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SUFFICIENT CONDITIONS FOR NONUNIFORM WAVELET
FRAMES ON LOCAL FIELDS *

Firdous A. Shah, Owais Ahmad and Huzaifa Jan

Abstract. The main objective of this paper is to establish a set of sufficient conditions
for nonuniform wavelet frames on local fields of positive characteristic. The conditions
proposed are stated in terms of the Fourier transforms of the wavelet system’s generating
functions.
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1. Introduction

A field K equipped with a topology is called a local field if both the additive K+
and multiplicative groups K* of K are locally compact abelian groups. By a local
field, we mean a locally compact, non-discrete, complete and totally disconnected
field. The p-adic fields and p-series fields (Vilenkin p-groups), as well as their finite
algebraic extensions, are the only examples of such fields. The local fields are
essentially of two types: zero and positive characteristic (excluding the connected
local fields R and C). If K is of characteristic zero, then K is either p-adic field Q,
for some prime p, or a finite algebraic extension of such a field. If the characteristic
of K is positive, then K is a field of formal power series over a finite field GF(p€). If
¢ =1, then it is a p-series field. If ¢ > 1, then K is an algebraic extension of degree

c of a p-series field. For more details about local fields, we refer to the monograph
[11].

Despite the fact that the structures and metrics of p-adic fields and local
fields of positive characteristic are comparable, their wavelet and multiresolution
analysis (MRA) theory are quite different. The notion of MRA on local fields of
positive characteristic was introduced by Jiang et al.[6]. In fact, they brought up
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a technique for constructing orthogonal wavelets on local fields and established a
necessary and sufficient condition for the solution of refinement equation to generate
an MRA for L?(K). Recently, Shah and Abdullah [9] have generalized the concept
of multiresolution analysis on Euclidean spaces R™ to nonuniform multiresolution
analysis on local fields of positive characteristic, in which the translation set acting
on the scaling function associated with the multiresolution analysis to generate the
core space Vy is no longer a group, but is the union of Z and a translate of Z,
where Z = {u(n) : n € Ny} is a complete list of (distinct) coset representation
of the unit disc ® in the locally compact abelian group K+. More precisely, this
set is of the form A = {0,u(r)/N} + Z, where N > 1 is an integer and r is an
odd integer such that r and N are relatively prime. They call this a nonuniform
multiresolution analysis on local fields of positive characteristic. As a consequence of
this generalization, they obtain a necessary and sufficient condition for the existence
of associated wavelets and extension of Cohen’s theorem.

The notion of frames was first introduced by Duffin and Shaeffer [3] in connec-
tion with some deep problems in nonharmonic Fourier series, and more particularly
with the question of determining when a family of exponentials {eio‘"t 'n € Z} is
complete for L?[a, b]. Frames did not generate much interest outside non- harmonic
Fourier series until the seminal work by Daubechies et al.[2]. But in recent times,
there has been a great interest in the applications of redundant wavelet systems
(wavelet frames). In comparison with wavelet bases, wavelet frames provide more
informative mathematical representations, and efficient and fast implementations
with the same fundamental structure as orthonormal wavelet bases (See [1]). In
addition to this, researchers have come up with the new mathematical transforms
to analyze chirp signals namely the fractional wavelet transforms, the short-time
fractional Fourier transform, the ridgelet transform and so on. For more about frac-
tional wavelet transforms and their applications, we refer to [4, 5, 7]. The concept of
wavelet frames on local fields was introduced by Shah and Abdullah in [10], where
they established some characterizations of uniform wavelet frames on local fields
via Fourier transforms and in particular, demonstrate how to build the Parseval
wavelet frames for L?(K).

Concerning the construction of nonuniform wavelet frames on local fields, Shah
[8] has given a simple scheme for constructing nonuniform wavelet frames in L?(K)
using the basic concepts of operator theory and Fourier transforms. Motivating by
the fundament works in [8, 9], we will drive some new sufficient conditions for the
nonuniform wavelet systems to be frames on local fields by means of some basic
equations in the frequency domain.

This article is organized as follows. In Section 2, we provide a brief introduction
to Fourier analysis on local fields. Section 3 is devoted to the investigation of some
sufficient conditions for nonuniform wavelet systems to be frames in L?(K).
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2. Preliminaries on Local Fields

Let K be a fixed local field with the ring of integers ©® = {t € K : [¢t| < 1}.
Since KT is a locally compact Abelian group, we choose a Haar measure dt for
KT. The field K is locally compact, non-trivial, totally disconnected and complete
topological field endowed with non—Archimeadean norm | - | : K — R™ satisfying

(a) |t| = 0 if and only if ¢ = 0;
(b) |st| = |||t for all s,t € K;
(¢) |s +t| < max{|s|,|t|} for all s,t € K.

Property (c) is called the ultrametric inequality. Let B = {t € K : |t| < 1} be
the prime ideal of the ring of integers © in K. Then, the residue space ©/%B is
isomorphic to a finite field GF(q), where ¢ = p° for some prime p and ¢ € N.
Since K is totally disconnected and % is both prime and principal ideal, so there
exist a prime element p of K such that B = (p) = p®. Let D* = D\ B =
{t € K : |t| = 1}. Clearly, ©* is a group of units in K* and if ¢ # 0, then can write
t =p"s,s € D*. Moreover, if @ = {a,, :m=0,1,...,qg— 1} denotes the fixed full
set of coset representatives of B in D, then every element ¢t € K can be expressed
uniquely ast = > ,°, ¢ p’ with ¢, € Q. Recall that B is compact and open, so each
fractional ideal B* = p*D = {t eK:|tl< q’k} is also compact and open and is a
subgroup of K. We use the notation in Taibleson’s book [11]. In the rest of this
paper, we use the symbols N, Ny and Z to denote the sets of natural, non-negative
integers and integers, respectively.

Let x be a fixed character on K+ that is trivial on ® but non-trivial on B!,
Therefore, y is constant on cosets of D so if u € B¥, then ., (t) = x(u,t),t € K.
Suppose that y,, is any character on K, then the restriction x,|® is a character
on ®. Moreover, as characters on ®, x, = X, if and only if u — v € ©. Hence, if
{u(n) : n € Ny} is a complete list of distinct coset representative of © in K, then,
as it was proved in [11], the set {Xu(n) 'n € NO} of distinct characters on ® is a
complete orthonormal system on .

Definition 2.1. The Fourier transform of f € L'(K) is denoted by f(w) and
defined by

(2.1) f(w) = /K F (XD dt.
Note that

fw) = /K F() XolD dt = /K F()x(—wt) dt.

The properties of Fourier transform on local field K are much similar to those of
on the real line. In fact, the Fourier transform have the following properties:
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e The map f — f is a bounded linear transformation of L'(K) into L>(K),
and || £, < [I£]];-

o If f € L'(K), then f is uniformly continuous.
o If f € LY(K) N LA(K), then || fl|, = [|f]

The Fourier transform of a function f € L?(K) is defined by

(2.2) flw)= Jm fr(w) = lim F)xw(t) dt,

k—o0 [t|<q¥

where f, = f®_j, and ®;, is the characteristic function of B*. Furthermore, if
f € L*(D), then we define the Fourier coefficients of f as

(2.3) f(u(n) = /@ O Xy @ dt

The series ), cy, | ( (1)) Xu(n)(t) is called the Fourier series of f. From the stan-

dard L2-theory for compact abelian groups, we conclude that the Fourier series of
f converges to f in L?(D) and Parseval’s identity holds:

2.4) 171 = [ Irfae= 3 [Fatm)]

neNp

We now impose a natural order on the sequence {u(n)}5,. We have © /B = GF(q)
where GF(q) is a c-dimensional vector space over the field GF(p). We choose a
set {1=Co,¢1,C2,-..,Cc—1} C D©* such that span{cj} :0 >~ GF(q). For n € Ny
satisfying

0<n<gq n=ay+ap+--+a_1p°" 0<ar<p, andk=0,1,...,c—1,

we define
(2.5) u(n) = (ap +ar1éy + 4+ ac—1(e—1)p .

Also, for n =bg+b1g+bog® + - +bsq®, n €Ny, 0< b, <q,k=0,1,2,...,s, we
set

(2.6) u(n) = u(bo) +u(br)p™" + -+ u(bs)p™".

This defines u(n) for all n € Ny. In general, it is not true that u(m + n) =
u(m) +u(n). But, if 1,k € Ny and 0 < s < ¢, then u(r¢® + s) = u(r)p=" + u(s).
Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and {u(€) +u(k) :
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k € No} = {u(k) : £ € Ngo} for a fixed £ € Ny. Hereafter we use the notation
Xn = Xu(n), 2> 0.

Let the local field K be of characteristic p > 0 and (o, (1,2, ...,(.—1 be as
above. We define a character y on K as follows:

) 2mi/p =0Qandj=1
iy ) e p=0andy =1,
(2.7) X(Cup )—{ 1, p=1,...,c—Tlorj#1.

3. Sufficient Conditions for Nonuniform Wavelet Frames

Let 2 = {u(n):n € Ny}, where {u(n):n € Np} is a complete list of (distinct)
coset representation of ® in K. For an integer N > 1 and an odd integer r with
1 <r <¢gN —1 such that » and N are relatively prime, we define

(3.1) A:{O,%}#—Z:{#—i—u(n):nel\lo,kzo,l}.

It is easy to verify that A is not a group on local field K, but is the union of Z and a
translate of Z. This set can be treated as the translation set. For j € Z and X\ € A,
we define the dilation operator D; and the translation operator T) as follows:

D;f(t) = (gNY2f((p~'NYt) and Taf(t)=f(t—N), fe€L*K).

We are now in a position to define the concept of nonuniform wavelets on local
fields. For a given ¢ € L?(R), define the nonuniform wavelet system

(32) W) = {eia®) = @NY2p (7' N)'t = 2); jez, Ae A,

It is worth noticing that, when N = 1, one recovers from the above nonuniform
system the usual wavelet system on local fields of positive characteristic p > 0.
When, N > 1, the dilation is induced by p~!N and |p~!| = ¢ ensures that ¢gNA C
Z CA.

In frequency domain, system (3.2) can be written as
(3.3) Diaw) = (@N) 2P (07 N) w)haa((h~1N) ).

The nonuniform wavelet system (3.2) is called a nonuniform wavelet frame, if there
exist positive numbers A, B > 0, so that

B A<D [ <BIfI, forall £ e ZX(K).

JEZ AEA

The largest A and the smallest B that can be used in the above inequalities are
called the lower and upper frame bounds. The wavelet frame is called tight if the
lower and upper frame bounds are same.
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The following lemma will be used later in the proofs of the main results. For
a proof, we refer to [8].

Lemma 3.1. Suppose f € L*(K) such that f has compact support. If ¢ € L*(K)

and
S (oM ) <o
Then
65 LX)l = [ i S [i(e ) )| o+ R,

JEZ NEA

where R, (f)*R0+R1—|—-~-—|—RqN 1 and for 0 <n < gN —1, R, is given by

— 2 [ (et e um) i (6 e uto)

JEZ m#n

(3.6)

s F (e () um) )i (1) o+ u(m)) [1 X <w>} } o

We now establish our first sufficient condition for the system (3.2) to be a wavelet
frame for L?(K). For this, we set

Q:{(p—lN)k+n:keN0,1<£<qN—1}

A = sup ‘B (m _1N jw)‘,
w wee— 1\’}3Z v

where €71 = {t € K : |t| < (¢N)} and

Bu(m.w) = 3 (7N @) ((p 1) (@ + u(m)) ).

keNp

Theorem 3.2. Suppose 1) € L*(K) such that

A=, (e )‘_#569{ u(r—5)-dy (~u(r—5)] " > 0.
= sup Z’d)( (p™'N)~ )’— [ u(r s))-Aw(—u(r—s))]l/2<+oo.

wee— 1\@ r£s€Q

Then {wj,/\ tJEZL, NE A} is a wavelet frame for L*(K) with bounds Ay and By.
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Proof. By Lemma 3.1, we have

|Rn(f)]

N

o T (6 )| i+ )

m=0 jeZ n#m

S (plN)w+u(n—m))‘}dw

- R ETLIONE £ i)

kENg r#£s€Q

X f(w+ (P 1N)J+ u(r - 5))"/;((13_1N)_jw+ (p_lN)ku(r . S))

- w T [T £ Sl

kENg r#s€Q jEL

b

b
}m

X f(w + (p~! N) u(r - s))d;((ple)_j—ch + (ple)ku(r — s))

- T LS £ Jier o)

EZ r#s€Q

<X (67 )6 (6N el —)

keNg

- E L g e ey

JEZ r#s€Q

x| (ulr = s), (7 N) )| e
:—;;;Jw )| o (utr = 9. 671 )|
<Al 7w ut - 9) o (utr = 9. 678 ) [
< v 2 X E ([l 0.6 )

JEZL r#s€Q
’[M(u(r—s) (p 1N - )’dw}/

X {/ ’f w4+ ple) u(r—s))
1/2
qN Z 2 {Z/ ‘f ‘ﬁw u(r — s), (p 1N - )’dw}

€Q

N
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1/2
x{%/}{ ’f(w + (p—lN)ju(r - S)) ’2 ‘@p (U(T — o), (p_lN)jw)’dw}

N1 , ‘ 1/2
- w X X {ZQ/KW 1 (utr = 9, (07 ) ) d“}

r=0 r#s€Q

1/2
X {Z/K’f(w)r’ﬁw(—u(r—s),(p1N)jw)’dw}

qN—1 A 1/2
< E B s n)
e 1/2
x{/}{’f(w)’ A¢(—u(r—s))dw}
= qiN quZOl/K ‘f(w)r dwT;Q [A¢(u(r —8)) - Ay (—ulr— s))} 1/2.

Consequently, it follows that

SR> flif {007

JEZ NEA

r#s€Q

(3.7) - Z [Aw (u(r - s)) . Aw( —u(r — s))} 1/2} dw

and

= Sl </K\W{Z\zﬁ((mw)f

JEZ NEA

r#s€Q

(3.8) + Z [A¢ (u(r — s)) . Aw( —u(r — s))] 1/2} dw.

Taking infimum in (3.7) and supremum in (3.8), we obtain

Al < 3230 Kl < Bl

JEZ NEA



Sufficient Conditions for Nonuniform Wavelet Frames 559

The proof of Theorem 3.2 is complete. 0

Before we state our next sufficient condition, we introduce some notations.
Similar to the a-adic number, we call an element o € K, a gIN-adic number if it
has the form a = (p™'N)¥ (A — o), j € Z, X # 0 € A. With this concept, define the
following sets:

(39) I'= {oz € K : there exists (j, \) € Zx A such that o = (¢gN)? (A\—=0c); A # a},

and for all a € ', define

(3.10) I(a) :{(j,)\)erA:a:(qN)j(/\—a);/\;éa},

(811) A @) =X gmsioerie (7N @) b (1 N) o+ (- 0))

(312)A7@) = Xgurierera ¥ ((F7N) 7w)d((p V) Tw— (A=),

Theorem 3.3. Suppose 1) € L*(K) such that

A, = inf {AS(w) - Y |ALw)| >0,
weeTI\D { aEer\{0} }
By, = sup |AY ()] < +oc.
we@l\gael—‘z\{O}

Then {1 :j € Z, N € A} is a wavelet frame for L*(K) with bounds Ay and Bs.

Proof. From the definition of Af (w), it follows that Ag (w) = >,y ’@((ple)’jw)

From Lemma 3.1, we can re-estimate R, (f) as

’ 2
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- ﬁi?:lz:z / {f(w+ (pilN)jU(m))QZJ((PilN)ijw+u(m))

o 67 u) 5 (e o) (1 x (20 )
< izz/u ) (s 570 )

m=0 jEZn#m

x' dw

(i wu>< ww»
- ?
<

et ey R f o+ 67 w))

\{0} (4, /\)75(3 o)el(a)

Tw+ )\) ((p*lN)ﬂw + a')

: [ [ 650 -)

OtEF\{O} (4, A)7'5(1 o)€l(a)

dw

dw

< [B((N) jw)w((ple)*’wHA—o))

= ¥ [ @ e+ ue)]

ael’\{0}

(7 N) Pw)d (7 N) Tw+ (A —0))

{ }dw (By (3.10))
(3N #G,o)el(a)

- ¥ /f (ot u(@)| |6 @) do (By (3.11))

ael’\{0}

/2 A 5 1/2
(3.13) <a€w{/ el lazlas} ] [ [Fo+ @[ a3 a2}

(3.14)

{aer\w}/‘f of 1226w |dw} 2{ GF\{O}/’fw+u INES® !d“}1/27

Since

u(a) = u((gN)! (A = o)) = (0" N)' (A = 0), for (j,\) # (j,0) € I(a),
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we deduce that
AL (w)

S~ N) )b (I N) Vwt (A - o)

GN)#G0)el(a)
B(r7N) 7 (@ = (@) )b (7 N) T w = u(@) + (A = )
(3:N)#(0)el(a)
D7 N) T = (7 IN) (@) )R (7 N) w = (p7IN) u(e) + (A = 0))
(G:N)#Go)el(a)
- S (67N e - 0=0) (V) w)  (By (3.10))
(G3,N#G0)el(a)

= Aol (By (314).

Therefore

(3.15) Yooatw]= Y AL W)

aer\{0} acl'\{0}

Replacing w + a by w in (3.14) and using (3.15), we have

L2 1/2 o 1/2
+ -
> [ | \Aa(w)|dw} { > [ Jiw) \Aa(w)‘dw}

aer\{0} a€l'\{0}

(3.16) - /K

By Lemma 3.1 and inequality (3.16), we obtain

(317) /Kﬂw)f{AJ(w)— ) }AMI}dw<ZZ|<f,wj,A>}27

ael'\{0} JEZ NEA
and

[R.(f) <{

f@)f{ S [adw) }dw.

ael'\{0}

S S (el < [ il {at 3 jaze fa

JEZ AEA o€\ {0}

(3.18) - /K

Taking infimum over €~1\ ® in (3.17) and supremum over €=\ D in (3.18), we
obtain

fwf{z AL @) }dw.

acl
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Aol flly < 30D NE sl < Bal 1

JEZ AEA

The proof Theorem 3.3 is complete. 0

With the notations in (3.10) and (3.12), define the new sets as
(3.19) I} = sup{ AL ()] :w e Qﬁ_l\@}, I, = sup{ |A; (W)] i we Qﬁ_l\@}.
Theorem 3.4. Suppose 1) € L*(K) such that

we o SR L T )

aell'\{0}

Bi= sup {Z‘w( (p1N) jw)‘2}+ 3 [HIH;}1/2<+00.

wee—I\D a€l\{0}

Then {1jx:j € Z, N € A} is a wavelet frame for L*(K) with bounds As and Bs.

Proof. Using (3.14) in (3.13), we have

rals 3 { [ el iaata) { [ i o store)

> {[ el 1sreia)”{ [ [fof Feja)

~ ‘ 2

a€T\{0}

< X [mm]”/

ael'\{0}

fw)

Proceeding similarly as in Theorem 3.2, we have

[l {2l £ o) e <SS

)

ael\{0} JEL AEA
and
S Xl < [ [if { e m ) £ nin] o
JEZ NEA K ez o)

These two inequalities imply that
Al fll3 < D07 [ F )l < Bal £
JEZ NeA

The proof of Theorem 3.4 is complete. 0
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