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ENTIRE FUNCTIONS SHARING POLYNOMIALS
WITH THEIR DERIVATIVES

Goutam Kumar Ghosh

Abstract. In this paper we study the uniqueness of entire functions sharing two poly-
nomials with their derivatives. The results of the paper improve the corresponding re-
sults of Chang and Fang (Kodai Math.J. 25(2002), 309-320) and Lahiri-Ghosh(Present
author) (Analysis ,Munich. 31(2011), 47-59).
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1. Introduction, definitions and results

Let f be a non-constant meromorphic function in the open complex plane C. We
denote by n(r, 0o; f) the number of poles of f lying in | z |< 7, the poles are counted
according to their multiplicities. The quantity

N(r,00; f) = / ;03 /) ; n(07oo;f)dt+n(0,oo;f) logr

0

is called the integrated counting function or simply the counting function of poles

of f.
2m
Also m(r,00; f) = 5 [log™ | f(re) | df is called the proximity function of
0

poles of f , where logt 2 =logz if > 1 and log" z =0if 0 <2 < 1.

The sum T'(r, f) = m(r, 00; f)+N(r, 00; f) is called the Nevanlinna characteristic
function of f. We denote by S(r, f) any quantity satisfying S(r, f) = o{T'(r, f)} as
r — oo except possibly a set of finite linear measure.

For a € €, we put N(r,a: f) = N (100 715 ) and m(r,as f) = m (v, 001 715 ).
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Let us denote by n(r, a; f) the number of distinct a-points of f lying in | z |< 7,
where a € CU {oo}. The quantity

T

N(r,a; f) = / nt,a; f) ~ 70,4 f) dt +71(0,a; f)logr

t
0
denotes the reduced counting function of a-points of f.
Also by N(g(’l", a; f) we denote the reduced counting function of multiple a-points
of f.

Let A C Cand na(r,a; f) be the number of a-points of f lying in AN{z :| z |< r},
where a € CU {oo} and the a-points are counted according to their multiplicities.
We put

T

NA(r,a;f):/ﬁA(t?a;f);ﬁA(O’a;f)dt+ﬁA(0,a;f)logr.

0

For a € CU {o0} we denote by E(a; f) the set of a-points of f (counted with

multiplicities) and by F(a; f) the set of distinct a-points of f.
For standard definitions and results of the value distribution theory the reader
may consult [3] and [11].

In 1977 L.A.Rubel and C.C.Yang [9] first investigated the uniqueness of entire
function sharing certain values with their derivatives. They proved the following
result.

Theorem 1.1. [9] Let f be a nonconstant entire function. If E(a; f) = E(a; fV)
and E(b; f) = E(b; f1), for distinct finite complex numbers a and b, then f = f().

In 1979, E. Mues and N. Steinmetz [8] took up the case of IM shared values in
the place of CM shared values and proved the following theorem.

Theorem 1.2. [8] Let f be a nonconstant entire function. If E(a; f) = E(a; )
and E(b; f) = E(b; fM), for distinct finite complex numbers a and b, then f = f().

Afterwards in 1986 G. Jank, E. Mues and L. Volkman [4] considered the case of
a single shared value by the first two derivatives of an entire function. They proved
the following result:

Theorem 1.3. [4] Let f be a nonconstant entire function and a(# 0) be a finite
number. If B(a; f) = E(a; f) and E(a; f) C E(a; f®)), then f = fO.

In 2002 J. Chang and M. Fang [2] extended Theorem 1.3 in the following way.
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Theorem 1.4. [2] Let f be a nonconstant entire function and a, b be two finite
constants. If E(a; f) C E(a; fV) C E(b; f?), then either f = le'a + “b;az or
f=Xes +a, where A(#£ 0) is a constant.

In [12] it was observed by the following example that in Theorem 1.3 the second
derivative can not be straightway replaced by a higher order derivative.

Example 1.1. Let (k > 3) be a positive integer and w(# 1) be a root of the algebraic
equation w*™' = 1. We put f = e“* + w — 1, then E(w; f) = E(w; fV) = E(w; f®) but
£

In this context Zhong [12] extended Theorem 1.3 to higher order derivatives and
proved the following result.

Theorem 1.5. [12] Let f be a nonconstant entire function and a( 0) be a finite
complex number. If f and Y share the value a CM and E(a; f) C E(a; f™) N
E(a; f*D) for n(> 1), then f = f).

For A C CU {co}, we denote by Na(r,a; f)(Na(r,a; f)) the counting function
(reduced counting function) of those a — points of f which belong to A.

In 2011, I. Lahiri and G. K. Ghosh(Present author) [5] improved Theorem 1.5
in the following manner.

Theorem 1.6. [5] Let f be a nonconstant entire function and a, b be two nonzero
finite constants. Suppose further that A = E(a; f)\ E(a; fV) and B = E(a; fM)\
{E(a; f™) N E(b; f+D)Y for n(>1). If each common zero of f —a and fV) —a
has the same multiplicity and Na(r,a; f)+Np(r,a; fO) = S(r, f), then f = Ae's +
# or f = Xe's +a, where A( 0) is a constant.

Another similar type of results we may see [6].

In the paper we extend Theorem 1.4 and Theorem 1.6 by considering shared
polynomials instead of value sharing.

We now state the main result of the paper.

Theorem 1.7. Let f be a nonconstant entire function. Also let a(# 0),b(£ 0) be
two polynomials having degrees less than 2 and deg(a) # deg(f). Suppose further
that

(i) Navg(r,a; f) + Na(r,a; fV) = S(r, f), where A = E(a; f)AE(a; fV) and
B =E(a; /) \ E(b; f®)),

(i) Eqy(a; f) C E(a; fM), and
(iii) each common zero of f —a and fY) — a has the same multiplicity.

Then a =b and f = \e*, where A\(# 0) is a constant.
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Theorem 1.8. Let f be a nonconstant entire function. Also let a(# 0),b(# 0) be
two polynomials having degrees less than n and deg(a) # deg(f). Suppose further
that

(7/) EA(T',(I; )
E(a; fM)\
(i) Evy(a; f) C

(iii) each common zero of f —a and f() — a has the same multiplicity.

+ Naup(r,a; fV) = S(r, f), where A =E(a; f)AE(a; fV) , B =
{E(a; fN)NE®; f )N E(a; f2)} and n > 1 is an integer,

E(a; fM), and

Then a = b and either f = Xe® or f = a+ Ae®, where A(# 0) is a constant.

Putting A = B = @ in Theorem 1.7 and Theorem 1.8 we respectively obtain
the following corollaries.

Corollary 1.1. Let f be a nonconstant entire function. Also let a(#£ 0),b(£ 0) be
two polynomials having degrees less than 2 and deg(a) # deg(f). Further suppose
that E(a; f) = E(a; fV) and E(a; f) C E(b; f?)). Then a =b and f = \e?, where
A(#£ 0) is a constant.

Corollary 1.2. Let f be a nonconstant entire function. Also let a(Z£ 0),b(Z£ 0) be
two polynomials having degrees less than n and deg(a) # deg(f). Further suppose
that E(a; f) = E(a; f) and E(a; f) € {E(a; f™) 0 E(b; f+)) N E(a; f0F2))}.
Then a = b and either f = \e® or f = a+ Ae®, where A(#£ 0) is a constant.

We note that Corollary 1.1 is an improvement of Theorem 1.4 .

2. Lemmas

In this section we need the following lemmas.

Lemma 2.1. [13] Let g ge a transcendental entire function and ¢(Z£ 0) be a mero-
morphic function satisfying T (r,¢) = S(r,g). Then for any positive integer n

T(r,g) < Cu{N(r,0;9) + N(r,0;" — ¢)} + S(r,9),

where C,, is a constant depending only on n.

Lemma 2.2. Let f ge a transcendental entire function and a,b be two meromor-
phic functions satisfying T (r,a) + T(r,b) = S(r, f) and b —a™ # 0. Then

T(va) < Cn{N(r,O;f—a)—i-W(r,O;f(") —b)}+S(T,f),

where C,, is a constant depending only on n(> 1).

Proof. Putting g = f —a and ¢ = b — a(™ in Lemma 2.1 we get Lemma 2.2. [
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Lemma 2.3. [1] Let f be a meromorphic function and n be a positive integer. If
there exist meromorphic functions ag(# 0),a1,as2,- -+ ,a, such that

aof" +arf" M+t ap_1f+a, =0,

then

n

m(r, f) <nT(r,a0) + Y _m(r,a;) + (n —1)log2.

Jj=1

Lemma 2.4. { [7]; see also p.28[11]} Let f be a nonconstant meromorphic func-
tion. If

aofP+a fP"1+...4+a
R(j) = ROl ?
bof9+bifi=t 4+ -+ b,

is an irreducible rational function in f with the coefficients being small functions

of f and agby # 0, then
T(r,R(f)) = maz{p,q}T(r, f) + S(r, f).

Lemma 2.5. Let f, ag,a1,a2, - ,ap,bo,b1,b2, -+, by be meromorphic functions.

If
aofp+alfp—1+...+ap

R(f): bqu+b1fq71+"'+bq (G/Obog—éo)a
then
T(r,R(f)) = O(T(r, f)+ > _T(r,a;) + Y _T(r,by)).
i=0 =0

Proof. The Lemma follows from the first fundamental theorem and the properties
of the characteristic function. O

Lemma 2.6. {p.68 [3]} Let f be a transcendental meromorphic function and f™P(z) =
Q(z), where P(z), Q(z) are differential polynomials generated by f and the degree of
Q is at most n. Then m(r, P) = S(r, f).

Lemma 2.7. {p.69 [3]} Let f be a nonconstant meromorphic function and

where P,_1(f) is a differential polynomial generated by f and of degree at most n—1.
If N(r,00; f) + N(r,0; ) = S(r, f), then g(z) = h™(2), where h(z) = f(z) + %2

and h"~'(2)a(z) is obtained by substituting h(z) for f(z), hV(2) for fM(z) ete.
in the terms of degree n — 1 in Pp_1(f).
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Let us note the special case, where P,_1(f) = ao(2)f""! + terms of degree
n — 2 at most. Then A" 1(2)a(z) = ao(2)h" 1(2) and so a(z) = ag(z). Hence

9(2) = (f(z) + 2Ly,

Lemma 2.8. {p./7 [3]} Let f be a nonconstant meromorphic function and ay,as,a3
be three distinct meromorphic functions satisfying T'(r,a,) = S(r, f) for p =1,2,3.
Then

T(r,f) < N(r,0; f —a1) + N(r,0; f —az) + N(r,0; f —az) + S(r, f).

Lemma 2.9. {p.92, [11]} Suppose that fi, fo, -, fu(n > 3) are meromorphic
functions which are not constants except possibly for f,. Further let > f;(z) = 1.

j=1
If fn #0 and

> N0 )+ (n—1) Z r,00; ;) < {N+ o(1)}T(r, fr)

Jj=1

forO<A<landk=1,2,--- ,n—1, then f, = 1.

3. Proof of the theorems

Proof. [Proof of Thorem 1.7] We verify that f cannot be a polynomial. If f is a

polynomial, then T'(r, f) = O(logr) and so Naup(r,a; f) = S(r, f) implies that

A = B = (. Therefore E(a; f)AE(a; f(1 ) ={FE(a; f) — E(a; fN}U{E(a; fV) -
E(a; f)} = @ implies that E(a; f) = E(a; fM).

Let deg(f) = m and deg(a) = p. If m > p+ 1, then deg(f — a) = m and
deg(fM —a) < m — 1. Since E(a; f) = E(a; fV) and each common zero of f — a
and f(!) — @ has the same multiplicity, we arrive at a contradiction.

If m < p—1and deg(a) = p < 2 then { will be a constant, which contradicts our
assumption that f is nonconstant entire function. Therefore f is a transcendental
entire function.

Let 2o be a zero of f—a and (V) —a with multiplicity (> 2), since by hypotheses
each common zero of f —a and f() — @ has the same multiplicity. Then zy is
a zero of f() — a1 with multiplicity ¢ — 1. Hence zo is a zero of a — o) =
(fN —a®) — (f® — ) with multiplicity ¢ — 1. Since ¢ < 2(q — 1), we have

(3.1) Ne(r,a; f) < 2N(r,0;a — a'V)) + Na(r,a; f) = S(r, f).

P—a and F = f —a. Then by the hypotheses we get

Let A\ = fffa

N(r,0;A) + N(r,00;\) < Na(r,0; f —a) + Na(r,0; fP —a)
(32) = S /).
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Now
(3.3) FO = \F+a—a =\F+h,
where h = a — a™. And also

FO = ZFO O p®)
= MAF+h)+XOF 4 p®
(3.4) = A4+ dNF+M+hD,

where d; = ¥ and T'(r,dy) = N(r,0; \) + N(r,00; A) + S(r, ) = S(r, f).
Set

(a — a(l))(f@) — a(2)) —(b— a@))(f(l) — a(l))
f—a '
Then by the lemma of logarithmic derivative m(r,7) = S(r, f). Now by (3.1) and
by hypotheses we get N(r,7) = S(r, f) and so T'(r,7) = S(r, f).
Since a is a polynomial and deg(a) < 2 so a(? = 0, then by (3.5) we get

(3.5) T=

7F = (a—aMYF® — (b —a®)FO = pp@ —pp®),

Putting the value of F() and F®) from (3.3) and (3.4) to the above equation we
get

b—a®

a — a(l)

(3.6) {hA? 4 (hdy — D)\ — T}F = h*(

If hA? + (hdy — b)A — 7 # 0, then from (3.6) we get

2\ — (b —aM)h

(37) E = e thd —or =

Then from (3.7) we get by Lemma 2.5, T(r,F') = O(T(r,\)) + S(r, f) and so
T(r,f) =T F+a) < T F)+ S(r,f) also T(r, F) < T(r,f) + S(r, f) ie.,
T(r,f) =T, F)+ S(r, f) = O(T(r, )) + S(r, f) this implies that S(r, f) is re-
placeable by S(r, \).

Also from (3.7) we see that F is a rational function in A, which can be made
irreducible. We put

Pi(\)
Qir1(N)’

where P;(A) and Q+1(A) are relatively prime polynomials in A of respective degrees
l and [+ 1. Also the coeflicients of the both the polynomials are small functions of
A. Without loss of generality we assume that (;+1()) is a monic polynomial. We
further note that the counting function of the common zeros of P;(A\) and Q;4+1(A),

(3.8) F=
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if any, is S(r, A), because P;(\) and Q;+1(\) are relatively prime and the coefficients
are small functions of .

Since N(r,o00; F) = S(r, f) = S(r, A), we see from (3.8) that N(r,0; Q;+1(N)) =
S(r,A). Also by (3.2) we know that N(r,00;\) = S(r, f) = S(r,A). So by Lemma
2.7 we get

¢ )l—i—l

(3.9) Q1N = A+

)

where c is the coefficient of A in Q;11(\).
If ¢ # 0, then by Lemma 2.8 we obtain

T(rA) < N0\ +N(r o0 \) + N(r, -

(7,05 Quy1(N) + S(r, A)
Ty A),

¢
H—la/\)+S(Ta/\)

2 2

a contradiction. Therefore ¢ = 0 and we get from (3.8) and (3.9)

PN
M) 3y _
Differentiating (3.10) we obtain FO = ¢, APy (’\)/\lgfl)PL()‘), where d; = % and

T(r,di) = O(N(r,0;A) + N (r,00; X)) +m(r,dr) = S(r, f) + S(r, A) = S(r, A). So by
Lemma 2.4 we have

(3.11) T(r, FO) = (1 4+1—=p)T(r,\) +S(r,\)

for some integer p, 0 < p <.

Again since F(Y) = AF + h, where h = a — a(") # 0, we get by (3.10) F(V) =
Pi(A)
2!

+ h and so by Lemma 2.4 we have
(312) T(Tv F(l)) = (l - p)T(Tv >\) + S(Ta A)v

where p is same as in (3.11). Now from (3.11) and (3.12) we get T'(r, A) = S(r, A),
a contradiction.
If hA2 + (hdy —b)A— 7 = 0, then by (3.6) and h? % 0 we deduce that A = 2=2.

a—a®
(1) _
% SO

Since A =

fO—a¢ b—a®
1 = .
(3.13) f—a a—a®

Then (3.13) can be written as

FO g g0 g p— g
f—a " f-a a—a®
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and so m(r,a; f) = O(logr)+ S(r, f) = S(r, f) , because f is transcendental. Hence
(3.14) T(r,f)=N(r,a; f)+ S(r, f).
Also (3.13) can be written in the form

fO—y b—a
(3.15) =i

If @ # b then the number of common zeros of f(!) —a and f — a are at most finite.
So

N(r,a; f) < Na(rya; f) + N(r,a; f | = a) = S(r, f)+ O(logr) = S(r, f),

which contradicts (3.14).

Hence a = b and so by (3.15) we conclude that f = fU . Therefore f = ce?,

where ¢(# 0) is a constant. This proves the theorem. [
Proof. [Proof of Theorem 1.8] We verify that f cannot be a polynomial. If f is
a polynomial, then T'(r, f) = O(logr) and so Naup(r,a; f) = S(r, f) implies that
A = B = Q. Therefore E(a; f)AE(a; fM) = {E(a; f) — E(a; f)} U{E(a; fV) —
E(a; f)} = @ implies that E(a; f) = E(a; fM).

Let deg(f) = m and deg(a) = p. If m > p+ 1, then deg(f — a) = m and
deg(fM) —a) <m —1. Since E(a; f) = E(a; fV) and each common zero of f —a
and f(!) — @ has the same multiplicity, we arrive at a contradiction.

If m < p—1. Then deg(f — a) = deg(fV) — a) = p. Since E(a; f) = E(a; fV)
and each common zero of f —a and f(!) — @ has the same multiplicity, we have
f® —a = k(f —a), where (k # 0) is a constant. If k # 1, then kf — f() = (k—1)a,
which is impossible as deg(k—1)a = p > m = deg(kf— fM). If k = 1, then f(M) = f
but f is a polynomial, which is a contradiction. Therefore f is a transcendental
entire function.

Case 1. Let f(® % f(»+1) Then we have two possibilities either af"t1 =
bf™ or af(tl) £ pfn),

Sub-Case 1.1. Let af™*Y) = pf™ . If E(a : f™) N E(b; 1)) = @, then
N(r,a; fM) = Ng(r,a; fP) = S(r, f) and so by (3.1) and hypothesis we get

N(r,a;f) < Na(r,a;f)+N(ra;f | f =a)
< Ny(ra; f = a) + Ne(r,a; f | = a)+ S(r, f)
< N(ra;f|fY =a)+ Ne(r,a f)+S(r, f)
< N(ra; fY)+S(r, f)

S(r, f)-

Where Nyy(r,a; f | fM) = a) denotes the simple a-points of f which are also a-points
of ),
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Hence by Lemma 2.2 we get T'(r, f) = S(r, f), a contradiction. Therefore
E(a; f™M) N E(b; f0+V) # 0.
Differentiating both sides of af("*t1 = bf(") we get af ("2 4q(1) f(r+1) = pfnt1) 4
bW £(7) which implies

b b
af+d = b(af(")> 4 pm) “(1)(af("))

b2 (1)b
Z 4 a )f(n).
a a

If zg is a zero of f() —a which is also a zero of f(*) —a, f*+D —pand fF(**+2) —q,
then (3.16) shows that z is a zero of a® — b> — ab™™) 4+ a(Mb, provided that a? — b —
ab® 4+ aMp £ 0.

If a? — b — ab™ 4+ aMb # 0, then

(3.16) =

N(r,a;f) < Na(r,a;f)+N(ra; f| f = a)
< nN(ra f | f® =a)+S(rf)
< nNp(r,a; fO) +aN(ra; fO | [ = a, fOFD = b, f0FD = ) + S(r, f)
O(logr) + S(r, f)
= S(rf).
Also
N(ra; fV) <

Naug(r,a; f ) + N(r,a; fO ] 0 = a, f70 = b, fF = a)
= O(logr)+5(r, f)

S(r, f).

So by Lemma 2.2 we get T'(r, f) = S(r, f), a contradiction.

Therefore a? — b*> —ab® +a(Vb = 0 and so (%) + (£)) = 1, which implies & =
Zzi—;z, where ¢ is a constant. Since a, b are polynomials so  is a rational function,
we have ¢ = 0 and so a = b. Therefore af™ D = bf(") implies (") = () 5
contradiction. Hence af(™*t1) 2 pf(™),

Sub-Case 1.2. If af("t1) £ pf("). Now by the hypothesis we get
b f(n+1)

“a’ f(n)
flrtD)

< T(r W) +S(r, f)

(3.17) = N(r,0; ™)+ S(r, f).

N(r,a; fV) < N(r )+ Navs(r,a; f1)

Again,

m(r,a; f) < m(r,0; f™) + S(r, f)
T(r, f™) — N(r,0; f) + S(r, f)
< T(r,f) = N(r,0; f") + S(r, f).
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implies
(3.18) N(r,0; f™) < N(r,a; f) + S(r, f).
From (3.17) and (3.18) and Lemma 2.2 we get

(3.19) T(r, f) < 2C,N(r,a; f) + S(r, f).

In the proof of Theorem 1.7 we have A = j(l)fa . Then fM) —a = \f — \a, so

(3.20) FO = X\ F 4y,

where F = f —a, Ay = X and 1 = a — a!) = h, say. Taking the derivatives of
(3.20) and using (3.20) repeatedly we get

(3.21) F® = N\ F + g,

where Agy1 = )\,(cl) + M A, and pgyr = u,(cl) 4+ A for k=1,2,....

Now we shall prove that T(r,\) = S(r, f). If A is constant, then obviously
T(r,\) = S(r, f). So we suppose that A is nonconstant. From the hypothesis we
get

N(r.0:0) + N(r,00:A) < Na(r,0; f = a) + Na(r,0; U ~ a)
(3.22) = 5 f)

Put £k =11in A\gyq = )\,(61) + M Ak we get Ao = A2 4+ di A where d; = % Again
putting k = 2in A1 = )\,(cl)—i-)\l)\k we get A3 = )\él)—l—)\l)\g, 50 A3 = A34+3d1 A2 +do ),
where dy = d2 + d{". Similarly Ay = A" + M A3 = M 4+ 6d1A° + (6d2 + 34" +
d2)M\? + (dél) + didz2) . Therefore, in general, we get for k > 2

k—1
(3.23) A= N4> N,
j=1

where T'(r, ;) = O(N(r,0; N\)+N(r,00; A))+S(r,\) = S(r, f) for j = 1,2,  k—1.

Again put k = 1 in pp41 = ug) + p1Ag we get po = ,ugl) + A = A + A,

Also putting k = 2 in pgy1 = ,u,(:) + 1A we obtain by (3.23), us = ugl) + 1Ae =
PAD + AOX 4 b2 4 h(A2 + diA) = hA? + (Y + 2hd))X + K. Similarly iy =
hA3 + (5hdy + hM)A2 + (b + 2hdy + 2hd? + 2hd" + hDdy + RO + 1O
Therefore, in general, for k > 2

(3.24) e = ZB M 4 pE=D
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where T'(r, ;) = O(N(r,0; \)+ N (r,00; X)) +S(r,\) = S(r, f) for j = 1,2, [ k—1
and Br_1 = h.
Now we suppose that n > 2. Then we set
afth —pfn)
f—a
Then clearly m(r, ¥) = S(r, f). Now by (3.1) and by hypotheses we get N(r, ¥) <

Ne(rya; f) + Na(r,a; f) + (r ) (7“ f) and so T(r,¥) = S(r, f). Then from
(3.25) we get

(3.25) U=

(3.26) U(f—a)—af™ 4o =0
Since deg(a) is less than n and a is a polynomial so (3.26) can be rewritten as
(3.27) UF —aF ™D 4 pF™ =0

Using (3.21),(3.23),(3.24) and (3.27) we get W F —a( A1 F+fins1) +0An F+pn) =0
n n n—1

implies WF — a{(A\""! + 3> ayN)F + > BN + MW} + b{(\" + 3 a;M)F +
j=1

Jj=1 Jj=1

Z B;N 4+ h("~D} = 0 implies

{U — aA"™ — (ac,, —b)A™ — (a —b) ”Z N F

n—1
(3.28) —{aa A"+ (a—b) Y BN —bh" D = 0.
j=1
n—1
If ¥ —aX\"™ — (aq,, — D)A" — (@ — b) Y. a;jN =0, then by Lemma 2.3 we get
j=1

m(r,\) < O(logr) = S(r, f), because f is a transcendental entire function. There-
fore by (3.22) we have T'(r, \) = S(r, f).

Next suppose that

T —a\" ™ — (ac, —b)A" — (a — b) Z ;N #0.

j=1

Then from (3.28) we get

n—1
aBn A + (a —b) 3 BN — bh(n~D
(3.29) F= =

n—1 ’
U — g\t — (ac, —b)A" — (a —b) Y a; M
j=1
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Following the similar argument of the Theorem 1.7 and using (3.29) we can show
that T'(r, \) = S(r, \), a contradiction. Therefore we establish that T'(r, A) = S(r, f)
for n > 2.

Next suppose that n = 1. Let ¢ =

@) _p (1)
%then

(3.30) oF —aF® 4 pFM =0

Since deg(a) and deg(b) < n so a and b must be constant and so by hypothesis we
have T'(r,¢) = S(r, f). Using (3.21), (3.23), (3.24) and (3.30) we get

(3.31) {6 — aX? + (b — aa1)A}F + {bh — a1 — ahV} = 0.

Following the similar argument of the preceding case and using (3.31) we can
show that m(r, \) = S(r, f) . So by (3.22) we have T'(r,\) = S(r, f).

Since T'(r, \) = S(r, f), we see that T'(r, \p) + T (r, pie) = S(r, f) for k =1,2,...,
where A\, and py are defined in (3.21). Let zg be a zero of F = f — a such that
z0 € AU B. For k = n we have from (3.21) F() = X\,F + u, and since a(™ = 0
then we have

(3.32) 5 = Xa(f = @) + .

Since zp € AU B then zy must be a zero of f —a, fM) —a, f —a, f*+) —p and
f+2) —q. That is f(z0) = a(z0) and f(29) = a(zo). Then from (3.32) we get

f(n) (ZO) = )‘H(ZO)(f - a)(ZO) +/1*n(20) then we get, a(ZO) = Mn(ZO)' If a(z) §é ﬂn(z)a
we get

N(Tva’;f) S NA(T,O;f—CL)—FN(T,O;CL—,U,n)+S(T,f)

= S(rf)
which contradicts (3.19).
Therefore
(3.33) a(z) = pn(2).

Again differentiate (3.32) we get £+ = A (f—a)+ A (fO —a®)+ 4. Now at
mwm%m@WWWm:wkm )%HA%W“ ™) (z20)+115” (20)
then by hypothesis b(zo) = A (20)(a(20)— (zo)) ( 0)- I b(2) £ M(2)(a(2)—
oW (2)) + i (2), we get
N(r,a;f) < Na(r,0;f —a)+ N(r,0;b = Ap(a—aV) — () + S(r, f)
= S(r,f)

which contradicts (3.19).
Therefore

(3.34) b(z) = Ma(2)(alz) = a(2)) + uP (2).
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Differentiate (3.33) we get

(3.35) at(2) = u(2).

From (3.34) and (3.35) we get b(2) = \u(2)(a(2) — a™(2)) + aM(2) implies

b—am

a—a®’

(3.36) An

Hence from (3.32), (3.33) and (3.36) we get

b—am

(n) —
(3.37) f® = —a

(f—a) +a
Now (3.37) can be rewritten in the form

fMW—f  b-a
(3.38) e T azam

Also from (3.37) we get

1 1, f™  p—qa®

f—a af—a a—a®

and so

m(r,a; f) < O(logr) + S(r, f) = S(r, f)-
Hence
(3.39) T(r,f) = N(r,a; ) + S(r, f).

If a # b then by (3.38) we conclude that the number of common zeros of f —a and
f™ — q at most finite.

Therefore by hypothesis we get

N(rya; f) < Na(rya; f)+N(ra; f | £ = a)
= O(logr) +S(r, f)
S(T, f)7
which contradicts (3.39). Hence a = b. Then from (3.38) we get f = f().
Since f = ("), then we have

—1

(3.40) f =coe® +cre** + 0260‘2Z 4t epge®

where ¢;(0 < i < n — 1) are constants and ai(O < i < n—1) are distinct roots of
Z"=1.
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Now we put p = f;f;” = f(n);-f;nﬂ) . The by the lemma of logarithmic deriva-
tive we get m(r,p) = S(r, f) and by (3.1) and hypothesis N(r,p) < Na(r,a; f) +
Nea(r,a; f f® =a) = S(r, f). Therefore T(r, p) = S(r, f). We suppose that p Z 0.
Then using (3.40) we get

(3.41) doe® + die** + d2€a2z N dn_leanflz =1,
where dy = < and d; = Cj(p_ailpﬂyj) forj=1,2,---,n—1.

We denote by dy, (j = 0,1,2,--- ,u;u < n) the nonzero term of dp(k = 0,1,2,--- ,n—
1). Let f; = dy,e®” for j = 0,1,2,--- ,u. Then from (3.41) we get

(3.42) fotrfitfot -+ fu=1

If the left hand side of (3.42) contains only one term, say fo, then we have
dkoeo‘koz =1 and so

1
ry——
di,

T(r,e” %) = T(r, —) = S(r, f) = S(r,e*""?),
a contradiction.

Next we suppose that the left hand side of (3.42) contains exactly two terms,
then we have fy + f1 =1, say. So by Lemma 2.8 we have

T(r,e®'%) < N(r,0;¢*"%) + N(r, 00" %) + N(r, —: %) + S(r, e %)

) ;€
di,
= N(r0; eo‘koz) + S(r, eo‘klz)

aklz)

W

(rye

)

a contradiction.
If the left hand side of (3.42) contains more than two terms, then by Lemma 2.9
we get dkjeo‘ka =1 for some j € {0,1,--- ,u}.

Therefore

a contradiction.
Hence p =0 and so f = ce” for some constant c¢(# 0).

Case 2. Let f(™ = f("*+1) Since f is transcendental, we have f(™ # 0. After
integration we obtain f(") = ce* and so f = ce* + P,_1(z), where ¢(# 0) is a
constant and P,,_1(z) is a polynomial of degree at most n — 1.

Sub-Case 2.1. If P,_1 # a, then by Lemma 2.8 we get

(rya; f) + N(r, Po_1; f) + N(r,00; f) + S(r, f)
(r,a; f)+S(r, f).

T(r,f) <

N
(3.43) = N
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Since Na(r,a; f) = S(r, f) we see from (3.43) that E(a; f) N E(a; fV) contains
infinitely many points. Also since Nayg(r, a; f() = S(r, f), but E(a; f)NE(a; fM)
contains infinitely many points so E(a; fM) N E(b; f(*+1) contains infinitely many
points. Since f = ce*+P,_1(2) = fO*TY+ P, _1(2), we get E(a; f)NE(b; f(*H1D)) =
E(a— Poy; D) A E(b; f40),

This set contains infinitely many points only if a — P,_1 = b. Hence P,,_1 =a — .
We suppose that P,_1 =a —b# 0. Then

N(r,a; f) < Na(roa; f)+ N(rya; f | fO = a)
< Naup(rya; fO) + N(rya; f | ™ = a, fHD = b) + S(r, f)
= N(raf[f" =a f" =0)+5( /)
< N(raf|f™ =a)+S(rf)
< N( 0 f — f™) + S(r, f)

(
(
(r, 0; f = fF) + 8(r, f)
(r,0; Ph—1) + S(r, f)

T f),

which contradicts (3.43). Therefore P,—; = 0 and so a = b and f = ce* where
¢(# 0) is a constant.

Sub-Case 2.2. Next we suppose that P,_; = a. Then f = ce® +a and f(® =
f+D) = ce?. Let zg be a zero of (™ — a , which is also a zero of f(*+1) —b. Then
zo is a zero of a — b. If @ — b # 0, then by Lemma 2.8 we get

Nz 222

T(r, f™) < N(r,0; ™)+ N(r,00; f™ + N(r,0; f™ —a) + S(r, f)
= N(r,0;a—b)+ S(r, f)
(3.44) — St f).

Also f = f™ + a implies T'(r, f™) = T(r, f) + S(r, f). Therefore by (3.44) we
get
T(r,f)=S(r, f) , a contradiction. Hence a = b. This proves the theorem. O

4. An open question
For further study, we propose the following question.

_ Is it possible to replace the set B = E(a; FOY\
E(a; f™*2)} in Theorem 1.8 by the set B = E(a; f(V))
as in Theorem 1.6 7

E(a; f™) N E(b; f™T)) N
))

{
\{E(a; fO)NE(b; £ D)}
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