hy is increasing
and Hy = sho(s) then we have

S

1
b 1/ ho(2)

v(s)

>
=]
—~| =
» =
—

(3.47)

IN
Il
®
v
@
S
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. o 1 .
So, with ¢t = oy We easily see that

b
a(t)

Therefore, using (3.46) and (3.48) ,we obtain estimate (3.24). To prove (3.25), we
define a new function K as follows:

(3.48) < Ho_l(%), Vi >t

(3.49) K(t) =

According to the strict convexity of hy on [0, M] and the mean value theorem, we

easily deduce that K (t) is strictly increasing on (0, M). Now, we take 0 = vy~ 1,

where

t
(3.50) = 1+/K y >t
1 S

Then by the same procedure, one derives (3.25). This compeltes the proof of The-
orem 3.1. O

As in [14] we give some examples to illustrate the energy decay rates obtained
by our results.

Examplel. Exponential growth

If ho(t) = e near zero. Then by according to Theorem 3.1, we obtain the
energy decay estimate

t
<kln/a N7t >ty
0

Example 2. Between polynomial and exponential growth

If ho(t) = e(="t* near zero. Then by according to Theorem 3.1, we obtain the
energy decay estimate

—2(n(f a(s)ds))) ¥
(3.51) E(t) <ke b

Example 3. Faster than exponential growth:

1
If ho(t) = e ©" near zero. Then by according to Theorem 3.1, we obtain the
energy decay estimate

t
<klnln/a , t>to
0
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4. Special cases

In this section, we consider the situation of polynomial growth rate near zero ho(t) =
t", r > 1. In other words, instead of (A2) we will give the following condition:

(A3) h: R — R are differentiable functions satisfying
(4.1) ey min{t], (17} < [h(t)] < e min]t], 64}

where the constants ¢1,c3 > 0 and r > 1.

According to Theorem 3.1, we obtain the energy decay estimate

(4.2) Eit)<C /a(s)ds

0

However, this estimate can be improved as follows:

Theorem 4.1. Assume that (A1) and (A3) hold. Then there exist two constants
ki,ko > 0 such that for all t > 0,

E(t) <k exp{—kgia(s)ds} , ifr=1
(4.3) ’

t

BE(t) <k (fa(s)ds> T s

0

¢

Proof. We take I'(t) = [a(s)ds in Lemma 3.4 and furthermore the estimation
0

(3.17) becomes

S S 1
a(t)EPTrdt < CEPTHT)+C | a(t)EP | ¢*dxdt
/ [ree ]
S
+O/a(t)EP(t) (7 (1,8) + 7 (1,t) + wi(1,t)) dt
T
S

(4.4) +C [ a@)EP(t) (R*(¢u(1,t)) + h*(1e(1, 1)) + B*(we(1,1))) dt.

’ﬂ\

We distinguish two cases related to the parameter r to establish the energy decay
rate.

Case (I): » = 1. We choose p = 0. According to the hypothesis (A3), we know
that for t > 0,
1
(4.5) t2 < —h(t)t, h(t)* < cah(t)t.

C1
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Hence, from inequality (4.4) and energy identity, we deduce that
s

(4.6) /a(t)E(t)dt < CE(T)+ c/—E’dt < CE(T).
T

Then by using Lemma (3.2), we obtain the first estimate in (4.3).
Case (II): r > 1. The hypothesis (A3) implies that

2
2 1 rl :
£ < (ah(t)t> L ifltl <1
t2 < Lht)t, iflt] > 1.

=

(4.7)

It follows from energy identity (3.1),

) 1, Q7 1,
(45) dns|-280|" - 2B
C1 C1
Then using Young’s inequality and the fact that F(t) is nonincreasing, we obtain,
for any € > 0

S S 2 S

/ a(t)EP ()2 (1, t)dt < / a(t)EP(t) [_iE’(t)]ﬁ it— 2+ a(t)EP()E (t)dt
C1 C1
T T T
r+1 rt1 7 r+1 _r41 7 1 EPH(T)
<« / dt—l—O&(O) 2 /—aE (t)dt+ m
T T
(4.9) < Cert 1/Epr T(t)dt + C(e~F + 1)E(T).
Similarly, we obtain, for any € > 0
S S
(4.10) a(t)EP(t)yi(1,t)dt < Cer t)dt + C(e™ 4 1)E(T).
/ e
and
S S
(4.11) /a(t)Ep( yw2(1,t)dt < Cer1 | EPFT(H)dt + C(e~ = + 1)E(T).
T T

Also we have from energy identity (3.1),

(4.12) /1q2dx < —cE(t) < —cE'(t) + [ cE (t )} T
0
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then we obtain

s 1 s
(4.13) /a(t)E”(t)/quxdt < Cert /Eplfi (t)dt + C(e= "= + 1)E(T).
T 0 T
On the other hand, the hypothesis (A3) implies that

(4.14) { h2(t) < (T ()T, iflt] <1

h2(t) < coh(t)t, if|t] > 1.
Then, similarly to (4.9), we obtain, for £ > 0

S

/ (OB (t) (W2 (p0(1,1)) + W2 (1, 1)) + h2(uwy (1, ) dt

(4.15) r

S
< Qe / EPFI (H)dt + C(e~ 5 + 1)E(T).
T
Finally, inserting (4.9)-(4.15) into (4.4), we get
S S
(4.16) / a(t)EPHL(1)dt < CEPFY(T) + et / EPER ()dt + C(e= 5 + 1) B(T),
T T

Now we choose p = 51, then p+ 1 = pH

find

= T—ng Choosing ¢ small enough, we

S
(4.17) /a(t)Ep+l(t)dt < CEP™(T)+ CE(T).
T

Finally, by using Lemma (3.2), we obtain the second estimate in (4.3). This com-
pletes the proof of Theorem 4.1. O

REFERENCES

1. F. Alabau-Bousouira, J. E. Munoz Rivera, D. S. Almeida Junior, Stability to weak
dissipative Bresse system, Journal of Math. Anal. and Apli., 2011, 374, 481-498.

2. A.L. Ayadi , A.Bchatina , M. Hamouda , and S.Messouadi . General Decay in some
Timoshenko-type systems with thermoelasticity second sound. Advances in Nonlinear
Analysis. 2015; 4(4):263-284.

3. J.A.C. Bresse . Cours de Mécanique Applique. Mallet Bachelier: Paris, 1859.



684

4.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

T. Hamadouche and A. Khemmoud]

H. Brezis . Functional analysis, Sobolev spaces and partial differential equations.
Springer: Dordrecht, Heidelberg, New York, London, 2010.

W.Charles , J.A. Soriano , F.A.F. Nascimento , J.H. Rodrigues . Decay rates for
Bresse system with arbitrary nonlinear localized damping. J Differential Equations.
2013;255:2267-2290.

L.H. Fatori , R.N. Monteiro. The optimal decay rate for a weak dissipative Bresse
system. Applied Mathematics Letters. 2012;25:600-604.

L.H. Fatori, J.E. Munoz Rivera. Rates of decay to weak thermoelastic Bresse system.
IMA Journal of Applied Mathematics 2010; 75:881904.

H. D.Fernandez Sare, and R.Racke, On the stability of damped Timoshenko systems:
Cattaneo versus Fourier law, Arch. Rational Mech. Anal., 194 (1) (2009), 221-251.

D.D.Joseph , L. Preziosi . Heat waves. Reviews of Modern Physics 1989; 61(1):4173.

V. Komornik. Exact controllability and stabilization. The Multiplier Method. RAM:
Research in Applied Mathematics, Masson, Paris; 1994.

Li.Donghao, C. Zhang, Q. Hu and H. Zhang. Energy Decay Rate for Bresse System
with Nonlinear Localized Damping. British Journal of Mathematics & Computer Sci-
ence. 2014; 4(12): 1665-1677.

7.Y. Liu , B.P. Rao. Energy decay rate of the thermoelastic Bresse system. Zeitschrift
fur AngewandteMathematik und Physik 2009; 60:5469.

P. Martinez . A new method to obtain decay rate estimates for dissipative systems
with localized damping. Revista Matemdtica Complutense 1999; 12(1):251-283.

S. A.Messaoudi, and M. I. Mustafa, On the stabilization of the Timoshenko system
by a weak nonlinear dissipation, Math. Methods Appl. Sci.(2009) 32, 454.

M. I.Mustafa , Uniform decay for wave equations with weakly dissipative boundary
feedback, Dynamical Systems (2015), DOI:10.1080,/14689367.2014.1002455

N. Najdi and A. Wehbe. Weakly locally thermal stabilization of bresse system.Electron.
J. Diff. Equ.,2014(182):1-19.

N.Noun , A.Wehbe. Weakly locally internal stabilization of elastic Bresse system. C
R Acad Sci Paris. Ser. 1. 2012;350:493-498.

A.Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions. Springer-Verlag: New York, 1983.

B. Said-Houari , T.Hamadouche . The asymptotic behavior of the Bresse-Cattaneo
system, Commun. Contemp. Math.1550045 (2015) 18 pages.

M.L. Santos, D.S.A. Junior. Numerical exponential decay to dissipative Bresse System.
J Appl Math. 2010;848620:1-17.

M.L. Santos, D.S. Almeida J unior, J.E. Munoz Rivera, The stability number of the
Timoshenko system with second sound, J. Di . Eqns. 253 (2012), 2715-2733 .

J.A. Soriano, W.Charles, R.Schulz. Asymptotic stability for Bresse systems. Journal
of Mathematical Analysis and Applications. 2014;412:369-380.

J.A.Soriano , J.E.M.Rivera , L.H. Fatori, Bresse system with indefinite damping. J
Math Anal Appl. 2012;387: 284-290.

S.P. Timoshenko. On the correction for shear of the differential equation for transverse
vibrations of prismatic bars. Philosophical Magazine Series 1921; 6(41):744-746.



Energy Decay Rates for the Bresse-Cattaneo System 685

25. A.Wehbe, W.Youssef. Exponential and polynomial stability of an elastic
Bresse system with two locally distributed feedbacks.Journal of Mathematical
Physics.2010;51(103523)1-17.

26. Y. Wu, X. Xue. Boundary Feedback Stabilization of Kirchhoff-Type Timoshenko Sys-
tem. J Dyn Control Syst. DOI 10.1007/s10883-014-9229-4.

Taklit Hamadouche

Faculty of Mathematics
Department of Analysis

P. O. Box 32

Bab Ezzouar, Algiers , Algeria.
t_hamadouche@hotmail.fr

Ammar Khemmoudj

Faculty of Mathematics
Department of Analysis

P. O. Box 32

Bab Ezzouar, Algiers , Algeria.
akhemmoudj@yahoo.fr



