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ON SOME NEW GENERALIZATIONS OF CERTAIN GAMIDOV
INTEGRAL INEQUALITIES IN TWO INDEPENDENT VARIABLES
AND THEIR APPLICATIONS

Khaled Boukerrioua, Dallel Diabi and Brahim Kilani

Abstract. The aim of this paper is to establish some new nonlinear Gamidov integral
inequalities in two independent variables which can give the explicit bounds on un-
known functions. To show the feasibility of the obtained inequalities, some illustrative
examples are also introduced.
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1. Introduction

The integral inequalities which provide explicit bounds on unknown functions play
an important role in the development of the theory of differential and integral
equations. For instance, see [1 — 19] and the references given therein. During the
past few years, an enormous amount of effort has been devoted to the discovery of
new types of inequalities and their applications in various branches of ordinary and
partial differential and integral equations.

In [8], Sh.G.Gamidov, while studying the boundary value problem for higher
order differential equations, initiated the study of obtaining explicit upper bounds
on the integral inequalities of the forms

(1.1) u(t) <c+ /f(s)u(s)ds +/ g(s)u(s)ds,

for ¢ € [a, ], under some suitable conditions on the functions involved in (1.1).

Pachpatte obtained the following interesting explicit bounds on certain integral
inequalities which appear in [14] :
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(1.2) / f(t,s)u ds+/b (s)u(s)ds.

Very recently, K. Cheng, C. Guo in [5] discussed the following general version
in two independent variables:
(1.3)

T Y M N
u(z,y) Sa(m,y)+b(x,y)/0 /0 f(s,t)u(s,t)dsdt—l—c(x,y)/o /0 g(s, t)u(s,t)dsdt,

for (z,y) € [0, M] x [0, N].

Motivated by the results above and the inequalities obtained in [5,8,10,14], we
give a generalization of nonlinear Gamidov integral inequalities in two independent
variables which can be used as a tool to study the boundedness of solutions of
integral equations. Some applications are also given to illustrate the usefulness of
some of our results.

Before establishing our main results, we need the following lemmas.

Lemma 1.1. [5] Assume u(z,y), a(x,y), c(z,y), g(z,y) € C([0, M]x][0, N], [0, 00))
and

M /N
u(z,y) <alz,y)+ c(x,y)/o /0 u(s,t)g(s,t)dsdt,

for (z,y) € [0, M] x If f fo (s,t)dsdt < 1, then the following
explicit estimate
t)dsdt
u(z,) < afa,y) + S0 M’ fo (2 )ds
1-— fo fo (s t)dsdt

holds for (z,y) € [0, M] x [0, N].
Lemma 1.2. [9] Assume thata >0,p>q >0 and p # 0, then
(1.4) at <Ig5 e+ P 9K%

for any K > 0.

2. Main Result

In what follows, R denotes the set of real numbers Ry = [0,00),1; = [0, M], and
I, = [0, N] are given subsets of R. Let A = I; x Iy, C(U,V) denotes the collection
of continuous functions from U to V . Now let us give the main results of this paper.
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Lemma 2.1. Asssume that u(zx,y), a(z,y), c(z,y), g(z,y) € C(ARy) and n :

Ry, — Ry a differentiable increasing function on 10, +oo| with the continuous non-
increasing first derivative n on |0, 4o0[. If

M /N
21 o) Zaln) ey [ glsontuls )dsr
o Jo
then the following explicit estimate

c(z.y) "y g(s.tinlals,t))dsdt
1= [ [N (s, t)g(s, tynlals, t))dsdt

holds for (x,y) € A, provided that

(2.2) u(z,y) < a(z,y) +

M N
(2.3) / / o(s,)g(s, )’ (als, ) dsdt < 1.
o Jo
Proof. Obviously, fOM fONg(s,t)n(u(s,t))dsdt is a constant.
Letting
M N
(2.4) Q:/ / g(s,t)n(u(s,t))dsdt,
o Jo

from (2.1), we have

(2.5) u(z,y) < alz,y) + c(x, y)Q.

Since n is increasing on ]0, +oo], then

(2.6) n(u(z, y)) < na(z,y) + c(z,y)Q).

Applying the mean value Theorem for the function n, then for every x1 > y; > 0
there exists ¢ €]y1, z1[ such that

(2.7) n(z1) —n(y1) = nle)(x1 —y1) < n'(y1) (@1 — y1)-
Which gives
(2.8) n(u(z,y)) < n'(a(z,y))c(z, y)Q + nla(z,y)),

taking into account that g(x,y) is positive, then
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(29) gz, y)n(u(z,y)) < g(z,y)n'(a(z,y))c(z, y)Q + g(z, y)n(a(z,y)).

Integrating both sides of (2.9) on A, we obtain

(2.10) Q = /0 /0 g(s,t)n(u(s,t))dsdt

IN

M N
Q/O /0 c(s,t)g(s,t)n’(a(s, t))dsdt
M N
+ /0 /o g(s,t)n(a(s,t))dsdt.

It follows from (2.10) that

0 < fOM foN q(s, t)n(a(& t))dsdt
< Jo b |
L= fo " Jo" els,)g(s b’ (a(s, 1)) dsdt

Substituting the inequality above into (2.5), we get the explicit estimate (2.2)
for u(z,y). O

Remark 2.1. By taking n(z) = z, the inequality given in Lemma 2.1 reduces to the
inequality given in Lemma 1.1.

Corollary 2.1. Suppose that the conditions of Lemma 2.1 hold. Then
M /N
u(z,y) < alz,y) + c(m,y)/ / g(s,t) arctan(u(s,t))dsdt.
o Jo
Implies

c(x,y) fOM fON g(s,t) arctan(a(s,t))dsdt

M (N c(s,t)g(s,t)
1-— —— 27~ " Zdsdt
fo 0 1+ a2(s,t) 5

(2.11) w(z,y) < alz,y) +

7

for (z,y) € A, provided that

M N
[ ety
0 0

1+ a?(s,t)

and if

M /N
u(z,y) < alz,y) + c(z, y)/o /0 g(s,t) In(u(s,t) + 1)dsdt,
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then
c(z,y fo fo (s,t)In(a(s,t) + 1)dsdt

N (s, )g(s, t)
1 mddt

u(z,y) < alz,y) +

3

for (z,y) € A, provided that

ddt<1
A /0 1+ast

Theorem 2.1. Assume that a(l‘,y), b(’l},y), C(ZL‘,y), f(xay)a g(xay) € C(AaR-i-)
and a(z,y), b(z,y), c(z,y) are nondecreasing in x and y. Let n : Ry — Ryis a
differentiable increasing function on |0,+o00[ with continuous non-increasing first
derivative n' on 10, +ool. If u(z,y) € C(A,Ry) satisfies

(2.12)

T ry M N
u(y) <alz, y)+b(z, y) / / £(s. tyuls, t)dsdi-+c(z, y) / / o(s, yn(u(s, £))dsdt,
then, we have

(2.13) u(z,y) < A%(z,y) +C*(x y)

fo fo n(A*(s,t))dsdt
1= [ o s,t) (s, )’ (A*(s,t))dsdt

for (x,y) € A, provided that

M N
/0 /0 C*(s,t)g(s, t)n' (A*(s,t))dsdt < 1,

where
(2.14) A*(z,y) = a(z,y)exp {b(:v,y) /OI /Oyf(s,t)dsdt},
C*(a,y) = c(x,y)exp{b(:z:,y)/ox/oyf(s,t)dsdt}.

Proof. Fixing any arbitrary (X,Y) € A, then for (z,y) € Ay = [0, X] x [0,Y],
from (2.12), we have

(2.15)
T ry M pN
u(x,y)ga(X,Y)—i—b(X,Y)/o/of(s,t)u(s,t)dsdt+c(X,Y)/O/0 g(s,t)n(u(s,t))dsdt,

where we apply that a(z,y), b(x,y), and ¢(x,y) are nondecreasing in x and y.
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Define a function v(z,y), (z,y) € Ay by the right side of (2.15). Then, v(z,y)
is positive and nondecreasing in x and y and

(2.16) u(z,y) <oz, y).

Furthermore, we have

M N
(2.17) v(0,y) = a(X,Y) + ¢(X, Y)/O /0 g(s,t)n(u(s,t))dsdt,

(2.18) %v(a@y) = HX,Y) /Oy flz, u(z, t)dt
< HX,Y) /Oy flz, yv(x, t)dt
< oY) [ st

Since v(z,y) is nondecreasing in y, from (2.18), one gets

(0/02) v(x,y) Ve
(2.19) ey SHEY) /0 Flz, t)dt.

Now, keeping y fixed in (2.19), setting = = s, and integrating the last inequality
with respect to s from 0 to x, we get

(2.20) v(z,y) < v(0,y) exp {b(X,Y) /Ow /Oy f(s,t)dsdt}.

It follows from (2.16) and (2.17) that

way) < |aXY) +exy) | : / Ng(s,wn(u(s,t))dsdt]
y exp{b(X,Y) /Om /Oyf(s,t)dsdt}
_ a(X,Y)exp{b(X,Y) /Oz /Oyf(s,t)dsdt}
+e(X,Y) exp {b(X, Y) /0 ’ /O ’ f(s,t)dsdt}
(2.21) </ N / " gl (s, 0)dsdt

M N
= Ay, X,Y) 1 Ci(ey, X Y) / / o(s, yn(u(s, £))dsdt,
0 0
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where
(222)  Av(a,y, X,Y) = a(X,Y)exp {b(X, Y) /0 ’ /O ’ f(s,t)dsdt},
Oy, X,Y) = c(X,Y)exp{b(X,Y)/OI/Oyf(s,t)dsdt}.

Using Lemma 2.1, from (2.21), we easily obtain

(2.23) w(z,y) < Ai(z,y, X,Y)+Ci(z,y,X,Y)
foM foN g(s,t)n(Ai(s,t, X,Y))dsdt
>< )
1- foM foN C1(s,t, X, Y)g(s, t)n'(A1(s,t, X,Y))dsdt

since the inequality (2.23) holds for all (z,y) € Ay , taking 2 = X and y =Y, we
have
(2.24) w(X,Y) < A(X,V,X,Y)+Ci(X,Y,X)Y) x
foM foN g(s,t)n(Asr(s,t, X,Y))dsdt
L= o oY Cas,t, X, Y )g s, )/ (Av (s, 1, X, V) dslt
= A"X,Y)+C*X,Y) x
(JMﬁ)Ng(Sat)n(A*(S,t))dsdt
1= M N (s, t)g(s, tyn (A7 (s, 1)) dsdt

for (X,Y) € A, where A*(X,Y) and C*(X,Y) are defined as in (2.14).

Taking into account that X and Y are arbitrary, we replace X and Y by x
and y, respectively, and we get the required inequality in (2.13). O

Remark 2.2. If we take n(z) = z, then Theorem 2.1 reduces to Theorem 2 in [5].

Theorem 2.2. Let a(z,y),b(z,y), c(z,y), f(x,y) and g(x,y) be as in Theorem
2.1. Ifu(z,y) € C(A,Ry) satisfies

(2.25)
x Yy M N
uP (z,y) Sa(x7y)+b(x,y)/0 /0 f(s,t)uq(s,t)dsdt—l—c(x,y)/o /0 g(s,t)n(u(s,t))dsdt,

where p > q >0, p>1 are constants, then
(2.26) u(z,y) < A¥(z,y) + C"(z,y) %

NG (s, (A% (s, 1)) dsdt
1= [ [V O (5, 8)G* (s, t)n! (A*(s,))dsdt
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for (z,y) € A, provided that

M N
/ / C*(s,t)G* (s, t)n' (A*(s,t))dsdt < 1,
o Jo

where

227)  A*(my) = Ai(zy) exp{Bl(x,y) /O ’ /0 ’ F*(s,t)dsdt},
C*(z,y) = Cl(x,y)exp{Bl(w,y) /O ’ /O yF*(s,t)dsdt},

and
Ai(z,y) = fK b(z,y / / f(s,t) [ K=P)/rg(s ) + Kq/p} dsdt
0
1
+ K" “a(x, y)JriK*
p
1 1-»p

Bi(w,y) = T KOO, y), Cr(oy) = K7 elay)

(2.28) F*(x,y) = f(=,y),

G*(2,y) = g(x,y),

Proof. Define a function w(z,y) by

(2.29) w(z,y) = blx,y) /Of /Oy f(s,t)ul(s,t)dsdt

M /N
+c(:c,y)/0 /0 g(s,t)n(u(s,t))dsdt,

for (z,y) € A. Then, from (2.29), we have

(2.30) uP(z,y) < a(z,y) +w(z,y).

Applying Lemma 1.2, we get

(2.31)

u(,y) < (alz, )+ w(z, )7 < !

K+ (a (xvy)+w(x7y))+7Kp = v(z,y).

u(@,y) < (ale,y) + wlz,y) " <

*@\Q%M—‘

K@=P)/P (q(z,y) + w(z,y)) + P79 pasp,
p
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It follows from (2.29),(2.30) and (2.31) that

(232 w(ey) < by / /Oyf(&t)

x {QK(‘H")/” (a(s,t) +w(s,t)) + ]% K‘I/p} dsdt

p
M N
ween) [ [ gl nlels.)dsde,
o Jo
taking into-account that %Kkpr(x,y) < wv(z,y), we have
Ty _
w(z,y) < b(a:,y)/ / f(s,t) [QK(q_p)/pa(s,t)—l—quq/p] dsdt
0o Jo p p
@ ry
+qK(q_1)/pb(x,y)/ / f(s,t)v(s, t)dsdt
o Jo
M N
(2.33) +c(x,y)/ / g(s,t) n(v(s,t))dsdt.
o Jo

Multiplying both sides of (2.33) by %KFTP and adding %KFTP a(z,y) + ijlK%
to both sides of the resultant inequality, we obtain

@231)  w(oy) < Auwy)+ By / /OyF*<s,t>v<s,t>dsdt

+iiey) | N / " 6 s (o, )dsdt,

where Ay (z,y), Bi(x,y),Ci(x,y), F*(z,y) and G*(x,y) are defined as in (2.28).

Note that A;(z,y), B1(z,y) and Cy(z,y) are nonnegative, continuous, and non-
decreasing for (x,y) € A.A suitable application of Theorem 2.1 to (2.34) gives

(2.35) u(z,y) < wv(z,y) < A%(z,y) + C*(z,y) x
SN G (s, t)n(A* (s, t))dsdt
1= [ [V O (s, 6)G* (s, t)n/ (A* (s, t))dsdt

where A*(x,y) and C*(x,y) are defined as in (2.27). O

Remark 2.3.  If we take n(z) = z, then Theorem 2.2 reduces to Theorem 6 in [5] .
3. Applications
In this section, we shall illustrate how our main results can be applied to study the

boundedness and uniqueness of the solution to certain integral equations in two
independent variables.
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Example 3.1. Consider the following integral equation:

(3.1)  z(z,y) = alz,y) + b(z,y) /Oz /Oy F(s,t,2)dsdt + c(x,y) /OM /ON G(s,t,2)dsdt,

for (z,y) € A, where z(z,y) € C(A,R),a(z,y),b(z,y),c(z,y) € C(A,R;) are nondecreas-
ing in z and y, F(z,y,2),G(z,y,2) € C(A x R,R).

Theorem 3.1. Assume that the functions F' and G in (3.1) satisfy the conditions

(3-2) [F(s,t,2)] < f(s,)]2],
G(s,t,2)] < g(s, )n(|z]),

where f(s,t), g(s,t) and n are defined as in Theorem 2.1.
If z(x,y) is the unique solution of (3.1), then

(3-3) [2(z, )| < A%(z,y) +C’*(x y)

fo fo n(A*(s,t))dsdt
1= Yo s,t) (s, )/ (A*(s, t))dsdt

for (z,y) € A, provided that
M N
(3.4) / / C*(s,t)g(s, t)n’ (A*(s,t))dsdt < 1,
o Jo

where A*(xz,y), C*(z,y) are defined in (2.14).

Proof. Assume that z(z,y) is the unique solution of (3.1), from (3.2) we have

(3.5) t@y)| < ale.y) +bzy) / ' / " f(s.1) [2(s,0)| dsdt

M N
welw) [ [ ot tinlla(s. ) dsar

Now an application of Theorem 2.1 to (3.5), yields the required inequality in
(3.3). O

Corollary 3.1. If we take in (3.2), n(z) = arctan(z), then the unique solution of
(3.1) can be expressed as

[2(z,y)] < AM(z,y) + C"(x,y) ¥

fo fo (s,t) arctan(A*(s,t))dsdt

N C*(s,t)g(s,t)dsdt ’
1= fo AT ()
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/ / C*(s,t)g )dsdt<1
1+A*23t) '

If we take n(z) = In(z + 1), then the unique solution of (3.1) can be expressed as

provided that

[2(z,y)] < A%(z,y) + C7 (2, y) X

fo fo (s,t) In(A*(s,t) + 1)dsdt

NC*(st (s,t)dsdt ’
1= fo 1+Ag *(s5,t)

provided that

/ / C*(s,t)g st)dsdt<1
1+ A*(s,t) '

Proposition 3.1. Assume that the functions F and G in (3.1) satisfy the condi-
tions

(3.6) |F(s,t,2)| — F(s,t,%) fis,t) |z — 7|,

g(s; t)n(|z = =),

IAIA

where f(s,t), g(s,t) and n are defined as in Theorem 2.1 with n(0) = 0. If

M N
/0 /0 C*(s,t)g(s, t)n' (A*(s,t))dsdt < 1,

where A*and C*are defined as in Theorem 2.1, and z(x,y) is a solution of (3.1),
then (3.1) has at most one solution.

Proof. Let z(z,y) and Z(z,y) be two solutions of (3.1), then

Z(z,y) = a(z,y)+blx,y) /0”0 /Oy F(s,t,z)dsdt

M N
+e(z,y) / / G(s,t,z)dsdt,
o Jo

Aep) = alo) +0te) [ [ Pt dsat

M N
(3.7) +e(a,y) /0 /0 Gls,t, 2)dsdt.
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(3:8)  |z(x,y) —Z(x,9)|

z(x

10.

11.

K. Boukerrioua, D. Diabi and B. Kilani

From (3.7), we have

IN

© oy
o) [ [ 1FGsit2) = Fls.t2) dsde
o Jo
M N
+c(z,y) / / |G(s,t,2) — G(s,t,Z)| dsdt
o Jo

Ty
o) [ [ (su0) 1z =3l dsa

IN

M N
+ c(m,y)/o /0 g(s,t)n(|z — z|)dsdt.

According to Theorem 2.1, we obtain that |z(z,y) — Z(z,y)| < 0, which implies
y) = Z(x,y) for (z,y) € A O
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