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INTEGRALS
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Abstract. By making use of the identity obtained by Sarikaya, some new Hermite-
Hadamard type inequalities for h-convex functions on the co-ordinates via fractional
integrals are established. Our results have some relationships with the results of Sarikaya
([20).
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1. Introduction

Let f : | € R — R be aconvex function defined on the interval | of real numbers
and a, b € | with a < b, then

a+b 1 b f @)+ f(b)
f(T)Smif(X)dXSf

holds, the double inequality is well known in the literature as Hermite-Hadamard
inequality (see [7]).

Both inequalities hold in the reversed direction if f isconcave. For recent results,
generalizations and new inequalities related to the Hermite-Hadamard inequality
see ([5].[15].[18].[22]).

The classical Hermite-Hadamard inequality provides estimates of the mean
value of a continuous convex function f : [a,b] — R.

Let us now consider a bidimensional interval A := [a,b] x [c,d] in R?> witha < b

and ¢ < d. A mapping f : A — R is said to be convex on A if the following
inequality:

ftx+ (1 -tz ty+ (L —tw) < tf(x, y) + (1 - t)f(z, w)
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holds, for all (x,y), (z,w) € Aand t € [0, 1]. If the inequality reversed then f is said
to be concave on A.

A function f : A — R is said to be on the co-ordinates on A if the partial
mappings fy : [a,b] - R, fy(u) = f(u,y) and fy : [c,d] = R, fx(v) = f(x,v) are
convex where defined for all x € [a,b] and y € [c, d] (see [6]).

A formal definition for coordinated convex function may be stated as follows:

Definition 1.1. A function f : A — R will be called coordinated convex on A, for
all t,k € [0,1] and (x, u), (y,w) € A, if the following inequality holds:

ftx+(L-t)yku+(1-kw)
< tkfou)+k@-)f(yu)+t@Q-Kfxw+@Q-t)L-k)f(y,w).

Clearly, every convex mapping is convex on the co-ordinates, but the converse
is not generally true ([6]). Some interesting and important inequalities for convex
functions on the co-ordinates can be found in ([10, 11, 13, 14, 21]).

In [1], Alomari and Darus established the following definition of s—convex
function in the second sense on co-ordinates.

Definition 1.2. Consider the bidimensional interval A := [a,b] X [c,d] in [0,oo)2
with a < band ¢ < d. The mapping f : A — R is s—convex on A if

fFAX+ (L =-A)zZ Ay + (L -A)w) < AF(x,y)+ (1 - A)P° f(z,w)
holds for all (x,y), (z,w) € A with A € [0, 1], and for some fixed s € (0, 1].

Afunction f : A — Riss-convexon A is called co-ordinated s-convex on A if the
partial mappings fy : [a,b] — R, fy(u) = f(u,y) and fx : [c,d] — R, fx(v) = f(x,V)
are s-convex for all x € [a,b] and y € [c, d] with some fixed s € (0, 1].

In [12], Latif and Alomari gave the notion of h-convexity of a function f on
a rectangle from the plane R? and h-convexity on the co-ordinates on a rectangle
from the plane R? as follows:

Definition 1.3. Let us consider a bidimensional interval A := [a,b] x [c,d] in R?
witha < bandc < d. Leth:J c R — R be a positive function. A mapping
f:A:=[ab] x[c,d — Rissaid to be h-convex on A, if f is non-negative and if the
following inequality:

fAX+(L-AN)z,Ay+ (L -A)w)<hQA)f(x,y)+h(@l-A)f(z,w)

holds, for all (x,y),(z,w) € A with A € (0,1). Let us denote this class of functions
by SX (h, A). The function f is said to be h-concave if the inequality reversed. We
denote this class of functions by SV (h, A).

A function f : A — R is said to be h-convex on the co-ordinates on A if the
partial mappings f, : [a,b] — R, fy(u) = f(u,y) and fy : [c,d] — R, fx(v) = f(x,v)
are h-convex where defined for all x € [a,b] and y € [c,d]. A formal definition of
h-convex functions may also be stated as follows:
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Definition 1.4. [12] A function f : A — R is said to be h—convex on the co-
ordinates on A, if the following inequality:

ftx+ @1 -t)y ku+(1-kyw)
(1.1) <h@®hk f(x,u)+hkh@-1t)f(y,u)
+h@®h@ -k f(x,w)+h@-t)h(1-Kk)f(y,w)

holds for all t, k € [0,1] and (x,u), (x,w), (y,u), (y,w) € A.

Obviously, if h(a) = a, then all the non-negative convex (concave) functions
on A belong to the class SX(h,A) (SV (h,A)) and if h(a) = a®, where s € (0,1),
then the class of s-convex on A belong to the class SX(h,A). Similarly we can
say that if h(a) = a, then the class of non-negative convex (concave) functions on
the co-ordinates on A is contained in the class of h-convex (concave) functions on
the co-ordinates on A and if h(a) = a®,where s € (0, 1), then the class of s-convex
functions on the co-ordinates on A is contained in the class of h-convex functions
on the co-ordinates on A.

In the following we will give some necessary definitions which are used further
in this paper. For more details, one can consult ([8],[9],[17]).

Definition 1.5. Let f € Li[ab]. The Riemann-Liouville integrals Ji. f and J; f
order « > 0 and a > 0 are defined by

Jgif(x):ﬁfx(x—t)“_lf(t)dt, X>a
and

o 1 ’ a-1

Jb_f(x):mf(t—x) f(t)dt, x<b

respectively. Here ' (a) is the Gamma function and JZ, f (x) = 3 f (x) = f (x).

Definition 1.6. Let f € L; ([a,b] X [c,d]). The Riemann-Liouville integrals Ja"‘;ﬁc+,
J:;ﬁd_, Jg_’ﬁc+ and Jz‘jﬁd_ of order a, > 0 with a, ¢ > 0 are defined by

128 (% y)

at,ct

- r(a)lr(ﬁ) f:[y(x—t)a_l(y—s)ﬁ_lf(t,s)dsdt, X>ay>c

128 E(%y)

at,d-

X d
- F(a)lr (B) fa fy (x—t) (s —y) 7t f(t,s)dsdt, x> a,y <d
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1P (% y)

b=ct

- 1 oy . 51
B WP(‘B)L‘[“_X) (y—=9)"" f(t,s)dsdt, x<b,y>c

Jg_"f L fxy)

[ e
= — (t=x)"""(s—y) " f(t,s)dsdt, x<b,y<d
Tore . J, =)
respectively. Here, I' is the Gamma function,

BE 00y =20 F00y) = R0 F00y) = 10 F(y) = f(xy)

X Y
Lty = f f f (t,s) dsdt.
a c

For some recent results connected with fractional integral inequalities see ([2,
3,4, 16, 19, 23]).

In [20], Sarikaya established the following inequalities of Hadamard’s type for
coordinated convex mapping on a rectangle from the plane R?:

and

Theorem 1.1. Let f : A ¢ R? — R be coordinated convex on A := [a,b] x [c,d] in R?
withO<a<h,0<c<dand f € L; (A). Then one has the inequalities:

(1.2)
¢ a+b c+d
27
IF'a+1)I'(B+1)
4(b—a)*(d-c)

<[5 o)+ 38 £ 0,0+ 07 £ @ d)+ I (a,0)]

at,ct at,d-

f(ac)+ f(ad)+ f(bc)+ f(bd)
< 2 .

Theorem 1.2. Let f : A c R? — R be a partial differentiable mapping on A := [a, b] x

[c,dinR2with0 <a<b,0<c<d. If '%' is a convex function on the co-ordinates on
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A, then one has the inequalities:

(1.3)
f(a,c)+ f(ad)+ f(b,c)+ f(bd)
| ;
I‘(a+1)I’(/3+1)
4(b a)* (d—c)f
[958 £ (0, d) + 3£ (b, 0) + 90 (a, ) + 0" d,f(a,c)]—A'
(b—a)(d-c)
4(e+1)(B+1)
2 f 2 f
(akat @0+ |55t @9+ | oxan 00+ akat 1 d"
where
rg+1)
A = m[Jﬁf(a,o|)+me(b,o|)+Jﬁ_f(a,c)+Jﬁ_f(b,c)]
+%[ F(b,¢) + 35 F (b,d) + 32 (a,0) + 1 (3, )]

Theorem 1.3. Let f : A ¢ R? — R be a partial diﬁ‘erentiable mapping on A := [a,b] X
[e,d] in R? with 0 <a <b, 0 <c < d If | ZF]
co-ordinates on A, then one has the inequalities:

,q > 1, is a convex function on the

(1.4)

'f(a,c)+ f(ad)+ f(b,c)+ f(b,d)
4

{I’(a+1)r(ﬁ+1)
+
4(b-a)*(d-c)

X1 (b, 0) + 38, £ 0,00 + 37 F (2, 0) + 7 f (a,0)]) - A

. _b-9@d-9 1(1)%
[(ap+ 1) (Bp + 1)]?
92t q 2¢ q q 2¢ N
X(W(""’C) okt @I 5 700 * ok &9 )
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where
A = Z(((jﬁ+ )[J f(ad)+J, f(b,d)+Jﬁ_f(a,c)+Jﬁ_f(b,c)]
F(a+l)
e [J f(b,¢) + 3% f (b, d) + I f (a,0) + I f(ad)]

141
and sty = 1.
In order to prove our main results we need the following lemma (see [20]).

Lemmall. Letf:AcR?— ]Rbe apartial differentiable mappingon A := [a, b] x[c, d]
inRZwith0 <a<b,0<c<d. If Mk € L(A), then the following equality holds:

(15)
f(ac)+ f(ad)+ f(bc)+ f(bd)
4
{F(a+1)1’(/3+1)
+
4(b—a)*(d-c)
x [958, £ 0, d) + 157 £ (0,0) + 0% f(a,d) + 37 £ (a,0)])
TB+D e p p p
W[Jc+f(a,d)+Jc+f(b,d)+J_f(a,c)+J_f(b,c)]
F(a+l)
T [J f(b,0)+ I8 T (b,d)+ 3 T (a,0) + I T (a, )]

(b-a)yd—c) [ [ (., z0f
f{fofotkﬁm(ta+(1—t)b,kc+(1—k)d)dkdt
ff(l—t) kﬁatak(ta+(1 t)b, ke + (1 — k) d) dkdt
fft"‘(l k)ﬁatak(ta+(1 t)b, ke + (1 — k) d) dkdt

ot o2 f
% (1 - kP Z—_ _ _
+fo fo 1-9"(1-k) Sk (ta+ (L—t)b, ke + (1 k)d)dkdt}.
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2. Main Results

Theorem 2.1. Let f : A ¢ R? — IR be h-convex function on the co-ordinates on A in IR?
and f € L, (A). Then one has the inequalities:

2.1)
((2xb c+d
27 2

NP L@+ (p+1)

B [h(Z)] (b—a)* (d-c)

<[ 10,0+ 105 £ 0,0+ 17 f @, o)+ 007, f(a,0)

a+,ct +,d-

[h(%)raﬁ[f (@) + f(ad)+f(be)+f(bd)]

1 1
X [f f ta—lka—l
0 0

x[h@hK +h@®h@-K +h@-t)h(K) +h(@-1t)h( - k)] dkdd].

IA

Proof. According to (1.1) with x = tija+ (L —t1)b,y = (1 —-t1)a + t1b,u = kic +
(1-k)d,w=(1-k)c+kdandt=k= %, wefind that

2.2)

X[f(tia+ (L —t1)b,kic+ (1 —ky)d) + f (ha+ (1 —t1) b, (1 — ki) c + kad)

+f(L-t)a+tbkic+ (L —ky)d) + f((1—t1)a+tsh, (1 —ki)c+kd)].

Thus, multiplying both sides of (2.2) by tf‘lkf_l, then by integrating with respect
to (ty, ki) on [0,1] x [0, 1], we obtain
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ta 1k/3 1
x[f (tia + (1 - tl) b klc + (1 —ky)d)
X +f(tia+ (1 —t1)b, (1 —ky)c+kyd)
+f((1-t)a+tib kic+ (1 —kq)d)
+f ((1 - tl) a+ tibh, (1 - kl) C+ kld)] dk,dt;

On the right side of the above inequality, using the changes of the variable
tia+ (1 —t))b,y=kic+ (1-ky)d},
tia+(1—t1)b,y=(1—ki)c+kyd}

X = (1—t1)a+t1b y= k1C+(1 kl)d}
x—(l—tl)a+t1by (1—k1)C+k1d}

X =
X =

{
{
{
{

respectively, we get

fa+bc+d
2 7 2

[h (E)TW{]‘ f b-x)""(d- Y)ﬁ 1f(X y) dydx

Ly _ )L
+fafc(b X)*(y—c¢) 7 f (%, y)dydx

b d
. f f (x— )L (d - y)' £ (x, y) dydx

b d
+ f f (x—a)“‘l(y—c)ﬁ‘lf(x,y)dydx}

from which the first inequality is proved.
For the proof of the second inequality (2.1), we first note that if f is a h-convex
function on A, then, by using (1.1) withx =a,y =b,u =c,w = d, it yields
f(ta+ (1 —-t)b,kc+ (1 -Kk)d)
< h@®hk fc)+h®)h(@—-k) f(ad)
+h(1—-t)h(k) f(b,c)+h(@—-t)h (@ —k) f (b, d)
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f((1-tya+th,kc+ (1 -k)d)

h(1-t)h(k) f(a,c)+h(l-t)h(1-k)f(a,d)

+h@®h(k) f(,c)+h®)h@-k)f(bd)

IA

f(ta+ (1—1t)b, (1 —k)c+kd)
h®)h@-k)f(ac)+h{®)h(k) f(ad)
+h@-t)h(1-K) f(b,c)+h(@-t)h(k) f (b,d)

IA

f((1-ta+th (1-k)c+kd)
< h@-t)h@ -k f(ac)+h@-t)h(k)f(a d)
+h@®)h(@—k) f(b,c)+h®h(k)f(b,d).

By adding these inequalities we have

(2.3)
f(ta+(1-t)bkc+(1-k)d)+ f((1—-t)a+th kec+ (1-k)d)

+f(ta+(1—-t)b,(1-k)c+kd)+ f((L-t)a+th, (1 —k)c+kd)
< [f(ac)+ f(bc)+ f(ad)+f(bd)

x[h(OhK +h@®OhL-K+hL-t)hK +h@-t)h(L-K)].

Then, multiplying both sides of (2.3) by t**kf~! and integrating with respect to
(t, k) over [0,1] x [0, 1], we get

1 1
f f ta-1jp-1
0o Jo

x[f(ta+@—-t)b,kc+ (L —-k)d)+ f((L—-t)a+thkc+ (1-k)d)

+f(ta+(1-t)b,(1-k)c+kd)+ f((1-t)a+th, (1-k)c+ kd)]dkdt
< [f(ac)+f(bc)+f(ad)+f(bd)]

1 1
% {f f ta—lkﬁ—l
0 0

x[h@®hK +h@®h@-K +h@-t)h(K) +h(L-t)h(L-K)]dkdt}.



406 E. Set, M.Z. Sarikaya and H. Ogtilmis

Here, using the change of the variable we have

s

<[h )+ 37 0,0+ 0 f(ad)+ 17 f(a0)
1 2
< [h(i)] aB[f(@,0)+ f(a,d)+ f(b,c) + f (b,d)]

1 1
f f ta-1jp-1
o Jo

x[h@h®K +h@®h@-K +h@-t)h(K) +h(@-t)h( - k)] dkdd].

X

The proof is completed. O

Remark 2.1. If we take h(a) = a in Theorem 2.1, then the inequality (2.1) becomes the
inequality (1.2) of Theorem 1.1.

Corollary 2.1. If we take h (&) = a® in Theorem 2.1, we have the following inequality:

¢ a+b c+d
22
(1)251"(01+1)F(ﬁ+1)
2/ (b-a)*@d-cf

[958 £ (o, d) + 325 1 (b, 0)+ 97 (a,d) + 07 F(a,0)]

IA

(%)Zsaﬁ[f @)+ f(ad)+f(bc)+fb,d]

x(%+B(a,s+1))(i+8(ﬁ,s+1))

B+s

where B is the Beta function,
1
B(X,y) = f (1 -ty dt
0

Theorem 2.2. Let f : A ¢ R? — R be a partial differentiable mapping on A in R?. If
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2
'%' is a h-convex function on the co-ordinates on A, then one has the inequalities:

(2.4)
f(ac)+ fad)+f(bc)+f(bd)
| :
{F(a+1)l‘(ﬁ+1)
+
4(b—a)*(d-c)
x [958 1 (0, d) + 3£ (0,0 + 90 1 (a, ) + 3" d,f(a,c)]}—A'
. (b-3d-0
- 4
d
{atak(a c)ff(t“+(1 t)) (K + (1 - k)ﬁ)h(t)h(k)dkdt
atak(b c)ff(t“+(l 1)) (K + (1 =k’ ) h (1 - t) h (K) dkdt
atak(a d)'ff(t“+(1 £)%) (k¥ + (1 -k’ )h (©) h (1 - K) dkdt
2 f
+ |50 © d)'f f(t“+(1—t))(kﬁ+(1 K )h(@-t)h (- k)dkdt}
where
A = z((f”); [ 0.1 a, o) + 3£ (b,d) + 95 F (a,0) + 3£ (b, 0)]
I'a+1)

+m[ L f(b,c)+ 5 f(b,d)+ 3 f(ac)+ - f(ad)]
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Proof. From Lemma 1.1, we have

'f(a,c)+ f(ad)+ f(bc)+ f(bd)
4

{F(a+1)l‘(ﬁ+1)
+
4(b—-a)(d-c)

[a+c+f(b d)""‘] f(b C)+‘]b c*f(a d)+Jb d'f(a'c)]}_A'

at,d-

(o- a)(d—c){fftakﬁ
[ [
[ Loy
+ff(1—t)“(1—k)ﬁ

Since |atak| is h-convex function on the co-ordinates on A, then one has:

‘f(a,c)+f(a,d)+ f(b,c)+ f(b,d)

IA

Stk (ta+(1—-t)b,kc+ (1 -k) d)'dkdt

8tak(ta+(1 )b, ke + (1 - k)d)‘dkdt

(9 ak (ta+ (1 —-t)b,kc+ (1 —K) d)‘dkdt

2f
Sk (ta+ (1 —-t)b,kc+ (1 -k) d)‘dkdt}.

4

{F(a+1)1’(/3+1)
+
4(b—a)*(d-c)

[958 8 (0, d) + 35 f (b, 0) + 97 (a, o) + I d,f(a,c)]}—A|

(b—a)(d—c)

4
{8
X

dtok
2

dtok

IA

2

(ac)

f f (t* + (=% (K + (1 = K”) h (©) h (k) dkt

+

(b, )

ff(t“+(1 1)) (k¥ + (1 - kY’ ) h (1 - t) h (K) dkdt

0°f
+ ﬂ(&d)'[ f (ta+(1_t)“)(kﬁ+(1—k)ﬁ)h(t)h(l—k)dkdt

atak (b d)'f f(t"‘+(1 ") (K +@-KF)h @ -t)h( - k)dkdt}.
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The proof is completed. O

Remark 2.2. If we take h(«) = « in Theorem 2.2, then the inequality (2.4) becomes the
inequality (1.3) of Theorem 1.2.

Corollary 2.2. If we take h (a) = a® in Theorem 2.2, we have

'f(a,c)+ f(ad)+ f(bc)+ f(bd)
4

{F(a+1)l‘(ﬁ+1)
4(b—a)*(d-c)

[955. % (b, d) +1

+d_f(b c)+Jb C+f(a d)+Jb d_f(a,t:)]}—A|

(b—a)(d-c)

4

1
><(7+B(s+l,a+l))(

a+s+1

IN

aZ
Jtok

% f

Ik @O+

(b, c)| +

&tak Jtok

@@ d)'

(b d)‘

‘ﬁ+8(s+l,ﬁ+l))
where
F(ﬁ+1)
e [J F(a,d)+ 21 (b,d)+ 3 £ (a,c)+ 28 1 (b0
F(a+l)

o= [J f(b,) + % f (b,d) + I F (3,0) + I  (a, )]

and B is the Beta function,

1
B(X,y) = fo (1 -ty dt

Theorem 2.3. Let f : A ¢ R? — R be a partial differentiable mapping on A in R?. If
o2t |

sok| -4 > 1,isan h-convex function on the co-ordinates on A, then one has the inequalities:
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(2.5)

'f(a,c)+ f(a,d)+ f(b,c)+ f(bd)
4

{I’(a+1)I“(ﬁ+1)
+
4(b—a)(d-rc)

[958, 80, d) + 38 £ (0,0 + 30 f(a,d) + 37 f(a,0)]) -

a*,d-
(b—a)(d-c)
[(ap +1) (Bp + 1)]?

aZf q 1 1
_— h (t) h (k) dkd
x( fofo ()h () dkat
q

okt &)
h(t)h (1 — k) dkdt
0

qflflh(l—t)h(k)dkdt

h (1-t)h(- k)dkdt) )

IA

" | Fkat

+ M(b,c)

a2 f
" Gkt

where

F(ﬁ+ 1)
A= s [J F(a,d)+ 21 (b,d)+ 2 £ (a,c)+ 2 1 (b0
F(a+l)

4(b

[J f(b,0)+ I8 1 (b,d)+ 3T (a,0) + I T (a, )]

1,1
andp+q 1.

Proof. From Lemma 1.1, we have

'f(a,c)+ f(a,d)+ f(b,c)+ f(bd)
4

+{I’(a+1)I‘(ﬁ+1)

4(b—a)*(d—c)f
at,d-

[P 80, d) + 38 f (0,0 + 90 f(a,d)+ 37 f(a0)) -
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s o
f Lo
[ e
[ [a-va-w

By using the well known Hdolder’s inequality for double integrals, we get

IA

Stk —t)b, ke + (1 -K) d)'dkdt

(ta+(1 )b, ke + (1 - k)d)‘dkdt

(9 ak (ta+ (1 —-t)b,kec+ (1 —K) d)‘dkdt

8t8k(ta+(l )b, kec+ (1 - k)d)‘dkdt

‘f(a,c)+f(a,d)+ f(b,c)+ f(b,d)
4

{F(a+1)1"(/3+1)
+

4(b—a)*(d-rc)
x [35F 1 (b,d) + 37

at,ct at,d-

(b-a)(d-c a) (d-0) {(f f tp“kpﬁdkdt) +(f f (1-t™ k"ﬁdkdt)1

f(b,c)+J f(ad)+J f(ac)]} |

<
( f f 7 (1 — k)PP dkdt) +( f f (1—t)P* (1 -k dkdt) }
1 1 q %
x(j(; ](; m(tew(l— dkdt) .
Since gt;k is h-convex function on the co-ordinates on A, then one has:

'f(a,c)+ f(ad)+ f(b,c)+ f(bd)
4

{I’(a+1)1’(/3+1)
+
4(b—a)*(d—c)f

|38 £, + 3 T 0,0+ 50 @)+ 37, (a,0)]}-A]
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(b—2a)(d-rc)
[(ap +1)(Bp + 1)]?

( ffh(t)h(k)dkdt

o NNk dkt

q 1 1
fo fo h (1 - t) h (k) dkdt

h 1-th(1- k)dkdt

kot & ©)

+ m (b, C)

&2 f
" ket

and the proof is completed. O

Remark 2.3. If we take h(a) = a in Theorem 2.3, then the inequality (2.5) becomes the
inequality (1.4) of Theorem 1.3.

Corollary 2.3. If we take h (a) = a® in Theorem 2.3, we have

'f(a,c)+ f(a,d)+ f(b,c)+ f(b,d)

4
{F(a+1)1"(/3+1)
+
4(b-a)*(d-cf
[958 8 (b d) + 35 f (b, 0) + 97 (a, ) + 3" d_f(alc)]}_A'
(b—a)(d—-c)
"~ [(ap+1)(Bp+1)°
1 82f a 82 q &2 q &2 a7\ g
>((s+1)2 [ &k&t( 3,0 + kot (a,d) + kot (b, c)| + kot (b, d) ])
where
A = I((f + 1); [Jf+f (a,d) + Jf+ fb,d)+ 2 f@c)+ I b, C)]

I'a+1)

+m[ L f(b,c)+ 5 f(b,d)+ 3 f(ac)+ - f(ad)]
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