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Abstract. In this paper, we introduce almost generalized (a, 3)-(1,p)-contractive
maps, and prove some new fixed point results for this class of mappings in b-metric
spaces. We provide examples in support of our results. Our results extend/generalize
the results of Dutta and Choudhury [8] and Yamaod and Sintunavarat [14].
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1. Introduction

The development of fixed point theory is based on the generalization of contraction
conditions in one direction or/and generalization of metric space. Banach
contraction principle is one of the most useful results in fixed point theory. In the
direction of generalization of contraction conditions, in 1997, Alber and
Guerre-Delabriere [1] introduced weakly contractive maps, which are extensions of
contraction maps, and obtained fixed point results in the setting of Hilbert spaces.
Rhoades [12] extended this concept to metric spaces. In 2008, Dutta and
Choudhury [8] introduced (¢, ¢)- weakly contractive maps and proved the existence
of fixed points in complete metric spaces. In continuation to the extensions of
contraction maps, Berinde [4] initiated the concept, namely ‘weak contractions’,
which are renamed ‘almost contractions’, and established fixed point results. For
more work on almost contractions, we refer the reader to [3], [5], [8] and [12].

On the other hand, in the direction of generalization of metric spaces, in 1993,
Czerwik [7] introduced the concept of b-metric spaces and proved the Banach con-
traction mapping principle in this setting, where b-metric need not be continuous.
Afterwards, many mathematicians studied fixed point theorems for single-valued
and multi-valued mappings in b-metric spaces. In 2014, Alizadeh, Moradlou and
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Peyman [2] introduced the notation of cyclic («, 8)-admissible mappings and proved
some fixed point results in the setting of complete metric spaces.

The paper is organized as follows. In Section 2, we present preliminaries and
earlier papers that we require to develop the main results. In fact, motivated by the
work by Alizadeh, Moradlou and Peyman [2], Berinde [4] and Dutta and Choud-
hury [8], we introduce almost generalized («, 3)-(, ¢)-contractive mappings in this
section. In Section 3, we prove our main results in which we study the existence of
fixed points of almost generalized («, 8)-(1, ¢)-contractive mappings. In Section 4,
we provide examples in support of our results. Our results extend/generalize the
results of Dutta and Choudhury [8] and Yamaod and Sintunavarat [14].

2. Preliminaries

Throughout this paper, R denotes the real line, and N is the set of all natural
numbers.

In this section, we mention some well-known notations, definitions and known
results in the literature that we use in the sequel.

Definition 2.1. [10] A function ¢ : [0,00) — [0, 00) is called an altering distance
function if the following properties hold:

(i) % is a continuous and nondecreasing function, and

(if) %(t) =0 if and only if t = 0.
We denote the class of all altering distance functions by ¥

Definition 2.2. [7] Let X be a non-empty set. A function d: X x X — [0, 00) is
said to be a b-metric if the following conditions are satisfied;

(i) 0<d(z,y) for all z,y € X and d(z,y) = 0 if and only if z =y,

(i) d(z,y) =d(y,x) for all z,y € X,
(iii) there exists s > 1 such that d(z,z) < s[d(z,y) + d(y, z)] for all z,y,z € X.
In this case, the pair (X, d) is called a b-metric space with the coefficient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric
space is not a metric space.

Example 2.1. Let X = R, and let the mapping d : X x X — [0,00) be defined by
d(z,y) = | — y|? for all z,y € X. Then (X,d) is a b-metric space with coefficient s = 2,
but it is not a metric.

Example 2.2. Let 0 <p <1 Wewrite [,(R) = {{zn} CR|Y 27, |za|” < oo}, and
define d : 1,(R) x1,(R) = [0, 00) by d(z,y) = (552, |wn — yn|")7 forz = {wn}, y = {ya}
in I,(R). Then this d is a b-metric with the coefficient s = 25 > 1.

Remark 2.1. A b-metric need not be a continuous function. For more details, we
refer [9].



Fixed Points of Almost Generalized (o, 3)-(1, ¢)-Contractive Mappings 179

Definition 2.3. [6] Let (X, d) be a b-metric space.
(i) A sequence {z,} in X is called b-convergent if there exists z € X
such that d(x,,z) — 0 as n — oo. In this case, we write lim, o0 Tp, = .

(ii) A sequence {x,} in X is called b-Cauchy if d(xy,zm) — 0 as n,m — oo.

(iii) The b-metric space (X, d) is said to be b-complete if every b-Cauchy sequence
in X is b-convergent. In this case, we say that (X, d) is a complete b-metric
space. That is, a b-metric space which is b-complete is a complete b-metric
space.

Lemma 2.1. [9] Let (X, d) be a b-metric space with s > 1.
(i) If a sequence {z,} C X is a b-convergent sequence, then it admits a unique
limit.
(ii) Every b-convergent sequence in X is b-Cauchy.

Definition 2.4. [6] Let (X,d) and (Y,d') be two b-metric spaces. A function
f X — Y is b-continuous at x € X if it is b-sequentially continuous at X. That
is, whenever {x,} is b-convergent to x, {fx,} is b-convergent to fx.

Definition 2.5. [11] Let A and B be nonempty subsets of X. A mapping
f:AUB — AU B is said to be cyclic if f(A) C B and f(B) C A.

In the context of the metric space setting, weakly contractive maps are weaker
than the contraction maps [[1], [12]].

Theorem 2.1. [8] Let (X,d) be a complete metric space and f : X — X be a
selfmap of X. If there exist 1, ¢ in ¥ such that

21 Yldfz, fy) < Pd(z,y)) — e(d(z,y)) for all z,y € X.

then f has a unique fixed point.

Here we note that if ¢(t) = ¢ > 0in (2.1) then we say that f is a weakly contractive
map on X, and hence weakly contractive maps are a special case of the maps
satisfying the inequality (2.1).

Definition 2.6. [2] Let X be a nonempty set, f be a selfmap on X and

a,f : X — [0,00) be two mappings. We say that f is a cyclic («, §)-admissible
mapping if

(i) for any z € X with a(z) > 1 = B(fz) > 1, and

(ii) for any y € X with f(y) > 1 = a(fy) > 1.

In the metric space setting, Alizadeh, Moradlou and Peyman [2] defined
(o, B)-(¥, ¢)-contractive mappings as follows.

Definition 2.7. [2] Let (X, d) be a metric space and f: X — X be a cyclic
(a, B) - admissible mapping. We say that f : X — X is an («a, 8)-(¢, ¢)- contractive
mapping if

z,y € X with a(z)8(y) > 1

(2.2) — y(d(fx, fy)) < v(d(z,y)) — p(d(z, y))
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where
¥ : [0,00) — [0,00) is a continuous and increasing function and
¢ :[0,00) = [0,00) is a lower semi-continuous function such that ¢(¢) =0
if and only if t = 0.

Theorem 2.2. [2] Let (X,d) be a complete metric space, «, §: X — [0,00) be
two mappings and f : X — X be an (a, §) — (¢, ¢)-contractive mapping. Suppose
that the following conditions hold:

(i) there exists xg € X such that a(xg) > 1 and S(xg) > 1. If either

(ii) f is continuous or

(iii) if {z,} is a sequence in X such that z, — = and B(x,) > 1 for all n, then

Blx) = 1;

then f has a fixed point in X.
Moreover, if a(z) > 1 and B(x) > 1 for all x,y € Fix(f), where Fix(f) is the set of
all fixed points of f, then f has a unique fixed point.

Very recently, Yamaod and Sintunavarat [14] introduced («, 8)— (v, ¢) -contractive
mappings in b-metric spaces as follows:

Definition 2.8. [14] Let (X, d) be a b-metric space with the coefficient s > 1 and
let @, 8 : X — [0,00) be two given mappings. We say that f : X — X is an
(a, B) — (¥, ¢)- contractive mapping if the following condition holds:

for any z,y € X with a(x)5(y) > 1 implies

(2.3) D(s*d(f, fy)) < O(Ms(@,y)) — o(Ms(2,y))

where '
M, (x,y) = maz{d(x, y), d(z, fx), d(y, fy), “=H5EEEDY and
¥, :[0,00) — [0,00) are altering distance functions.

Theorem 2.3. [14] Let (X, d) be a complete b-metric space with the coefficient
s>1, a,8: X — [0,00) be two mappings and f: X — X be an
(a, B8)-(¥, p)-contractive mapping. Suppose that
(1) one of the following condition holds;
(1.1) there exists o € X such that a(zg) > 1
(1.2) There exists yo € X such that B(yo) > 1
(2) f is continuous
(3) f is cyclic (o, B) -admissible mapping.
Then f has a fixed point. Moreover, if the sequence {z,} in X defined by
Xy = fxp_q for all n € N is such that x( is an initial point in the condition (1.1)
and the sequence {y,} in X defined by vy, = fyn—1 for all n € N is such that yq is
an initial point in the condition (1.2) then {,} and {y,} converge to a fixed point
of f.

Remark 2.2. While proving the Cauchy part of Theorem 2.3, the authors
Yamaoda and Sintunavarat [14] claimed the following:
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"If {z,} is not Cauchy, then there exists an € > 0 for which we can find
subsequences {,,(x)} and {z,} such that n(k) > m(k) > k, m(k) is even and
n(k) is odd, d(2 k), Tnk)) > € and n(k) is the smallest number such that
AT (k) Tr(ry) = € and d(Tpn (ks Tn(r)—1) < €.”

But 'm(k) is even and n(k) is odd’ may not be possible due to the following
example:

Example 2.3. Let X = R with the b-metric defined by d(z,y) = |z — y|*,z,y € R. We
define the sequence {z,} in X by

I O if n=1,3,5,7,....
" 3t if n=2,4,6,8, ...

Then clearly the sequence {z,} is not b-Cauchy. Let ¢ > 0. If {m(k)} and {n(k)} are
sequences with m(k) is even and n(k) is odd with n(k) > m(k) > k and n(k) is the smallest
number such that d(Z.m, k), Tnk)) > €, then we have
n(k) # m(k) + 1, since d(Tm(k)s Tnk)) = HTmk), Tmk)+1) = 0.

Now, d(Zm(k)s Tnk)) = d(3m(k)+173"(k)) > e. But
A(T (k) Tn(k)—1) = d(3mF1 gnk)=1+1y — ggmk)+1 3n(k)y 2+ ¢ Hence in the negation
of the Cauchy part, it is not possible to mention that ”m(k) is even and n(k) is odd ”.

Thus, in order to get the valid argument, to prove the Cauchy part of the sequence
{zn} of Theorem 2.3, we replace the condition (1) of Theorem 2.3 by the following;:

(H): ” there exists 2o in X such that a(zg) > 1 and B(xg) > 17.

Thus the modified version of Theorem 2.3 is the following, and since it follows
as a corollary to Theorem 3.1 (we prove Theorem 3.1 in Section 3) and the proof
of the Cauchy part of Theorem 3.1 is proved without using the property ‘m(k) is
even and n(k) is odd’ (Remark 2.2), we just state this result without proof.

Theorem 2.4. Let (X,d) be a complete b-metric space with the coefficient
s>1, o, §:X —[0,00) be two mappings and f : X — X be an
(a, B8)-(¥, p)-contractive mapping. Suppose that

(1) there exists zp € X such that a(xo) > 1 and B(z¢) > 1

(2) f is continuous

(3) f is cyclic (a, B)-admissible mapping.
Then f has a fixed point.

Moreover, for xop € X which is as in (1), if the sequence {z,} in X defined by

Znt+1 = fa,, then the sequence {z,} is Cauchy and {z,,} converges to a fixed point

of f.

Now, we introduce almost generalized («a, 8)-(1, ¢)-contractive mappings in
b-metric spaces in the following:

Definition 2.9. Let (X, d) be a b-metric space with the coefficient s > 1, and let
a,B : X — [0,00) be two given mappings. Let f : X — X be a selfmap of X. If
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there exist ¥, p € ¥ and L > 0 such that

for all z,y € X with a(x)5(y) > 1

(2.4) \ /
= Y(s”d(fz, fy)) < Y(Ms(z,y)) — p(M (2,9)) + LN(z,y),

where . .
M, (z,y) = max{d(z, y), d(z, fz),d(y, fy), Lol tdb.fo,

M (z,y) = max{d(z,y), d(y, fy)} and
N(z,y) = min{d(z, fz),d(y, fz)},
then we say that f is an almost generalized (a, 8)-(¢, ¢) - contractive mapping.

Here we note that if L =0 in (2.4), it becomes:

for all z,y € X with a(z)8(y) > 1

(2.5) , ,
= Y(s7d(fx, fy)) < Y(Ms(z,y)) — (M (2,y)).

Further, by the nondecreasing nature of ¢, the inequality (2.3) implies (2.5) so that
the inequality (2.5) is weaker than (2.3).

Example 2.4. Let X =[0,1]U{2,3,...,}. We define d: X x X — [0,00) by

0 if n=m

if n,m € {2,4,6,...}
if n,m € {1,3,5,...}
otherwise .

-4
d(n7 m) — 57L m
2

Clearly d is a b-metric space with the coefficient s =
Now, we define f : X — X by

(2 if z € [0,1]
ra={5 1 % Sk

alon

and a, 8 : X — [0,00) by

0 if z€[0,1] [0 if ze[0,1]
a(x)f{ =oif 2 €{1,2,3,..} and 5(:0)7{ 2 if ze{1,2,3,..}.

Now, we show that f is cyclic (a, 8)-admissible mapping. Since for any x € X
a(z) > 1<z €{1,2,3,..}, we have B(fz) = B2z —1) = 222 > 1for all z € {1,2,3,...}.
Also, for any z € X f(z) > 1<z € {1,2,3,...}, we have
affr)=az—1)=2=z>1foralze{l,23, ..}
Therefore, f is a cyclic (a, 8)-admissible mapping.

For z,y € X with a(z)f(z) > 1 <= z,y € {1,2,3, ...}, which implies that fo = 2z—1
and fy = 2y — 1, therefore fr and fy are odd, and hence
d(fz, fy) =d2x — 1,2y — 1) =5 for all z,y € {1,2,3,...}.

We choose 1(t) =t, ¢(t) =3 ¢>0.
Now, we consider the following cases to show that f is almost generalized
(a, B)-(2, ¢)- contractive mapping with L = 27;5.
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Case (i) : z,y € {1,3,5,...}.
In this case,

Mo(oy) = max(de,), die. f2), d(y, f), DRI
= max{5, 5, 5, 2(%)} = max{5, 4} =5,

M'(z,y) = max{d(x,y), d(y, fy)} = max{5, 5} =5, and
N(z,y) = min{d(z, fz), d(y, fz)} = min{5, 5} = 5.
Now, we have

YL, fy) = D((C)d2e — 1,2y - 1) = w(2) = 5D
5- (35 + (2)5

< P(Mi(z,y) — o(M (2,9)) + LN(z,y)

IN

where L = %.
Case (i) : z,y € {2, 4, 6, ...}.

Here
M;s(z,y) = max{d(z,y), d(z, fz), d(y, fy), d(%fy;(—;l(%fx)}
4
11 242 11 8
= max{|; — §|7 27 27 Q(T)} = max{|; - 5'7 27 g} = 27
M'(z,y) = max{d(z,y), d(y, fy)} = max{|3 — 7|, 2} = 2, and
N(z,y) = min{d(z, fz), d(y, fz)} = min{2, 2} = 2.
Now, we have
Uz, fy) = w((C)de— 12y 1) = w(T) = < 2- G2+ (B2

< O(Mi(z,y)) — o(M (2,y)) + LN(z,y)

where L = %.

Case (iii) : z € {1, 3, 5, ...}, ye{2, 4, 6, ..}.

Here
Ms(.fC7y) = max{d($7y)7 d($7f.fC)7 d(y7fy)7 d(xyfy;(z)d(yyfx)}
1
= max{2, 5, 2, 2(55L2)} = max{5, 2, %} =5,

M'(z,y) = max{d(x,y), d(y, fy)} = max{2, 2} =2, and
N(z,y) = min{d(z, f2), d(y, fz)} = min{5, 2} =2
Now, we have

625 625
Yd(2z — 1,2y — 1)) = 1/’(@) =
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where L = 24—5

Case (iv) : y € {1, 3, 5,...}, z€{2, 4, 6, ...}.

In this case

M, (z,y) = max{2, 2, 5, 2(%)} =5,

M'(z,y) = max{d(z,y), d(y, fy)} = max{2, 5} =5, and
N(z,y) = min{d(z, fy), d(y, fx)} = min{2, 5} = 2.

Now, we have
WS d(fa f) = ()2~ 1,2y - 1) = w(T))
< B(Mo(2,y)) — (M (z,)) + LN (2,y),

as in the case (iii).
Hence, from all the above cases f is an almost generalized («, 8) — (¥, ¢)-contractive
mapping. Here we observe that if L = 0 then for any z,y € {1, 3,5, ...}

(T, f9) = D((C)d(2e = 1,2y 1) = w(T2) £ w(5)

£ ¥(5) — ¢(5) = ¥(Ms(z,y)) — @(Ms(z,y))

for any 9, € ¥, so that f is not an (¢, 8)-(¢, ¢)- contractive mapping.

Hence the class of ’almost generalized (a, 8) — (1, ¢)- contractive maps’ is larger than
‘the class of (o, 8)-(v, ¢)- contractive maps’.

Further, we observe that the metric d defined in this example is not a metric in the usual
sense for, by choosing z = 1, y = 2 and z = 3, we have d(z,y) = 5 £ 242 = d(z, z)+d(z,y).

We state the following lemma which is useful to prove our main results.

Lemma 2.2. [13] Suppose (X, d) is a b-metric space and {x,} be a sequence in X

such that d(xy,, zn+1) — 0 as n — oo. If {x,} is not a Cauchy sequence then there

exists an € > 0 and sequences of positive integers {my} and {ny} with ny > my > k

such that d(mg,ny) > €. For each k > 0, corresponding to my, we can choose nj, to

be the smallest positive integer such that d(@m,, Tn,) > €, d(@m,, Tn,—1) < € and
(i) e <lUmsupd(Xm, ,Tn,) < S€

k—o0
(i) € <liminfd(@m,, Tne41) < Hmsup d(@p, , n41) < s%€
k—o0 k—o0
(iii) € < liminf d(zm 41, Tn, ) < limsup d(Tm, 41, n, ) < s%€
k=00 k—o0
(iv) & <liminf d(zp, 11, T, 41) < Hmsup d(Tm, 41, Tnyt1) < s3e.
k=00 k—o0

3. Main results

Theorem 3.1. Let (X, d) be a complete b-metric space with the coefficient s > 1.
Let f: X — X be a selfmapping of X. Assume that there exist two mappings
a,B: X = [0,00) and 9, v € ¥ such that f is an almost generalized

(o, B) = (¢, @) - contractive mapping.
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Further, suppose that

(1) there exists zp € X such that a(xo) > 1 and B(x¢) > 1,

(2) f is continuous,

(3) f cyclic (a, ) - admissible mapping.
Then the sequence {z,} in X defined by ,,41 = fo,,n=0,1,2,..., where 2o € X
is given as in (1) is b-Cauchy and it is b-convergent to z (say) in X, and z is a fixed
point of f.

Proof. By (1) we have 9 € X such that a(xg) > 1 and B(x¢) > 1,
Now, we define an iterative sequence {x,,} by zp41 = fa, for n =0,1,2,... . If
Zpg4+1 = Zn, for some ng € N U {0}, we have f,, = ZTpg+1 = Tny, S0 that x,,
is a fixed point of f and we are through.

Hence, without loss of generality, we assume that x, 11 # x,, for all n € N U {0}.
Since a(xp) > 1 and f is cyclic («a, §)-admissible mapping, we have
B(x1) = B(fxo) > 1, and this implies that a(x2) = a(fx1) > 1. By continuing this
process, we obtain

(3.1) a(xor) > 1 and B(wor+1) > 1 for all k € N U {0}.

Since, B(xp) > 1 and f is a cyclic («, 8)-admissible mapping, we have
a(x1) = a(fzo) > 1 and this implies that S(z2) = S(fz1) > 1. On continuing this
process, we obtain

(3.2) B(xar) > 1 and a(wari1) > 1 for all k € NU{0}.

Therefore, from (3.1) and (3.2) we have a(z,,) > 1 and S(z,) > 1 for alln € NU{0}.
First we claim that lim, o d(zy, zny1) = 0.
Since a(xy)B(xnt1) > 1 for all n € N U {0}, from (2.4), we have

W(SPA(frn, frns1)) < G(My(2p, Tni1))— @(M (Tn, Tni1))

(3.3)
+ LN (zp, Tnt1)

where

d(xnu f‘rn-l-l) + d(xn—i-la fxn)
2s

}

M, (Ina InJrl) = max{d(xn, In+1)a d(xnv fﬂfn), d(anrla fInJrl)v

d(xp, xn+2)}

= max{d(zn, Tnt1), dATn41, Tni2), o

= max{d(Tn, Tn+1), d(Tnt1, Tni2)},

M'(zy, 2nt1) = max{d(Tn, Tn+1), d(@nt1, frnt1)} = max{d(n, Tni1), d(Tni1, Tni2)},
and

N(l’n, xn-i—l) = min{d(wn, fxn)a d(xn—i-la fxn)}

min{d(zn, Tn+1), d(@Tni1, Tni1)}

= min{d(zn,Zn41),0} = 0.
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Now, if d(zp, Tpt1) < d(Tp41, Tnto) for some n € NU{0}, it follows from (3.3) that
Y(d(Tnt1,Tny2)) = Y(A(frn, frni1))
< P(s°d(fn, frnir))
< Y(d(znt1, Tns2)) — @(d(Znt1, Tny2)) + L(0)
= Y(d(@nt1,Tn+2)) — P(A(Tnt1, Tnt2))
< P(d(@nt1, Tnt2)),

a contradiction.

Hence

d(xn, Tnt1) = d(@py1, Tnya) for all n € N U {0}.
Therefore we have

1/)(d(3:n+1,3:n+2)) P(d ffEnaffEnJrl))

V(s3d(fan, frni1))

Y(d(Tns Tnt1)) — @(d(@n, Tny1))
d(Xpy Trg1))-

o(
o
o
o(

Since v is nondecreasing, the sequence {d(x,,zn4+1)} is decreasing and bounded
from below. Thus there exists r > 0 such that lim d(x,,z,4+1) = 7. Suppose r > 0.
n—00

Hence we have

Y(d(Tnt1, Tnr2)) = Y(A(fon, frai1))

(
(3-4) < w(sgd(fxmfxn-i-l))
< w(d(xmxn-i-l)) - Sp(d(xmxn-i-l)) +6(0)
= 1/’(d(33n733n+1)) - gp(d(xn,xn+1)).

On letting n — oo and using the continuity of ¢ and ¢ in (3.4), we have
U(r) < P(s°r) < P(r) —o(r) < v(r),
a contradiction.
Hence r = 0, i.e., lim, 00 d(zp, Tpt1) = 0.
We now prove that {x,} is a b-Cauchy sequence. Suppose {z,} is not a b-Cauchy
sequence. Then by Lemma 2.2 there exist ¢ > 0 and sequences of positive
integers {ny} and {my} with ny > my > k such that d(zm,,2n,) > €,
d(Tmy, Tn,—1) < € and (i) - (iv) of Lemma 2.2 hold.
Since a(xy,, ) > 1 and B(xy,,) > 1 which implies that a(zm,)8(xs,) > 1. Now,
from (2.4) we have

w(d(xmk-i-lv fxnk-‘rl)) = w(d fxmkvfxnk))
7/’(53d(fxmk  f2n,))

w(MS(xmernk) - <P(M (Imkaznk»
+ LN(xmk’I"k)a

IN

(3.5)

IN

where

d(fxm, Tn, ) t+d(Tm, ,fxn
M (T, Ty ) = 00X{A( Ty s Ty ) ATy s FEmy )y Ay, Fy ), DT oS Eng )y
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M (xm,, s Tn, ) = max{d(Tm,, Tn, ), d(@n,, fTn,)}, and
N (T, Tny,) = min{d(@my s fTm,, ), d(@Tn, [Tm,)}
On taking Limit supremum as n — oo, we have

2 2
e < limsup Ms(Zm, , Tn, ) < max{se, 0, M} = se,
k—o0 2s
(3.6) € <limsup M/ (2, , Tn, ) < max{se,0, } = se, and
k—o0

limsup N (2, , Tn, ) < max{se,0, } = 0.
k—o0

Also on taking limit infimum as k& — oo, we have

e < liminf M'(zp,,, Ty, ) < limsup M (X, , Tn, ) < max{se, 0} = se.
k—o0 k— o0
Now, using (3.5), we have

G(se) = (s° =) < (s* lim sup d(@my 1, g 1)

k—oc0
= 1/)(53 limsup d(fem,, fTn,)
k—oc0
< Y(limsup My(@m, , Tn,, ) — @(lim inf M (Tmy» Ty, )
k— o0 k—o00

+ Llimsup N (Zm,, Tn,))
k—o0
< 1(se) — p(e)
< w(SG)a

a contradiction. So we conclude that {z,} is a b-Cauchy sequence in (X, d).
Since (X,d) is b-complete, it follows that there exists z € X such that
lim z, = z.
n—r00
Since f is continuous , we have lim fx, = fz, and
n—oo

fz=lim fzx, = lim 2,41 =2. O
n—oo n—o0

Theorem 3.2. Let (X, d) be a complete b-metric space with the coefficient s > 1.
Let f: X — X be a selfmapping of X. Assume that there exist two mappings
a,B:X — [0,00) and 9, p € ¥ such that f is an almost generalized
(o, B) — (¢, ¢) - contractive mapping.

Further, suppose that

(1) there exists zp € X such that a(xo) > 1 and B(x¢) > 1,

(2) f cyclic (a, ) - admissible mapping,

(3) If {z,} is a sequence in X such that x, — z and B(x,) > 1 for all n, then

B(z) > 1.

Then f has a fixed point.

Proof. From the similar arguments as in the proof of Theorem 3.1 we obtain the
sequence {z,} is Cauchy and B(x,) > 1 for all n € NU {0}. Since (X, d) is
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b- complete b- metric space, there exists z € X such that x,, — z as n — co. From
(3) we have B(z) > 1.
We assume that fz # z. From the triangular inequality, we have

d(z, fz) < sld(z, fzn) + d(fonf2)]-

On taking the limit supremum as n — oo, we have

(3.7) %d(z,fz) < limsupd(fan, fz).

n—oo

Also we have d(fay, fz) < sld(fzn, 2) + d(zf2)].
On taking the limit supremum as n — oo, we have

(3.8) limsup d(fan, fz) < sd(z, f2).

n—oo

From (3.7) and (3.8), we have

(3.9) %d(z, fz) < limsupd(fan, fz) < sd(z, fz).

n—oo

From (2.4), we have

B(*[2d(z, £2)])

S

< ¢(s*limsup d(fzn, £2)])

Y(d(z, f2)) < ¥(s%d(z, f2))

(3.10) = limsupy(s°[d(fzn, f2)])
< 1iririsolip[¢(MS(Ina Z)) - @(Ml (xn, Z))
+ LN(zp,2)].

Hence we have

1/)(d(27 fz)) < w(52d(za fz>) < lim Sup1/)(Ms(In, Z))

n—oo
(3.11) + limsup(—g(M (25, 2)))
n—oo
+ Llimsup N(zp, 2),

n—00

where

d(z, f2) < My(wn, ) = max{d(zn, 2), d(n, f15),d(z, fz), Lol ATy
d(z, fz) < M'(xy, z) = max{d(z,, 2),d(z, f2)},

N(zp, z) = min{d(xn,, fz,),d(z, fz,)}.

On taking the limits of My(x,, 2), M'(z,,2) and N(x,,z) as n — oo and using
(3.9), we have
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d(z, fz) < lim Mg(zy, z) = max{0,0,d(z, fz),ligs;p w} =d(z, fz),

n—roo

lim M'(x,,2) = max{0, d(z, fz)} = d(z, fz),

n—00

lim sup N (z,,2) = {0,0,} = 0.
k—o0

From (3.11) we have

P(d(z, f2)) < P(d(z, f2)) = p(d(z, [2))
< Y(d(z, f2)),

a contradiction. Hence fz=2. O

(3.12)

Theorem 3.3. In addition to the hypothesis of Theorem 3.1 (Theorem 3.2), if
a(u) > 1 or B(u) > 1 whenever fu = u. Then f has a unique fixed point.

Proof. Suppose that v and w be two fixed points of f with u # w, that is, fu =u
and fw = w. By the hypothesis we have «(u) > 1 or f(u) > 1 and a(w) > 1 or
B(w) > 1. Since f is a cyclic («, 8)-admissible mapping, we have

o(u) > 1 = Bu) = A(fu) > 1, and fu) > 1 —> ofu) = a(fu) > 1,
Therefore we have S(u) > 1 and «(u) > 1. And also

afw)>1 = Bw) = B(fw) >1,and f(w) > 1 = a(w) = a(fw) > 1. then
we have S(w) > 1 and a(w) > 1. Hence we have a(w) > 1, a(u) > 1, f(w) >
and S(u) > 1 this implies a(u)f(w) > 1.
Now, from (2.4) we have
(3.13) D(d(u, ) = (d(fu, fw)) < P(s*d(fu, fw))
' < (M (u,w)) = o(M (u,w)) + LN (u, w)
Where
M (u,w) = max{d(u,w),d(u, fu),d(w, fw), d(u,fw);d(w,fu)}
B d(u, w) + d(w,w)
(3.14) = max{d(u,w), d(u, u), d(w, w), 55 }
= max{d(u,w), 0, M}

= d(u,w)

M (u,w) = max{d(u,w),d(w, fw)} = max{d(u,w),d(w,w)} = max{d(u,w),0} = d(u,w),

N(u,w) = min{d(u, fu),d(w, fu)} = min{d(u, ), d(w,u)} = min{0, d(w,u)} = 0.
by using the inequality (3.13), we have
U(d(u, w)) = ¢(d(fu, fw)) < P(s*d(fu, fw))
M, (u,w)) = (M’ (u,u)) + LN (u, w)
)) — #(d(u, w)) + LO(0)

(3.15) (u, w
d(u, w)) — @ (d(u, w))
(u,w
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a contradiction.Therefore u = w
Hence f has a unique fixed point. O

Definition 3.1. Let (X, d) be a b-metric space with coefficient s > 1, and A and
B be two closed subsets of X such that ANB #@. Let f: AUB — AU B be a
mapping. If there exist ¢, € ¥ and L > 0 such that

(3.16) (s> d(fz, fy)) < O(Ms(2,y)) — (M (2,y)) + LN(z,y),

for all z € A and y € B. Then we say that f is an almost generalized
(A, B)-(v, ¢)-contractive mapping.

Theorem 3.4. Let A and B be two nonempty closed subsets of a complete
b-metric space (X, d) such that AN B # @, and let f: AUB — AU B be a cyclic
mapping. If f is an almost generalized (A, B)-(v, ¢)-contractive mapping, then f
has a unique fixed point in A N B.

Proof. Let us define o, 3: AUB — AU B by

a(a:)—{(l) if ze€ A [3(33)_{(1) if € B

otherwise otherwise

For any z,y € AU B with a(x)3(y) > 1, this implies that € A and y € B, then
from the hypothesis we have

G(sd(f, fy)) < (M2, y)) — o(M (x,y)) + LN (z,y).

Thus, inequality (3.16) holds. Therefore f is an almost generalized

(o, B) — (¢, @)-contractive mapping.

Since AN B # @ there exists g € AN B this implies that zg € A and zg € B hence
a(zo) > 1 and B(zo) > 1.

Let {x,} be a sequence in X such that S(x,) > 1 for all n € NU {0} and z,, — =
as n — 0o, then z,, € B for all n € NU{0}. Since B is closed we have € B hence
Blx) > 1.

Therefore all hypotheses of Theorem 3.2 hold.

Hence f has a fixed point. Let u (say) be the fixed point of f. If u € A, then
u = fu € B. Similarly, if u € B, then u = fu € A.

Hence u € AN B. And also a(u) > 1 and S(u) > 1. Therefore, by Theorem 3.3, f
has a unique fixed point. O

4. Corollaries and examples

Corollary 4.1. Let (X,d) be a complete b-metric space with the coefficient s > 1
and f: X — X be a continuous selfmaping of X. If there exist ¢, p € ¥ such that

V(s*d(fx, fy)) < D(Ms(z,y)) — (M (2,y)) + LN (z,y) for all z,y € X.
Then f has a fixed point.

Proof. By choosing a(z) = () = 1 in Theorem 3.1, the conclusion of this corollary
follows. [
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Corollary 4.2. Let (X, d) be a complete b-metric space with the coefficient s > 1.
Let f: X — X be a selfmapping of X. Assume that there exist two mappings
a,B:X —[0,00) and 9, ¢ € ¥ such that for all z,y € X with a(z)8(y) > 1
— P(d(fx, fy)) <$(M(2,y)) — o(M (,y)) + LN (z,y).

Further, suppose that

(1) there exists zg € X such that a(zg) > 1 and S(xg) > 1,

(2) f is continuous,

(3) f cyclic (a, ) - admissible mapping.
Then the sequence {z,} in X defined by 2,11 = fz,,n=0,1,2,..., where g € X
is given as in (1) is b-Cauchy and it is b-convergent to z (say) in X, and z is a fixed
point of f.

Proof. The result follows from Theorem 3.1 by taking s =1. O

By choosing s = 1 and a(x) = f(x) = 1 in Theorem 3.1, we have the following.

Corollary 4.3. Let (X,d) be a complete metric space and f : X — X be
selfmapping of X. If there exist ¢, ¢ € ¥ such that

Y(d(fz, fy) < P(M(2,y)) — o(M (2,y)) + LN(z,y) for all 2,y € X.
Then f has a fixed point.

Remark 4.1. Here we observe that Theorem 2.1 is a corollary to Corollary 4.3.
For any z,y € X we have

Y(d(fz, fy)) < Pld(x,y) — p(d(z,y)) < P(Ms(z,y)) — (M (2, y))
< P(My(2,y)) — o(M (2,y)) + LN (=, y).

Corollary 4.4. (Theorem 2.4) Let (X,d) be a complete b-metric space with the
coefficient s > 1. Let f : X — X be a selfmapping of X. Assume that there exist
two mappings a, 5 : X — [0,00) and 1, ¢ € ¥ such that for all
z,y € X with a(z)B8(y) > 1

— W(Pd(f, fy) < H(M(2,9)) — p(My(, 1))

Further, suppose that

(1) there exists zp € X such that a(xo) > 1 and B(x¢) > 1,

(2) f is continuous,

(3) f cyclic (a, ) - admissible mapping.
Then the sequence {z,} in X defined by ,,41 = fo,,n=0,1,2,..., where 2o € X
is given as in (1) is b-Cauchy and it is b-convergent to z (say) in X, and z is a fixed
point of f.
Proof. By hypothesis, we have for all z,y € X with a(z)8(y) > 1

= Y(sPd(fz, fy)) < p(M(z,y)) — o(M(x,y))
S w(Ms(xvy)) - QP(M, (;Cv y))
< Y(My(z,y)) — p(M (z,y)) + LN (2, y)
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Therefore, f satisfies the inequality (2.4) with L = 0. Hence by Theorem 3.1, f has
a fixed point O

Corollary 4.5. Let A and B be two nonempty closed subsets of a complete metric
space (X, d) such that AN B # @, and let f: AUB — AU B be a cyclic mapping.
If there exist ¥, € ¥ and L > 0 such that

V(d(fz, fy)) < W(M(x,y)) — (M (z,y)) + LN(x,y), then f has a unique fixed
point in AN B.

Proof. By choosing s = 1 in Theorem 3.4 the conclusion of the corollary follows. O
Corollary 4.6. Let A and B be two nonempty closed subsets of a complete metric
space (X, d) such that ANB # @, and let f: AUB — AU B be a cyclic mapping.
If there exist 1, ¢ € ¥ such that

W(s2d(fr, fy)) < v(Mg(x,y)) — (M (x,7)), then f has a unique fixed point in
ANB.

Proof. follows from Theorem 3.4 by taking L = 0. O

Example 4.1. Let X = [2,3]U{4,5,6,...}, we define d : X x X — [0, 00) by

0 if x=y
11 ;
—+_ lf $:ye[273]
= g y
d(z,y) 4+14+1 if zye {456}
2 otherwise.

Clearly, d is a b-metric space with the coefficient s > %.
We define f : X — X by

[ 3-%  if ze[23
f(x)_{2+% if x€{3,4,5,6,..}.

and a, 8 : X — [0,00) by

8w

_ if z€l2,3] [ 2 if ze(2,3
o() _{ 0 otherwise, A=) _{ 0 otherwise.

Since for any x € X, a(z) > 1 <= =z € [2, 3], we have
B(fz) = f—sx = 33’1 >1,and also z € X, B(z) > 1 < =z € [2, 3], we have

a(fz) = % = 3:1% > 1. Therefore, f is cyclic (a, 8) - admissible mapping.

Next, we show that f is an almost generalized (o, 8) — (¢, ¢)- contractive mapping.
For z,y € X with a(2)B(z) > 1 <= z,y € [2, 3]. Hence, for z,y € [2,3]
fr=3—% and fy =3 — ¥ and for x # y we have

1
d(z, fy) + d(y,fx)}
2s
+ 4+
2(&

M (:E, y) = max{d(xv y)v d(xv fx)v d(y7 fy)v

8=

+

bl

b=

I

~ | |~

8|
wl N

L
fy’

<=

S
fx’

<=

max{% +
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M'(z,y) = max{d(z,y).d(y, fy) = max{; + 7, + 7} <1 and
N(z,y) = min{d(z, fz),d(y, fz)} = min{:+ L L1 L} >2
We now choose ¥(t) = t,¢(t) = £, t >0 then, we have
B(sd(fr, fy) = d(55)%d3 - 53— 1))

89 1 1

= @ G== + =)
(4.1) 89 5 8

<@y

2 1 2
<2 lmrsd
< P(Mi(z,y) — o(M'(z,y)) + LN(z,y).

Hence f is an almost generalized (a, 8) — (¢, ¢)- contractive mapping with L = 3.

Therefore, f satisfies all the hypotheses of Theorem 3.1 and = = % is a fixed point of f.

Here we observe that when L = 0, the inequality (2.4) fails to hold for z = 2 and
y =3, we have

(LA, fy) = d(d(r2, £3) = (o)
£ 0(5) — #(2)
= YOLL(2,3) — $(M'(23)) = ¢(M(zy) — @(M'(z,))

for any 1 and ¢. Hence f is not an («, 8)-(¢, ¢)-contractive mapping. Therefore
Theorem 2.4 is not applicable.

Further, this example shows the importance of L in the inequality (2.4) of the almost
generalized (o, 8)-(1, ¢)- contractive mapping.

Remark 4.2. From Example 4.1 and Corollary 4.4 we observe that
Theorem 3.1(Theorem 3.2) is a generalization of Theorem 2.4.

Example 4.2. Let X ={0,%,1,3,...} U[1,2]. We define
d: X x X — [0,00) by

0 if x=vy
) lz—yl if zye{0,1,2, 1.}
d(w,y) = 6 if :c7y€{%72%é7... and © £y
2 otherwise.

Then it is easy to see that (X, d) is a b-metric space with the coefficient s = %
Now, we define f : X — X by

fx:{ 21—1:1 if.x€{071,%7%7i7...}
and , 8 : X — [0,00) by

xz if zell,2]
0 otherwise.

ate) = 5() = {
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Since for any z € X, a(z) > 1 < z €1,
B(fz) = B(E+1)= 2 +1 > 1. Since a(a)
cyclic (a, 8)-admissible mapping.
We choose 1(t) = t,¢(t) = % for t > 0.
Now, we show that f is almost generalized (a, ) — (¢, )- contractive mapping with
L=2

8
Since a(z)B(y) > 1 <= =,y € [1,2], for ,y € [1,2], we have
M;(z,y) = max {d(z,y),d(z, fz),d(y, fy), %‘W} ={2, 22(%2) =2,
M'(z,y) = max {d(z,y),d(y, fy)} = {2,2} =2 and
N(z,y) = Min {d(z, fz),d(y, fx)} = {2,2} = 2.

Hence, for z,y € [1, 2], we have

2], we have
= B(x), clearly f is a

B(Pd(f, fy) = w((§)3d(§+§,g+%)> —wFy - X
< 2—— (%)2
< Y(M(w,y) — ¢(M (@,y)) + LN(z,y).

Hence f is an almost generalized («, 8)-(1, ) - contractive mapping with
L = 2 and the condition (3) of Theorem 3.2 holds trivially. Therefore f satisfies all the
hypotheses of Theorem 3.2 and x = 1 is a fixed point of f.

Here we observe that when L = 0, the inequality (2.4) fails to hold for x = 1 and
y =2, we have

l\JIOJ

Y(s’d(fz, fy)) = ¥((5)%d(f1, f2)) = 1/)((%)3(2)) = P(5(2)
£ Y(2) —(2) = v(Ms(z,y) — ¢(Ms(z,y))

for any 9 and ¢, so that f is not an («, 8)-(1, ¢)-contractive mapping.

N

Further, we observe that the metric d defined in this example is not a metric in the
usual sense, for x = §7 y = é and z = % then
d(z,y) =6 £ 2+2=d(z,2) +d(z,y).

Example 4.3. Let X = [0.5,00) and let d: X x X — [0,00) be defined by

0 if z=y
1,1 ;
141 if z,y€[0.5,1]
= b y
d(z,y) 4+%+% if z,y € (1,00)
2 otherwise

Clearly, d is a b-metric space with the coefficient s > %
Let A=[0.5,1] and B = [1,00), we define f : AUB — AU B by

)= {

Now, we have for z € A, fx = % € [1,00) = B which implies that fA C B and also for
z € B, fx = 24+ £ €[0.5,1] = A which implies that fB C A. Hence f is cyclic.

if z€A
+ 4 if z€B.

N8 =
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We choose 9(t) = t,¢(t) = %
For z € A and y € B we have

t> 0.

M. (z,y) = max{d(z, ), d(x, fx), d(y, fy), 2L y);s dy, J2) y
1y %j% +4+1

2(3)

M;(z,y) = max{d(z,y),d(y, fy)} = max{2,2} = 2,
and N(z,y) = min{d(z, fz),d(y, fz} = max{2,4 + i +ax}=2.
Now, we have

= max{2,2,2, }>2

(4.2)

< P(Ms(z,y)) — p(Ms(z,y)) + LN(z, y).

Therefore f is an almost generalized (A, B)-(1, ¢)-contractive mapping with L = 6.
Hence f satisfies all the hypotheses of Theorem 3.4 and « = 1 is a unique fixed point
of f.
Further, we observe the following:
if we define

a(x):{l if zeA B(x):{l if z€B

0 otherwise, 0 otherwise,

then f is a cyclic («, 8)-admissible mapping and by (4.2), we have f is an almost gener-
alized (v, B)-(v, ¢)-contractive mapping. Hence f satisfies all the hypotheses of Theorem
3.1, along with the hypothesis of Theorem 3.3, and f has a unique fixed point 1.

But for z = % and y = 1, we have
Y(d(fz, fy) = Y1 1) = YD~ 1) = $(2)

£ V) — o) = (d(a,y) — pld(ry),

for any ¢, € ¥ so that the inequality (2.1) fails to hold. Hence Theorem 2.1 is not
applicable.
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