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WEIGHTED SHARP INEQUALITY FOR VECTOR-VALUED MULTILINEAR
SINGULAR INTEGRAL OPERATOR

Qiaozhen Zhao and Junfeng Wang

Abstract. In this paper, we prove a sharp inequality for some vector-valued multilinear
singular integral operators. By using this inequality, we obtain the weighted LP-norm
inequality and LlogL-type inequality for the vector-valued multilinear operators.
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1. Introduction and Results

In this paper, we shall study some vector-valued multilinear singular integral
operators which are defined as following.

Fixed e > 0. Let T : S — S be a linear operator and there exists a locally
integrable function K(x,y) on R" x R" \ {(x,y) € R" X R" : x = y} such that

T(09 = [ Ky

for every bounded and compactly supported function f, where K satisfies:
KX, VI < Clx —yI™"

and
IK(y, x) = K(z, X)| + [K(x, y) = K(x, 2)] < Cly — z|“|x — z|™"™¢

if 2]y —z| < |[x—z|. Let mj be the positive integers (j=1,---,1), my +---4+m; = mand
Aj be the functionsonR" (j=1,---,1). For 1 < s < oo, the vector-valued multilinear
operator associated to T is defined by

I 1/s
TACFYOls = [Z |TA(fi)(x)|S] ,
i=1
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where

H==1ij+l(Aj;X/Y)
T = [ =R R K )iy

and .
Rm (A%, ) = A0 = ) =D A(y)(x— )"

\aij
We also denote

(o)

1/s . 1/s
HOOEE [Z |T(fi)(x)|5] and |f(x)|s = [Z |fi(x)|5] :

i=1 i=1

Suppose that |T|, is bounded on LP(R") for 1 < p < oo and weak (L!, L')-bounded.

Note that when m = 0, Tp is just the vector-valued multilinear commutator of
T and A (see [11], [12]). While when m > 0, Ta is non-trivial generalizations of
the commutator. It is well known that multilinear operators are of great interest
in harmonic analysis and have been widely studied by many authors (see [1],
[21.[31.[4], [5], [8].[14]). Hu and Yang (see [7]) proved a variant sharp estimate for the
multilinear singular integral operators. In [11], Pérez and Trujillo-Gonzalez prove
a sharp estimate for the multilinear commutator when A; € OsC,,, . The main
purpose of this paper is to prove a sharp inequality for the vector-valued multilinear
singular integral operators when D*A; € BMO(R") for all a with |a| = m;. As the
application, we obtain the weighted LP-norm inequality and LlogL-type inequality
for the vector-valued multilinear operators.

First, let us introduce some notations. Throughout this paper, Q will denote a
cube of R" with sides parallel to the axes. For any locally integrable function f, the
sharp function of f is defined by

1
(%) = sup — f 1£(y) - foldy,
Q3x |Q| Q

where, and in what follows,
fo =1QI™* f f(x)dx.
Q
It is well-known that (see [6])

1
f#(x) ~ su inf—ff —c|dy.
) Qa[x)CEClQl Q| (y) —cldy

We say that f belongs to BMO(R") if f# belongs to L*(R") and

#
lIfllemo = 17l
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For 0 < r < oo, we denote f/ by

£ o) = (1IN0

Let M be the Hardy-Littlewood maximal operator defined by

M(f)(x) = sup|QI™ f F()idy,
xeQ Q

For k € N, we denote by MX the operator M iterated k times, i.e.,
M*(f)(x) = M(f)(x)

and
MK(F)(x) = M(M*1())(x) when k > 2.

Let @ be a Young function and @ be the complementary associated to @, we
denote that the ®-average by, for a function f,
1}

. o1 [f(Y)I
||f||q>,Q_|nf{A>0.@LCD(T)dy

and the maximal function associated to ® by

N

Mo (F)(x) = sup || flloq-
xeQ

The Young functions to be used in this paper are
(1) = t(1 + logt)", B(t) = exp(t*'"),

the corresponding average and maximal functions denoted by || - [[(osL)r,0: ML(iogLy
and || - [lexpLt/r,0+ MexpLrr. Following [11], we know the generalized Holder’s inequal-

ity:
1
S f £()a)Idy < 1 Flloolllla
al Js

and the following inequality, forr,r; > 1,j=1,..., Iwith1/r=1/r; +---+1/r, and
any x € R", b e BMO(R"),

I llLgogtyr,@ < MigogLyr () < CM oy (f) < CM™L(f),

”b - bQ”expL’,Q < CHb”BMO/
[bori1g — b2gl < CKI[bllsmo-
We denote the Muckenhoupt weights by A, for 1 < p < oo (see [6]).

We shall prove the following theorems.
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Theorem 1. Let 1 < s < oo, D*Aj € BMO(R") for all a with |a] =mjand j=1,...,1.
Then there exists a constant C > 0 such that for any f = {fi} e C7’(R"),0 <r <land
x e R",

|
(TA(DIF) <C H[ Y ||D“JAJ-||BMO] M2 1) ().

j=l |aj|:mj

Theorem 2. Let1 <'s < oo, D*A; € BMO(R") for all « with || =mjand j=1,---,1.
Then |Tals is bounded on LP(w) forany 1 < p < oo and w € Ay, that is

|
ITAC)lsllow < C H[ Y ||D“iA,-||BMo] 1ol
j=l |aj\:mj

Theorem 3. Let1l <s < oo, w € A, D*A; € BMO(R") for all a with |a| = mj and
j=1,---,1. Then there exists a constant C > 0 such that forall A > 0,

RN

[
w({x € R" 1 ITa(f)(X)|s > A}) < Cf |f(jt()|s [1 + log* (@)] w(x)dx.

2. Proofs of Theorems

To prove the theorems, we need the following lemmas.

Lemma 1.([3]) Let A be a function on R" and D“A € LYR") for all « with |a] = m
and some g > n. Then

1/9
Rn(A; %, )| < Clx=yi™ )| ( |D“A(z)|qdz) ,

laj=m

1O, V)| J&xy)

where Q is the cube centered at x and having side length 5 vn|x — .
Lemma 2.([6]) Let 0 < p < g < oo and for any function f > 0. We define that, for
1/r=1/p-1/q

[ fllwee = sup Al{x € R" : £(x) > A}Y9, Npqo(f) = sup I f xelle/Ilxellr,
A>0 E

where the sup is taken for all measurable sets E with 0 < |[E| < co. Then
Ifllwie < Npg(f) < (@/@ = P)*PIlfllws.

Lemma3.([11]) Letr; > 1for j=1,--- |, we denote 1/r = 1/ry +---+1/r;. Then

1
Ql f [f10) - - - fiO)gCAAX < [ FllexpLra,@ « -+ I fllexpLn,QlIg1L oLy -
Q
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Proof of Theorem 1. It suffices to prove for f = {fi} € C;’(R") and some constant
Co, the following inequality holds:

1 ) 1/r | R .
(@fQIITA(f)(X)Is—CoIdX) <CH[|Z ID JAJ-||BM0]M' L(1£1)(X).

j=1 aj\:mj

Without loss of generality, we may assume | = 2. Fix a cube Q = Q(xo,d) and X € Q.

LetQ = 5vnQand Aj(x) = Aj(X)—‘ lZ 4(DA)x?, then R, (Aj; X, y) = R, (Aj; X, Y)
a|=m;

and D*Aj = D*Aj — (D?Aj)g for |a| = mj. We split f = g+h = {gi} + {hi} for gi = fixs

and h; = fian\Q. Write

HZ: Rm,~+ ('&';Xr y)
Ta(i00 = [ =R R K )iy

HJ?:]_ ij+1('&j; X, Y)
[
N f [15, Ry (A%, y)
n X —y|™

R, (A2 X, )X =)™~
B Z ail'f Be YY) DAL (Y)K(x, y)gi(y)dy

K(x, y)hi(y)dy

K(x, y)gi(y)dy

lazi=my X =y
1 Ro(Aixyx=y)® . -
- ) a f e L DU A(Y)K (X, )gi(y)dy
e, 92 Jro x =yl
1 [(x=y) DAy (y)D*Ag(Y)
" arlas! f [x = ylm K(X/ y)gl(y)dy/
laer|l=my, |aco|]=m; RN

then, by the Minkowski’ inequality,

1/r
[% fQ [ITA(F)0)l = T &(h)(x0)] dx]

V = 1/s71/7
1 S
< @L[; ITA(F)(X) = T z(ni)(X0)| dXJ ]

o l%

N

f H?:l ij (Aj; X, Y)

=y K(x, y)gi(y)dy

s 1/s 1/r
J dx‘
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+£f ;
Ql Jo| &

g1

mez (A2 X, y)(x—y)™

s\1/s
T x—ym D*As(Y)K(X, y)gi(y)dy ]dx

g |=my ]
1/s /T

DA, (y)K(X, y)gi(y)dy \J dx

mel (AL X, y)(x—y)*

n X —ym

(o]
=1 [laz|=m; ]
s 1/5_ l/r

C i Z (X — y)¥+2 DAy (y) D2 Ay (y)

— RN X —y|m
Q"™ [laz] = my,

laz| = m;

(o] l/s
’ '%'f [Z ’T“(hi)(’Q—TA(hi)(xO))SJ dx
Q ‘it

=i+l +lg+ 1+ 1s.

K(x, y)gi(y)dy| |dx

1/r

Nowy, let us estimate I4, I, I3, 15 and Is, respectively. First, forx e Qand y € Q by
Lemma 1, we get

Rm(Aj;%,y) < Clx = yI™ )" IDAllawo,

Javjl=m

thus, by Lemma 2 and the weak type (1,1) of [T|,, we obtain

1 1/r
Z IDY1Ajllemo (@fQIT(g)(X)IEdX)

I <C
aj|=m;
. S IIT@lsxaller
<C Z ID%Ajllemo |IQI lw
aj|=m;

Z IDAllemo [IQIIIIT(@)lsllw:

lovjl=m;

N
(@]

Y., DA llswo |IQI Il

lovjl=m;

N
(@]

N
(@)
= i B B e

—
Il
i

Y, ID“Ajllamo [M(If1s)(R).

aj|=m;

For I,, we get, by Lemma 2 and generalized Holder’s inequality,
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1/r
1 -
Lb<C Y ID*Asllsmo ) (@ f |T(D“1Alg)(x)|£dx)
er

laz|l=m; laa|=my
LT Awg)lsxall
<C ) D Adllewo Y Q=
|aa|=m; v |=my
<C Y ID™Azllemo Y, IQIHIT(D™A1g)lslhus
laz|=m> laa|=my
<C ) IID%Adllemo Y, IQIID AdlgllLe
|aa|=m; v |=my
<C ) ID%Agllamo ), ID™Ar = (D*A0)6 oo 3l FlllLgopty 3
laz|l=m; laa|=my
2
<c[]| ). ID*Ajllemo | M2(Fl)().
=1 \Jal=m;

For I3, similar to the proof of I,, we get

2
Ik<C H [ Z ||DaAj||BMO] M?(|fls)(%).

=1 \lal=m;

Similarly, for 4, taking r,r,rp; > 1such that1/r = 1/r; + 1/ry, we obtain, by Lemma
3!

1/r
1 . .
I, <C E (@ . |T(Da1A1Da2A2g)(X)|ng)

_IT(D®AD%Asg)sxollr
<c ) It S

1/r-1
lazl=my,|az|=m; QI

<C ). IQIHITD“AD  Aog)lliwe:

la1|=my,|az|=m;,

<C ). 1QrID™AD A, gl

lazl=my |az|=m;

2
<C Z H HD‘”AJ‘ - (DajAj)QHexpL'i,Q ISl gogyr 6

lazl=my,lazl=m; j=1

2
<c ]‘[[ Y ||D“A,—||BMO] M3(f)(R)-

=1 \Jal=m;

lazl=my,|az|=m;
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For Is, we write

K(x, Ko, ¥) \ 72 -
a9 - Tato) = [ (20 - SO0 [T A ity
j=1

X=yl™ |xo—ym

A N R 2 (AZv X/ y)
+j|; (Rm, (A1 X, y) = Rm, (A1; Xo, W)W KXo, )hi(y)dy

- - R, (A1 X0, Y)
+f (Rm2 (A2; X, Y) — Rm, (A2; %o, Y))W K(xo, y)hi(y)dy
Rl'l

[ Rin, (A2; —y)® Rm, (A2; Xo, Y)(Xo—y)™ ]
_Zi'f m, ( 2,X,Y)r(nx y) K(x, y)— m, (A2; Xo Y)(r:(o y) K(Xo, Y)
J=tant Jge Ix—yl Ixo—Yl ]
11=My
x D™ Aq(y)hi(y)dy
—R '& 1 7 - a2 R '& 1 7 - a2 ]
: Z i| m, (Ag; X Y)Enx y) K(X, y)— m; (A1; Xo Y)(:](o y) K(Xo, Y)
oo a2l X -yl IXo — VI ]
x DAy (y)hi(y)dy
1 (x —y)nte (Xo — y)n2
+ K X, - K X 7
alaz] f[ Xy ) = T Ty Kkr)

Jag|=my, |az|l=m;
x D% A (y)D*A,(y)hi(y)dy

—_ 1D, @ @ @, 6, 6
=l T+ T+
By Lemma 1 and the following inequality (see [13])

Ibg, — bo,| < Clog(|Ql/IQ1)Ilbllemo for Q1 C Qo,

we know that, for x € Q and y € 2¢+1Q \ 2Q,

Rm(A;%, )] < Clx = y™ )" (ID*Allsmo + [(D*A)gq., — (D*A)g))

la]=m

< Ckx—y™ Y ID*Allgwo.

lal=m

Note that [x —y| ~ [Xo—y|forx e Qand y € R"\ Q we obtain, by the conditions on
Kl
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2

W< X —Xol X —Xol* R _
e [ (S + [1Rn ix vinay

2

Ix ol | X=Xl )

<C DA + - || fi(y)|d

H[Zn illemo l} ) |xO S oy ) ey

2*Q\2Q

J=1 \|al=m;
CH[Z ID*Ajllsmo Z"Z(Z +2—fk>Ik | f fi(y)ldy,

=1 \lal=m;

thus, by the Minkowski’ inequality,

Ser]

i=1

2 )
_ w1
<C H[ Y ||D“Aj||BMo]Z @2 | 110y

=1 al=m; k=1
2

<C H[ Y ||D“A,-||BM0] M(If15)(R).
i=1 \lal=m;

For Iff), by the formula (see [3]):

Rn(Ai%,Y) ~ Ru(&ix0, ) = Y, 2-Roncpy (DFA, X0)(x - y)f

|Bl<m

‘3|
and Lemma 1, we have

R(A;%, ) = R (A %0, I < C ) Y ¢ =xol™ 1 = y|"ID* Ao,

|Bl<m |al=m

thus (2) (2)) \] s
cf[[z % A||BM0]Z f ooy

=1 al=m, 2Q12Q o
2

<c[]| ). ID*Ajllemo | MUfIs)®).
=1 \lal=m;

Similarly,

289
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I~ 1/r 2
[Z )Ié3)|r} < CH[ Z ||DaAj||BMO] M(| fls)(X).

i=1 i=1 \Jal=m;

For 119, recall that
|b2k+1Q - b2Q| < Ck“b”BMO/

we get

e |]

i=1

<L)

(X=y)"KXy) (%0 = ¥)*"K(xo, )

w=" X —y|m Xo — y|m
X |Rm, (Az; X, Y)IID“ A (y)lIh(y)lsdy
. . (X0 — Y)¥K(Xo, Y
+C Rm, (A2; X, Y) = Rm, (Az; Xo,
MZ::JW\@' ma(Aai X, ) = R (Rai o, Y| == ===

x DA (y)lI(y)lsdy

<Y IDAdllvo) Y Kz a2 kL 5367 . OO Autyay

lal=m; lag|=m; k=1

<C ) ID*Asllsmo

lal=m;
X Z Z k@™ + 279D A1 = (D™ A1)g llewpr, 246 - I Flsllgogiy 246
laz|=my k=1
2
<c[]| X 1o*Alievo Zk2(2 + 271l g 26
=1 \lal=m;
2
<c[]| ). ID*Ajllsmo | MA(FIR).
=1 al=m;

Similarly,

) 1/s 2
[Z ||g5>|5J <C H[ Y ||D“A,—||BM0] MZ(|F15)(%).

i=1 =1 \Jal=m;

For Iée), similarly to the proof of 14, we get
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el

<CZ
1l

laa|=m

Mg

Il
—

(X =y KX, y) (X0 = y)*2K(Xo, Y)
X —y|m IXo = yI™

/

RMQ
x DAL (Y)ID*2Ax(y)lIh(Y)ls dy

<c ) Zk(z +27M) = szl |F(Y)lsID* Ag(y)IID* A (y)Idy

laa|=my Jazl=m; k=1 *6

2l= Mg

2
<C Z H ||DajAj - (DajAJ')Q”expojrsz Il f|S|||_(|0g|_)1/l’,2kQ

lazl=my lazl=m; j=1

2
<C H [ Z ||DaAj||BMO] M3(|f15)(R).

i=1 \|al=m;
Thus
2
llsl < C H[ Y ||D“A,—||BM0] M3 F1s)(%).
=1 Jal=m;
This completes the proof of Theorem 1.

By Theorem 1 and the LP(w)-boundedness of M2, we may obtain the conclusions
of Theorem 2. By Theorem 1 and [8][10], we may obtain the conclusions of Theorem
3.

3. Example

In this section we shall apply Theorems 1, 2 and 3 of the paper to the Calderdn-
Zygmund singular integral operator.

Let T be the Calderon-Zygmund operator (see [4],[6],[13]), the vector-valued
multilinear operator related to T is defined by

I 1/r
TA(HO)l = [Z |TA(fi)(x)|f] ,
i=1

where

HI'= ij+ (A';X,Y)
Ta(i)00 = [ SR ) ey

Then

|
(1) <|TA(f)|s)?(x)<cH{ Y ||D“iA,—||BM0]M'+1(|f|s)(x)

J=1 \lajl=m;
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forany f e C’(R"), 1 <s<ocoand0<r<1;

@ MNTA)lsllewy < C Z ID%Ajllemo | I Tl ew)

|
j=1 \Jajl=m;

foranyl <s<oo,weApand1l<p < oo;

[
(3) w({x e R": [TA(H(X)|s > A}) <C ]F;n lf(/)\()k [1 +log* (@)} w(x)dx

foranyl<s<oco,weAjandall A > 0.
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