FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 32, No 3 (2017), 413-420
DOI:10.22190/FUMI1703413D

THE GENERALIZED NON-ABSOLUTE TYPE OF TRIPLE I®
SEQUENCE SPACES DEFINED MUSIELAK-ORLICZ FUNCTION *

Shyamal Debnath and Nagarajan Subramanian

Abstract. In this paper we introduce the notion of Apnx — ? and A2 sequences.
Further, we introduce the spaces

[F?V ”(d (:Ch 0) ) d (:C27 0) y T d (‘r"*h O))Hp] and

[A?ﬂ7 [(d(x1,0),d(z2,0), - ,d(zn-1, 0))||p] , which are of non-absolute type and we
prove that these spaces are linearly isomorphic to the spaces I'* and A3, respectively.
Moreover, we establish some inclusion relations between these spaces.

Keywords: Analytic sequence, I'® space, difference sequence space, Musielak-Orlicz
function, p-metric space.

1. Introduction

Let (mnk) be a triple sequence of real or complex numbers. A triple sequence
(real or complex) can be defined as a function z : N x N x N — R(C), where
N, R and C denote the set of natural numbers, real numbers and complex numbers
respectively. The different types of notions of triple sequence was introduced and
investigated at the initial by Sahiner et al. [10,11], Esi et al. [3-5], Datta et al.
[1],Subramanian et al. [12], Debnath et al. [2] and many others.

A triple sequence & = (Zynk) is said to be triple analytic if

1
SUPm, n,k |xmnk| mintk < 0o.

The space of all triple analytic sequences are usually denoted by A3. A triple
sequence & = (Zynk) is called triple entire sequence if

1
|Tmnk | ™FFF — 0 as m,n, k — oo.
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The space of all triple entire sequences are usually denoted by I'3. The space A3
and I'3 is a metric space with the metric

(1.1) d(z,y) = SuPm.nk {|:vmnk — ymnk|m+z+k :m,n,k:1,2,3, } ,
for allz = {Zynk } andy = {Ymnk } in A3(T3).

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [7] as follows

Z(A) ={z=(z) € w: (Azxy) € Z}
for Z = ¢, ¢y and £, where Az, = xp, — 2541 for all k € N.

Let w3, x3(A), A3(A) be denote the spaces of all, triple gai difference sequence
space and triple analytic difference sequence space respectively. The difference triple
sequence space was introduced by Debnath et al. (see [2]) and is defined as

AIfnnk = Tmnk — Tm,n+1,k — Tm,n,k+1 + Tmn+1,k+1 — Tm+1,n.k + Tm+1,n+1,k +
0 _
Tm+1,n,k+1 — Tm+1,n+1,k+1 and A Tmnk = <xmnk> .

2. Definitions and Preliminaries

Throughout the article w?, x3 (A), A3 (A) denote the spaces of all, triple gai differ-
ence sequence spaces and triple analytic difference sequence spaces respectively.

For a triple sequence z € w3, Subramanian et al. introduced by ([12]), the
spaces I'3 (A), A3 (A) as follows:

I3 (A) = {x € wd: |A3:mnk|1/m+n+k —0asm,n, k — oo}
A3 (A) = {x € w3 supm .k |Awmnk|1/m+"+k < oo} )

The spaces I'* (A), A3 (A) are metric spaces with the metric
d (xu y) = Supm,n,k {|A.’I]mnk - Aymnkll/m+n+k m,n, k = 17 27 e }

for all 2 = (¥mnk) and y = (Ymnk) in T3 (A), A3 (A). O

Definition 2.1. An Orlicz function ([see [6]) is a function M : [0,00) — [0, 00)
which is continuous, non-decreasing and convex with M (0) = 0, M (z) > 0, for
x> 0and M (x) — o0 as x — oo. If convexity of Orlicz function M is replaced by
M (x+vy) <M (z)+ M (y), then this function is called modulus function.
Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct
Orlicz sequence space.
A sequence g = (gmn) defined by
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Gmn (v) = sup {|v|u = (fmnk) (u) 1w >0} ,m,n, k=1,2,--

is called the complementary function of a Musielak-Orlicz function f. For a given
Musielak-Orlicz function f, [see [9] | the Musielak-Orlicz sequence space t f is defined
as follows

1/m+n+k

tp = {wa?’ It (|Zmnk]) —>Oasm,n,k—>oo},

where I is a convex modular defined by

00 ) ) 1/m+4n+k
Iy (z) = Em:l Zn:l Ek:l fmnk (|Tmnk]) frtat T = (Tmnk) € Ly

We consider ¢ty equipped with the Luxemburg metric

1/m+n+k>

d(z, y) = 22:1 fo:l 220:1 Jmnk (Iwmnkf‘nnk

is an exteneded real number.

Definition 2.2. Let X,Y be a real vector space of dimension w, where n < m. A
real valued function d,(x1,...,2,) = |[(di1(21,0),...,dn(2x,0))|, on X satisfying
the following four conditions:

(1) (d1(x1,0),...,dp(xn,0))|, = 0if and only if d;(z1,0), . .., dy(z,,0) are linearly
dependent,

(ii) ||(d1(z1,0),...,dn(zn,0))||p is invariant under permutation,

(i) [[(ads (21,0), -, dn(@ns )l = ] [ (d1(21,0),- ., du (2, 0)) 1, @ € R

(iv) dp (21, 31), (22, 92) (s Yn)) = (dx (21,32, 20 )? + dy (g1, 2.+ yn)?) /7
for 1 <p < oo; (or)

(v) d((21,91), (22,92), -+ (T, yn)) = sup {dx (x1, 22, @), dy (Y1, Y2, yn) }
forxy,xo, - xn € X, y1,Y2, - yn € Y is called the p product metric of the Cartesian
product of n metric spaces (see [13]) .

3. Main Results

Let n = (Amnk) be a non-decreasing sequence of positive real numbers tending to
infinity and A111 = 1 and A\pyntkt3 < Amantk+s + 1, for all m n, k € N.

The generalized de la Vallée-Poussin means is defined by
tnk (T) = /\;jm mon kel Tmnks Where Ly, = [mnk — Apnk + 1, mnk]. A se-
quence & = (Zynk) is said to (V; \) — summable to a number L if ¢,k () — L, as
mnk — oo.

The notion of A— triple entire and triple analytic sequences as follows: Let
A= (Amnk):m) w—o D€ a strictly increasing sequences of positive real numbers tend-
ing to infinity.

Consider B# (JJ) = t Zm€lrst Znejmt ZkGImt )\mnkmmnk_)\m,n-i-l,kxm,n—i-l,k_
)\m,n,k-i-l:Em,n,k-i-l+)\m,n+1,k+lxm,n+1,k+1_)\m—i-l,n,kxm-i-l,n,k+)\m+1,n+l,kxm+l,n+l,k+
At 1,n k- 1Tma1,m,k+1 — Ama1,n b L e+ 1Tm 4 1,nd1,k+1
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Definition 3.1. A sequence x = (2,,nx) € w® is said to be A— convergent to a, if
Bl (z) — a as m,n, k — oo and write A — lim (z) = a.

Definition 3.2. A sequence z = (Zynk) € w? is said to be A— triple entire se-
quence if BY (z) — 0 as m,n, k — oc.

Definition 3.3. A sequence * = (Tynr) € w? is said to be A— triple analytic
sequence if supynk B} (z) < 0o. We have

limmm’k‘)m ’B# ( ) - a‘ - Z’me n,k—00 SOTlsr Zme]mt Ene]mt Eke]mt
Amnkxmnk_>\m,n+1,k$m,n+1,k Am,n,kJrlmm n k+1+Am,n+l,k+1$m,n+1,k+1_>\m+1,n,k$m+1,n,k+
Am+1,n41,kTm+1,n41,k + Am+1,m,k+18m+1,n,k+1 — Mn+1,n+1,k+1Tm+1,n+1,k+1 = Q. S0

we can say that limm, n k—oo }B# (x)’ = a. Hence x is Apnk@mnk— convergent to a.

Lemma 3.4. Every convergent sequence is A, — convergent to the same ordinary

limit.
Proof. Omitted. O

Lemma 3.5.If a \,,,x— Musielak-convergent sequence converges in the ordinary
sense, then it must Musielak-converge to the same A, — limit.

Proof. Let © = (Tmnk) € w? and m,n, k> 1. We have
(AT — Bl () = A |

1
Drot ZmGIrst ZHEImt ZkGIrst )\mnk:xmnk - )\m,n-l-l,kxm,n-i-l,k - )\m,n,k-l-lxm,n,k-i-l +

m,n—i—l,k-ﬁ-lxm,n-i-l,k—i-l_)\m-l-l,n,kxm+l,n,k+)\m+l,n+1,k$m+1,n+l,k+)\m+1,n,k:—i—lxm—i-l,n,k-i-l_
Am41,m41,k+1Tm+1,n41,k+1-

Therefore we have for every x = (Tmnk) € w> that |A™Tpmnk
Smnk (z) (m,n, k € N). where the sequence S (x) = (Smnk (T))5r

m,n,k=
_ _ 1
SOOO (‘I) =0 and Smnk (I) T Orst Zmehst Ene]mt Eke]mt

>\mnk - Am,nJrl,k - Am,n,k+1 + Am,nJrl,kJrl - Aerl,n,k + >\m+1,n+1,k + Aqul,n,chrl -
)\m-l-l,n—i-l,k:—i-la (m7 n, k > 1) . 0

m-+n-+k
|1/++—B#($)7

o 18 defined by

Lemma 3.6. A \,,,x,— Musielak-convergent sequence x = (Znk) converges if and
only if § () € [, |(d(21,0),d (22,0) -+ ,d (w1, 0))]

Proof. Let x = (xmnk) be Amnk— Musielak-convergent sequence. Then from Lemma
3.2, we have x = (Tynk) converges to the same Apnp— limit. We obtain S (z) €

[ meH( (1,0),d(x2,0),--- ,d(xn—1,0))]l } Conversely,
let S () € [T% 5y, (d 21,0),d (23,0) -+, d (1,0l ] - We have

1/m+n+k

limm,n,k—»oo |Am)\mnkxmnk| = lzmm,n,k—)ooB# (JJ) .

From the above equation, we deduce that Amnx— convergent sequence x = (Tmnk)
converges. O

Lemma 3.7. Every triple analytic sequence is A, — triple analytic.

Proof. let
S(.I)e A?B#,||(d(171,0),d(172,0),"' ({En 1, ))H



The Generalized Non-Absolute Type of Triple I'® 417

Then there exists M > 0, We have

SUPmnk |Am)\mnk$mnk|1/m+n+k = S’upmnkB# (JJ) < M.

From the above equation, we deduce that A,,,r— analytic sequence x = (Tmnk)
analytic. O

Lemma 3.8. A \,,,,— Musielak-analytic sequence = (Znk) is analytic if and
only if S (2) € [AL e, (4 (@1, 0) ,d (2,0, . (w0-1,0))]|
Proof. From Lemma 3.4 and Spgg () = 0 and

§ § § Amnkxmnk /\m,n+1,k$m,n+1,k_Am,n,kJrlxm,n,kJrl

MmELst n€Ls¢ k€5t

Smnk
Sprst

+ )\m,n-i-l,k-i-lxm,n—i-l,k—i-l - )\m-i-l,n,kxm-i-l,n,k + )\m+1,n+l,k$m+1,n+l,k
+ At L b1 Tmt 1, k1 — Amtl it L1 8matLnt1,k+1s (M, k > 1).

4. The spaces of \,,,,— triple entire and triple analytic sequences
In this section we introduce the sequence space: If

[Tian o @ (@1,0),d (22,0), - d (s, D],
[Aiay I (@1,0),d (@2,0) - d (2amr, 0)]],

then the sets of A,k triple entire, triple analytic sequences respectively.

Tas N (@1,0),d(22,0), -+ ,d (21,0)]],
= L esoo | B I (@1,0),d (22,0) -+ d (a1, 0))]],| = 0
(Al @ (1.0).d(@2.0). d(zr O],]
= SUPmnk |:B¢;,H(d(iE1,0),d($2,0), (In 1, ))H :|
Theorem 4.1. The sequence spaces {F:;A* 1(d(21,0),d (22,0) -+, d (2n-1,0))]],
nk
and
:A?}AA k,||(d(x1,0),d(x2,0),~-~ d(zp_1, ))|| } are isomorphic to the spaces

7o (d (21,0),d (22,0) -+ d(2n-1,0)]|,,| and
3 1(d (21,0),d(z2,0), - ,d(za-1,0))],

Proof. We only consider the case l"?f’AA ||(d (21,0),d (22,0),- - ,d(2n-1,0))] } =

Fi},||(d($1,0),d($2,0),~-~ ,d(.In,l,O))” and

p_
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(300 I (21,0),d (22,0 -+ d (@a1,0))],| =

[ ,(d(21,0),d (x2,0),- -+ ,d(xn-1,0))] } can be shown similarly.
C’onszder the transformation T defined,

Tz =Bl € [Fg, I(d(z1,0),d(x2,0), - ,d(zn_1,0))] } for every

[F?f)A* ,(d(21,0),d (22,0),- -, (:Cn 1, 0l ] The linearity of T is obvi-
ous. It is tmmal that x = 0 whenever Tx = 0 and hence T is injective.
To show surjective we deﬁne the sequence © = {Tmnk (A\)} by

Z Z Z A)\mnk :Emnk) = Ymnk

mEIlpst NE€ELrst kEL st

(4.1) B

wrst

We can say that Bl (z) = Ymnk from (2) and
€ [M.11(d (21,0),d (22,0),+ -+ ,d (w01, 0))],] , hence

B (r) € [ (d(21,0),d (22,0), -+ ,d(xn-1,0))| } We deduce from that x €
[F?ch N (d(21,0),d (22,0),- -, (:Cn 1, )l } and Tz = y. Hence T is surjec-
tive. We have for every x € [l" d(z1,0),d(z2,0),- -+ ,d(xn-1,0))| ] that
d(Txz,0) s =d(Tz,0)\s =d .

( )X’i ( )as (2, )[ fA)‘ k’l‘(d(mh )d(mz,o),» d(zn-1, ))Hp]
Hence [T, (d(1,0).d(22,0). - d(z,r. 0]
[ N(d(21,0),d (x2,0),--+ ,d(2m—-1,0))]| } are ismorphic. Similarly obtain other
sequence spaces. The proof is completed. O
Theorem 4.2. The inclusion {I‘?»A - [(d(x1,0),d(22,0), - ,d(zp_1, ))||
1900 (@ (@1,0),d(w5,0), - ,d(2n1,0))]], | holds
Proof. Let [F?Amnk’ I(d(z1,0),d (x2,0), - ,d(xn_1,0))| ] . Then we deduce that

SDTlsr Zmelrst Enelmt Ekelm (AXpnkTmnk) <
garst Liman, n,k—o0 Zmelrst Znelrst Zkelmt (A)‘"mkxmnk) =
lzmm n,k—o0 |A )‘mnkxmn |1/m+n+k = 0. Hence

e [rw 1 (21,0),d (22,0, -+, d (2n_1, ))H The proof is completed.
O

Theorem 4.3. The inclusion [A?f’A S (d(21,0),d(22,0) -+ ,d(zn—1,0))| ]

4%, (@ (@1,0),d(2,0) -+, d(wn-1,0))]|, | holds.

Proof. It is obvious. Therefore omit the proof. The proof is completed. O

Theorem 4.4. The mczusion[ I(d (21,0), d (22,0) - d (zn_1, ))H

[F?}AA (d(21,0),d (z2,0), - ,d(xn,l,()))Hp} hold. Furthermore, the equalities
k
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hold if and only if S (x) € [ ,(d(x1,0),d (22,0),- - ,d(xn-1,0))] } for every
sequence x in the space {F?A* ,1(d(x1,0),d (22,0),- - ,d(xn-1,0))] }
Pmof Consider

3 0(d (@1,0),d (22,0) -+, d (wn-1,0))],| ©
[F?N 1,00, 2, 0) o G O] 7)

is obvious from Lemma 3.4. Then, we have for every

re [y @ @.0).d(@2,0) - d (0. 0)],] that
T € _l"? I(d(x1,0),d(x2,0), - ,d(zn_1,0))] ] and hence
S(x) e {I‘? I(d(x1,0),d(x2,0), - ,d(zn_1,0))] ] by Lemma 3.6. Conversely, let
T € F?‘A’\ ,M(d(21,0),d (22,0), - ,d(xn-1, ))||} Then, we have that S (x) €

||( (21,0),d(z2,0), - ,d(xpn-1,0))] } Thus, it follows by Lemma 3.5 and
then Lemma 3.6, that

€ [M3.11(d (21,0)d (22,0)+-+ ,d (w01, 0))Il, | - We get
Ffw (A (21,0),d (3,0), -+ d (w1, ))M

I(F

31 (21,0) ,d (22,0) -+ ,d (-1, ))||] ............ (8)
methe equation (7) and (8) we get [F?}AA k,||(d(3:1,0),d(332,0)7... d(zp_1, ))||}
:I‘?c,||(d(x1,0),d(x2,0),~-- d(Tn_1, ))H The proof is completed.
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