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CERTAIN INEQUALITIES USING SAIGO FRACTIONAL INTEGRAL
OPERATOR

Vaijanath L. Chinchane and Deepak B.Pachpatte

Abstract. The main objective of this paper is to establish some new results on fractional
integral inequalities by considering the extended Chebyshev functional in the case of
synchronous function. The result is concerned with some inequalities using one frac-
tional parameter and two parameters.
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1. Introduction

During the past few years, many authors have established some well-known in-
equalities and their applications using Riemann-Liouville fractional derivative and
integral (see [1, 2, 6-10]). Recently in [11-18] the authors obtained the inequalities
using Saigo fractional integral operator. In [4] the authors proved the following
inequalities using Hadamard fractional integral for the extended Chebyshev func-
tional.

Theorem 1.1. Let f and g be two synchronous functions on [0, o), and r, p,q : [0, 00) —
[0, 0). Then forall t > 0, « > 0, we have

2H DI,?I‘('[) [H Dﬁp(t)H Di‘f(q fg)(t) +n Dﬁ‘q(t)H Di‘f(p fg)(t)] +
21D 4p(t)HD2a(t)HD L (rfa)(t) >

HD;T() [H D1 (p)(®OnDI(g)(t) +1 DI (af)(®n Dif(pg)(t)] *
HDLp(1) [HDL(rF)()nD; % (@g)(1) +1 D1 (@f)(OHDL (rg) ()] +
HD£A(®) DL (r)(HD{ (Po)(®) +1 D1t (PFOHD;(r) (V)]
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And

Theorem 1.2. Let f and g be two synchronous functions on [0, o), and r, p,q : [0, 00) —
[0, 0). Then forall t > 0, & > 0, we have:

HDLETOIHD,{A(OHD, {(PF9)(D + 21Dy {POHD, {(afo)(®)
+1D, Fa()nD; % (p T 9) (D]

+ [HDLEPOHD, {a(®) +4 DL {pOHD (D], DrE(rfa)® =
HDLET(®) [DL5 (P T)OHD 5 ([@g)(® +1 D, @ N®ORDTI(Pa)(®)] +
HDLIp(®) [HDT(r)()RD 5 (ag)(®) +n DI (@H®HDI (rg)(®)] +

MDA [HDF(rDOHD(pA)(Y) +1 Dy (P AOHD;{ (re)()].

In [3, 5] the authors established some other fractional integral inequality using
Hadamard fractional integral.

In literature few results have been obtained on some fractional integral inequal-
ities using Saigo fractional integral operator in [14, 15]. Motivated by [3, 4, 14], our
purpose in this paper is to establish some new results using Saigo fractional inte-
gral inequalities for the extended Chebyshev functional. The paper is organized
as follows. In Section 2, we provide basic definitions and propositions related to
Saigo fractional derivatives and integrals. In Section 3, we give the main results.

2. Preliminaries

We give some necessary definitions. For more details, see [14].

Definition 2.1. Areal-valued function f(x), (x > 1), issaidtobe inspace C, (u € R),
if there exists a real number p > p such that f(x) = xP¢(x); where ¢(x) € C(0, o).

Definition 2.2. Leta > 0,8,1 € R, then the Saigo fractional integral Ig"f’”[f(x)] of
order « for a real-valued continuous function f(x) is defined by ([14]),

x~B

@y 1T = T

fx(x — 1) R (a + B, —1ma;1— ;)f(t)dt.
0

where, the function ,F;(-) in the right-hand side of (2.1) is the Gaussian hypergeo-
metric function defined by

= @o(b)n X"
©n n!’

(2.2) oF1(a, b;c;x) =
n=0
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and (a), is the Pochhammer symbol

I'(a+n) B
I_,(a) , (a)o =1.

For f(x) = x* in (2.1) we have the known result [14] as:

TF(u+DI'(w+1-p+n) o
T(u+1-AT(u+1+a+n) ’

@n=a@+1)..a+n-1)=

(2.3) 155[x] =

(@>0,min(u, u—p+n)>-1,x>0).

3. Main Result

We now prove the following lemma.

345

Lemma3.1. Let f and g be two integrable and synchronous functions on [0, o). and

u,Vv: [0, 00) = [0, 00). Then for all x > 0, « > max{0, —p}, < 1,
p—1<n<0,wehave,

(3.1) 15 £ U 2 v E g (0] + 152 v (0TI £ "[u fg(x)] >
|§,’f’”[u 1‘(X)]lo,X "Tvg(x)] + IO,X ”[Vf(X)]lo,X "Tug(x)].

Proof: Since f and g are synchronous functions on [0, co) forall T > 0, p > 0,

we have
(3.2) (f(r) = f(P))(9(7) — 9(p)) = 0.
From (3.2),
3.3) f(D)g(7) + f(p)g(p) = t(1)g(p) + f(p)g(7).
Consider
G(x, 1) = % 2Fi(a+B,-na;1-13), (t€(0,x);x>0)
7t (@+p)(=n) (x-1)*
(3.4) r(la) (Xxdzﬁ + arzgﬂ)n ixwzl
(a+ﬁ)(w+ﬁ+l)( N(n+1) (x—7)**
T(a+2) Xatp+2

Clearly, the function G(x, 7) remains positive because for all T € (0,x), (x > 0)

since each term of the (3.4) is positive. Multiplying both sides of (3.3) by G(x, t)u(7),

then integrating the resulting identity with respect to = from 0 to x, we get

(35) X [ =0 oFsa + B, — s 1 - DU F(D)g(r)de
+2 ()= 1) LR (e + B~ s 1 = Du(n) F(p)g(p)d
2 Xr(;)ﬁ fo (x—1)* 1oF(a + B, - a; 1 = S)u(r) f(1)g(p)dt

x—a-p

+ X = 1) oFa(a + B, —m a1 - Du(n) Fp)g(r)d,
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consequently,

(36) ox "utg01 + F(p)g (PG Tu(]
> g(p)laﬁn[uf(x)] + F(p)lg 2 "[ug(x)].

Multiplying both sides of (3.6) by G(x, p)v(p), ( p € (0,%), x > 0), where G(x, p) is
defined in view of (3.4). Now integrating the resulting identity with respect to p
from 0 to x, we have

(37) Ik Ut g0 [ X = p)* L oFa(a + B, =@ 1= E)v(p)dp
H U fo (= )t oFa(ar + B, —m s 1= £)v(p) f(p)g(p)dp
> 1P Ut T [ = ) oFa (e + B, =m0 1= £)v(p)g(p)dp
+o R TugOI g [ = p)* 2 oFa(a + B, = a; 1= E)V(p) f(p)dlp.

This completes the proof of Inequality 3.1.
Now, we give our main result.

Theorem 3.1. Let f and g be two integrable and synchronous functions on [0, o), and
r,p,q:[0,00) = [0,00). Then forall x > 0, « > max{0,-p}, <1, -1<1n <0, we
have,

(38) 2051 [1ox P0G Taf gl + 15 aeg s "o g0 | +
2158 ()1l 2 Taelg £ r fg(x)]
1o "Ir 01 {14 "I f OOl & "Tag ()] + 16 T f 01 X "Tpg ()] +
“WWMIWWW”WM+W%WWWWMM
152 901 [ 154 "Ir £ CONIG £ "[pg (T + 1% "ot (15 4 "[rg (9]
Proof: To prove the theorem, put u = p, v = ¢, and using lemma 3.1, we get
(3.9) 152 OGS Mg 0] + 15 "Ta0IG £ "nf g(x)] >
154 "o 0Ol £ "Tag (] + 1o "Taf Ol & "Tpg(x)]-
Now, multiplying both sides by (3.9) I“ﬁ”[r(x)], we have
(310) IR 001 1o IOl a0 + 1ok a0l £ " Ip fg(9] ]| >
152 r 01 {194 "I f OOl & "Tag ()] + 1o "[af 0116 "Tog(X)1 ]
again, putu =r,v = ¢, and using lemma 3.1, we get
(3.12) 152 oG 2 "Taf g1 + 155 [ae0l £ "I f 9 (9] =
152 0OT1GE Tag (] + 15 "[a f (1 4 "Trg ()],
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multiplying both sides of (3.11) by I“ﬁ”[p(X)], we have

(3.12) ”%wﬂ”mmWMWWMH”%wW“mwmz
152 10001 155 Ir f Ol £ "Tag ()] + 1o % T f 01 & "[rg (9] ]

With the same arguments as in equations (3.11) and (3.12), we can write

(3.13) “%mm“mmwﬁwwmuwmmwﬁmwmh
15210001 15 Tr F 0I5 £ g (1 + 15 I f 011G 2 [rg ()]
Adding the inequalities (3.10), (3.12) and (3.13), we get the required inequality (3.8).

Lemma3.2. Let f and g be two integrable and synchronous functions on [0, o), and
U,V : [0, 00[— [0, o). Then for all x > 0, & > max{0, —f}, 1 > max{0, —¢}
B<l,p-1<1n<0,¢<1,¢-1<C<0,wehave

(3.14) 1A TUCN Y T g (0] + 15 vy 2 Tu ()] >

“5”[uf(x)]r*¢(1vg(x)]+-l [vf(xnl“ﬁ"[ug(x)l

Proof: Now multiplying both sides of (3.6) by v(p)%— r(w) C(x=p)V Lo (Y + ¢, —C 1y 1—

5) (p € (0,x), x > 0), which (in view of the argument mentioned above in the proof
of theorem 3.1) remain positive. Then integrating the resulting identity with respect
to p from 0 to x, we have

Naiand

Ty (XY + -Gy D)
+1 TNy fo 0= p)? L oFa (9 + b, —Ci i L= EV(p) F(p)g(p)dp
> 1P MUt 0017 o 0= p)Y L aFa( + b, =T i 1= EV(p)g(p)dp

Naiand

B MugCl | = p)* 7 oFa( + 6, —C i 1= V() F(p)dlp.

(315) 1ot [ufg(x)]

This completes the proof of Inequality (3.14).

Theorem 3.2. Let f and g be two integrable and synchronous functions on [0, o), and

r,p,q:[0,00) — [0, c0).
Then for all x > 0, & > max{0, —B}, ¢ > max{0,—p}p <1, -1 <n <0,
¢<1l,¢- 1<C<Owehave

(3.16) 12 r TG S "[a0Tg 2 0T 20T + 2165 " IoC1lg (@t 7)(x)
W“mm”“mwmu
+ (1B o0 a0 + 152 TN £ TN 152 [r £ 9] =
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152 71r 001 1o "o AN “Tag (] + 19 “Taf (115 "[pg (0)1] +
152 0] [152 7 [rf GO Tag ()] + I*”qb ﬁ[qf(x)]l“ﬁ "Trg(1] +
“‘*”[q(x)] (162 I F OOl Tpg ()] + 1572 I f GOl £ "Trg(x)]]

Proof: To prove the theorem, we put u = p, v = g and using lemma 3.2 we get

(3.17) 152 G Taf g1 + 15 “[a0T 15 "o F ()] =
Iof ”[pf(x)]I‘P L Tag()l + 18 [t (15  [pg(x)].

Now, multiplying both sides by (3.17) I“ﬁ”[r(X)], we have

(3.18) “ﬁ”[r(x)][“ﬁ”[p(x)ll “Tafg00] + 15 [a0Tg % T fg(x)]] =
152 1r 001 15 o FOTNgx Tag()] + 172 [af COIG 2 "[pg (9]

puttingu =r, v = g, and using lemma 3.2, we get

(3.19) o2 OIS Latg 00 + 1 [ae)llg 2 "Ir fg(x)] =
1% n[rf(x)].w P Lag()l + 18 [t G [rg(x)],

multiplying both sides by (3.19) I“ﬁ"[p(x)], we have

(320) 155 (] 152 ”[r(x)]lw*i"[qu(x)] + 150 [aeNg 2 I f g (0] =
152 o001 [1o8 "I f AN “Tag(] + 1 “Taf (IG5 "[rg (1]

With the same argument as in equations (3.19) and (3.20), we obtain

(321) 1R 001 [152 r Ol TP fa0T + 1[Gl 2 "I f 9] | >
155 q00] [15 2 It GO 2 Tng(x)] + szf Cnof(x)]l“*’*”[rg(x)]] :
Adding the inequalities (3.18), (3.20) and (3.21), we get the inequality (3.16).

Remark 3.1. If f, g,r,p and q satisfy the following conditions,

1. The function f and g is asynchronous on [0, ).
2. The function r,p,q are negative on [0, ).

3. Two of the function r,p,q are positive and the third is negative on [0, o).

then the inequality 3.8 and 3.16 are reversed.
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