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BILATERAL AND BILINEAR GENERATING FUNCTIONS
FOR THE MODIFIED GENERALIZED SYLVESTER
POLYNOMIALS

Nejla Ozmen

Abstract. The present study deals with some new properties for the modified gen-
eralized Sylvester polynomials. The results obtained here include various families of
multilinear and multilateral generating functions, miscellaneous properties and also
some special cases for these polynomials. In addition, we derive a theorem giving
certain families of bilateral generating functions for the modified generalized Sylvester
polynomials and the generalized Lauricella functions. Finally, we get several interesting
results of this theorem.
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1. Introduction

Generalized functions occupy pride of place in literature on special functions. Their
importance, which is mounting everyday, stems from the fact that they gener-
alize the well-known one variable special functions, namely, Hermite polynomi-
als, Laguerre polynomials, Legendre polynomials, Gegenbauer polynomials, Jacobi
polynomials, Rice polynomials, Generalized Sylvester polynomials, etc. All these
polynomials are closely associated with problems of applied nature. For example,
Gegenbauer polynomials are deeply connected with axially symmetric potentials in
dimensions and contain the Legendre and Chebyshev polynomials as special cases.
The hypergeometric functions of which the Jacobi polynomials is a special case are
important in many cases of mathematics analysis and its applications.

We define the modified generalized Sylvester polynomials f, (z;a,b) as follows
(see [10]):
(bx)" -1
(1.1) fa(@ia,b) = —— 2Fo | —n, ax; —; (—bx) } .
n!

where b # 0 is an arbitrary constant.
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When a =1 and b =1 then (1.1) becomes
(1.2) fal@;1,1) = én(2).

We call the polynomials f,(z;a,b) modified generalized Sylvester polynomials
in view of the relations (1.2). For a = 1 and b by (1.1) becomes A.K. Agarwal and
H.L. Manocha [8] generalization of Sylvester polynomials.

The following generating relations hold for (1.1) (see, [10]):

(1.3) D falwa b = (1 t) e
n=0
(It < 1)
and -
(1.4) Z nfn(xia,0)t" = (1 — bat) ™ o Fy [)\ ax; <1 _tbxt>}

where 9 Fp denotes Gauss’s hypergeometric series whose natural generalization of
an arbitrary number of p numerator and ¢ denominator parameters (p,q € Ny :=
NU{0}) is called and denoted by the generalized hypergeometric series ,F, defined
by

A1,y eeey Oy s (a1)n z"
F ) s Upsy Py _
P [ Bis s Bg; ] Z (B1)n ﬁq)
= F (alu" O‘pvﬁlu"aﬁq;z)
and ()), denotes the Pochhammer symbol defined by

'(A+v)

(MNo=1and (\), = oY)

(AeC)

in terms of the familiar Gamma function.

Lemma 1.1. The following generating function holds true [2]:

5 > ( ntk )fn+k(:c;a,b)t" = (1—t)" kb fi (27a,b(1 — 1)).

n
n=0

Proof. If we write ¢t + u instead of ¢ in (1.3) , we get

S falmab)t+u) = (1 —t—u) e
n=0

Z fn(I;CL,b) Z < Z ) tnikuk = (1 — t)iam <1 —_ _1 u t> ebztebmu.
n=0 k=0
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Replacing n by n + k in the last relation, we may write that

35 (") st = 37 S 0 -

n=0 k=0

From the coefficients of u* on both sides of the equality, one can get the desired
result. [

Lemma 1.2. The following addition formula holds for the modified generalized
Sylvester polynomials fy,(x;a,b) :

(1.6) fu(z1 4+ 2250,0) = Z fr—m(x1;a,b) frn(22;a,b).

m=0

Proof. Replacing z by x1 + z2 in (1.3), we obtain

S falen aza )t = (1 g) e

— (1 _ t)*azl bzlt(l _ t)famg bxat

= an x1;a,b)t" me x9;a, b)t"™

= Z Z Fu(@1;a,b) fon (w23 @, H)E" ™

n=0m=0

= Y Y faom(@i30,b) fm (w230, 0)t"

n=0m=0

From the coefficients of " on both sides of the last equality, one can get the desired
result. O

The main objective of this paper is to study different properties of the modified
generalized Sylvester polynomials. Various families of multilinear and multilateral
generating functions, miscellaneous properties and also some special cases for these
polynomials are given. In addition, we derive a theorem giving certain families of
bilateral generating functions for the modified generalized Sylvester polynomials
and the generalized Lauricella functions.

2. Bilinear and Bilateral Generating Functions

This section presents several families of bilinear and bilateral generating functions
for the modified generalized Sylvester polynomials f,(z;a,b) given by (1.1) without
using Lie algebraic techniques but with the help of a similar method as considered
in [4], [5], [6].

We begin by stating the following theorem.
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Theorem 2.1. Corresponding to an identically non-vanishing function Q,(y1, ..., yr )
of r complex variables y1, ..., y, (r € N) and of complex order p, 1, let

AW, 901 ) =D @k Qi (Y1, s 0r)CF (ar #0)
k=0

and

[n/p]

Ot (230,091, s Yr3 €) 1= Yk froph (5.0, D) Qg (Y1, s 9 )6
k=0

Then, for p € N, we have
= ’,7 n —axr T

(1) > eny (x;a,b;yh---,yr;t—p)t = (1= 1)"" "™ Ay (Y1, e Yo 1)
n=0

provided that each member of (2.1) exists.

Proof. For convenience, let S denote the first member of the assertion (2.1) of
Theorem 2.1. Then,

oo [n/p]

S = Z Z akfn_pk(x; a, b)Qu-H/Jk (yl, ey y,«)nktn_pk.

n=0 k=0

Replacing n by n + pk, we may write that

S = D ak fulw;a,b) gk (yr, o )t
n=0 k=0
= > fulza, 0" arQupyr (o ye)n®
n=0 k=0

_ (1 _ t)—amebmtAu)w(yh ...,yr;n)

which completes the proof. O
By using a similar idea, we also get the next result immediately.

Theorem 2.2. Corresponding to an identically non-vanishing function Q,(y1, ..., yr )
of r complex variables y1, ..., y, (r € N) and of complex order p,, let

[n/p]

ALV (1 + 2250, b5 91, 0, Y ) 1= Z ag f—phe (21 + 2250, )y pre (Y15 s v ),
k=0

where ar # 0, n,p € N and the notation [n/p] means the greatest integer less than
or equal to n/p.
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Then, for p € N |, we have

n [k/p]
Z Z alf’n,fk(xl; a, b)fk*pl(xQ; a, b)Q,LL+’¢'l(y15 ceey yT)tl
k=0 1=0

(2.2) = A (T + masa, by, yes t)

provided that each member of (2.2) ewxists.

Proof. For convenience, let T denote the first member of the assertion (2.2) of
Theorem 2.2. Then, upon substituting for the polynomials fn(x1 + x2;a,b) from the
(1.6) into the left-hand side of (2.2), we obtain

[n/p] n—pl

T = >3 afukp(@130,0) filw; 0, 0) Qi (yr, o, yo )t

=0 k=0

[n/p] n—pl
= > a <Z fnkpz@l;a,b)fk(u;a,b)) Qg (Y1, yr )t

1=0 k=0
[n/p]

= Y arfap(m + 2230, 0) Qg (Y1, oo i)t
1=0

= AZ:Q(CEl +$2;a7b;y17"'7y7‘;t)'

Theorem 2.3. Corresponding to an identically non-vanishing function Q,(y1, ..., yr )
of v complex variables y1, ...,y (r € N) and of complex order u, let

oo
Au,p,q (LL'; a,b; Y1, ey Yrs t) = Z a/nfm-i—qn(x; a, b)QHern(yl, ey y,_)tn

n=0

where a, #0 and

[n/q]
m+n
9717107(1(3/17 -'-7yr;2) = Z < ) akQu—i-pk(yla -'-7yr)zk-
k=0
Then, for p,q € N; we have
Z fm-‘rn(xv a/u b)en,P,q(ylu sy yT7 Z)tn
n=0
t
23 = 00N (b= i e )"

provided that each member of (2.3) exists.
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Proof. For convenience, let T denote the first member of the assertion (2.3) of
Theorem 2.3. Then,

oo [n/4q]
m+n n
T = E fm+n(:1c;c) E ( n— gk )akQMerk(yl,...,yT)zkt .
n=0

k=0

Replacing n by n + ¢k and then using (1.5), we may write that

m+n+ k n
T = ZZ< ! >fm+n+qk($§c)ak Q#erk(yl,...,yr)zkt Hak
n=0 k=0

- Z(Z(m w )fm+n+qk<w;a,b>t)amwk(yl,...,y»(zt%’“

k=0 \n=0
= > ap(L =) R o (5,01 = ) Qg (Y1, -, yr) (289)"
k=0
) S (1 ) fon g (.0, (1 — 1)) D g1, o ) ()
k=0
—ar—m xr t
= (1-1%) " A pa (:v;a,b(l —t);y1, ...,yT;z(m)q>

which completes the proof. O

3. Special Cases

When the multivariable function €,4yk(y1,....,4r), k € Ng, 7 € N, is expressed
in terms of simpler functions of one and more variables, then we can give further
applications of the above theorems. We first set

Q#Jri/)k(yla EE) yT) = (I)L(i)wk(ylv '-'7y7“)

(@)

in Theorem 2.1, where the multivariable polynomials @, +wk(I1’ .oy Ty) [4], gener-

ated by

(1 — ayt)~elratotor) t — Z L (3:1, ey Ty ) B

(acc; |t|<{l|:1:1| 1.

We are thus led to the following result which provides a class of bilateral generat-

(3.1)

ing functions for the multivariable polynomials @Lojr)qpk(yl, .., yr) and the modified
generalized Sylvester polynomials.

Corollary 3.1. If

A#v"l"(ylv "'7y’l“7 Zakq)ﬂ"l‘wk Y1, - '5yT)<k (a’k # 07 Mﬂ/’ € C) )
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then, we have

oo [n/p] k

o ¢
(3.2) Z Z akfn,pk(x;a,b)q)L_,zwk(yl,...,yr)t;Tkt

n=0 k=0
= (1 — t)iazebztA'u,,w(yla vy Yrs C)

provided that each member of (3.2) exists.

Remark 3.1. Using the generating relation (3.1) for the multivariable polynomials
' (z1, ..., zr) and getting ar, = 1, u =0, ¥ = 1 in Corollary 3.1, we find that

oo [n/p]
Z Z n—pk (T;a,b) <I>( )(y17...7yT)th"7pk
(1=t~

_ ax b;vt( —le) ae(y2+m+y7‘)c.

(¢ <{lml™}, 1tI<1)
If weset r =1, y; = x3 and

Quryr(23) = furyn(rs;a,b)
in Theorem 2.2, we have the following bilinear generating functions for the modified

generalized Sylvester polynomials.

Corollary 3.2. If

[n/pl
AP (1 + w230, 05350, b5) 0 = > akfupk(T1 + 2250, 0) k(@33 a, D)t
k=0

(ak 7& 07M7¢€(C)

then, we have

Z Z afri (w150, 0) frepi (@25 @, b) fruryu (235 @, b)t!

k=0 1=0
(33) = AZ:Z(CCl +$2;a’ab; .Ig;d,b;t)

provided that each member of (3.3) exists.

Remark 3.2. Taking a; =1, u=0,9% =1,p=1,¢t =1 in Corollary 3.2, we have

n

K
an 1(x1 + x2;a,b) fi(xs; a,b) = fa(x1 + 22 + 2350, b).
k=0 1=0
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If we set s = r and

(a1eeny0r)

Q#erk(ylv"'vyT) :U’M.H/;]g (ylv'-'vyT)

in Theorem 2.3, where the Erkus-Srivastava polynomials uglal""’%)(

generated by [7],

Y1y ooy Yr) 18

(a; €eC(j=1,...,r); |t| < min{|3:1|71/m1 - |3:T|71/mT}

we get a family of the bilateral generating functions for the Erkus-Srivastava poly-
nomials and the modified generalized Sylvester polynomials as follows:

Corollary 3.3. If
Appg (@5a,b591, 0y t) @ = Z A, frntqn(z; a, b)uLojrl];;'l"ar)(yl, oy Y )t
n=0

(a'n,#Ov mENOa Mﬂ/’e(c)

and

where n,p € N, then we have

(34) me+n(x7a’ab)9nﬁpﬁq(yla ayT7z)tn
n=0
t q
= (1 _ t)—az—mebthM%q (gc;a,b(l — t);yl, v Yrs 2 (:) )

provided that each member of (3.4) exists.

Furthermore, for every suitable choice of the coefficients ar (kK € Np), if the
multivariable functions Q4 ¢k (y1,...,¥r), 7 € N, are expressed as an appropriate
product of several simpler functions, the assertions of Theorem 2.1, 2.2, 2.3 can be
applied in order to derive various families of multilinear and multilateral generating
functions for the family of the modified generalized Sylvester polynomials given
explicitly by (1.1).
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4. Miscellaneous Properties

In this section we give some properties for the modified generalized Sylvester poly-
nomials f,(x;a,b) given by (1.1).

Theorem 4.1. The modified generalized Sylvester polynomials f,,(x; a,b) have the
following integral representation:

fn(x;a,b) =

—u,,ar—1 n
T (a7) /e u (bx + u)"du
0

where, Re(ax) > 0.

Proof. If we use the identity

oo N 1
ngofn(x; a,b)t T (o)

efuuaxfle(beru)tdu

o0

1 —u, ar—1 — ntn
F(aa:)/e u Z(bx—i—u) n!du

n=0

o0
= n'I‘ / TUTT 1 (bx + u)"du | t"
n70 0

From the coefficients of t™ on both sides of the last equality, one can get the desired
result. [

We now discuss some miscellaneous recurrence relations of the modified gen-
eralized Sylvester polynomials. By differentiating each member of the generating
function relation (1.3) with respect to = and using

oo n

SN Akn) =" A(k,n—k

n=0 k=0 n=0 k=0
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we have

n—1 1

d
@fn(ﬁaab) =bfn_1(x;a,b) + a% m

fnfmfl(x; a, b)
Besides, by differentiating each member of the generating function relation (1.3)
with respect to t, we have the following recurrence relation for these polynomials:

m=0

(n+1)fara(wsa,b) = o (bfn(x; a.0)+a fumlzia, b)) .

5. The Generalized Lauricella Functions

In the present section, we derive various families of bilateral generating functions
for the modified generalized Sylvester polynomials and the generalized Lauricella
(or the Srivastava-Daoust) functions. The four Appell functions of two variables,
denoted by Fy, F5, F3 and F, were generalized by Lauricella functions of n

variables which are denoted by F,an)v F](gn), Fé") and Fl()n) [2] and
FP=F, FY =F, FY =F, FY =F.

A further generalization of the familiar Kampé de Fériet hypergeometric function in
two variables is due to Srivastava and Daoust who defined the generalized Lauricella
(or the Srivastava-Daoust ) function as follows [3]:

o { L@ OO [0 60 ) 6]
C:D(U;,,,;’D(") Z1y .-
[(e) : W, ™ [(dD):6M]5 5 [([@™):6M];
R ZL '
= > Q(my, oy myp) T2,
Mi,y...,Mp=0
where, for convenience,
A B ) B )
e R S A AT L L IR
Q(m17 7mn) = ]; ]71) J?)
(). o n DH @M DH @y
=1 mi; M) i JImas; ol J I mnd;

0 (j=1,.,4 k=1,..,n) and ¢\ (j=1,...B®; k=1,..n),

o (j=1,..C; k=1,.,n) and 6 (j=1,...D%; k=1,..,n)
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B

B(")) abbreviates the array of B*) parameters

are real constants and (

bgk) (j=1,..B®: k=1,..n)

with similar interpretations for other sets of parameters [1]. Here, as usual, (\),
denotes the Pochhammer symbol.

For a suitably bounded non-vanishing multiple sequence {Q(m1, mz, ..., ms)},,
of real or complex parameters, let ¢, (u1; ug, ..., us) of s (real or complex) variables
Up; Uz, ..., us defined by [1]

n e —1)m, b mi
</7n(u1§u27"'7u5) o= Z Z %

m1=0 ma,...,ms=0

(5.1) X Q (M, ooy mis), My .y M) “71”1' “—m'
mi ms:
where, for convenience,
B D
((b))m1¢7 = H(bj)m1¢j and ((d)>m15 = H(dj)m15j'
Jj=1 j=1

Theorem 5.1. The following bilateral generating function holds true:

Z fn(.f, a, b)@n(ula Uz, "'7us)tn

n=0

o0

_ _ —ameb;ﬂt ((b))(ml +k)p ((I,’E)k
= (1-1) > @ oo

mi,k,ma,...,ms=0

(—urbzt)™ (%) uy'® ol

mq! ko oma!l T my!

xQ(f((m1 + k), ...yms), ma, ..., mg)

where @n(u1; Uz, ..., us) is giwen by (5.1).

Proof. By using the relationship (1.5), it is easily observed that

Z f’n«(Ia a, b)¢n(ul;u27 "'7us)tn

n=0

_ — T a . > (_n)ml ((b))m1¢7
= D hlwed) 3. 3.

m16
m1=0ma,...,ms=0 !

x (f(m17 "'7ms)am25 ---;ms)

_ S ()
= X @R ) e me)
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X (_u1t)ml 1;5: 171;3”5' (1 _ t)*am7m1ebmtfml (z;a, b(l _ t))
00 b .
gy Egd)))i)‘zﬂ(f(ml,...,ms),mg,...,ms)
mi,ma,....,ms=0 miy
uit | uy? ol (ba(l— )™ (—ba(1—1t) 7"
= (1 _ t)*amebmt
3 (0) 1 +1)¢
D (@ maagg NIAR) 1), oy ) (0

m1,k,ma,...,ms=0
(Curbat)™ (1) g o

my! k' ma! TTmg!

O

By appropriately choosing the multiple sequence Q(mj,ma,...,ms) in Theorem
5.1, we obtain several interesting results as follows which give bilateral generating
functions for the generalized Sylvester polynomials and the generalized Lauricella
(or the Srivastava-Daoust) functions.

I.By letting

Q (f(m17 '--7ms), ma, ..., ms)
A B® B
(2) (s)
]gl(alj)m10;1)++m59;s) Jl;[l (b] )m2¢52) Jl;[l (b]S )ms¢5s)
= E D(2) cee D(S)
2
I1 )y 04 T (d; ))m26(2> I1 (dg‘s))mq(s(s)
Jj=1 J E | ; = 50}

in Theorem 5.1, we obtain the following result.

Corollary 5.1. The following bilateral generating function holds true:

[eS)
. A:B+1;B®;. ;B

E fn(‘r7 a, b)FE;D;D@);W;D(s)

n=0

(@) :00,.,00] [mnc), (): 05 [62): 6L i [60): 60
[(c) s ™), ] [(d) 6]y [(d®):6P) .y [(d¥)):6));

tn
UL, U2, -y Us

_ —ax bxt A+B:O;1;B(2);...;B(S)
= (A=) Fo/po0.po, ipe

[(e) : ION ...,cp(5+1)] co—, a1 [(0@) 6P L [(0B) 3]

[(f) €D, 6] e = [(d@): 6] s [(d9): 6));
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(—’U,lbiEt), (%)7“27 ooy Us )

where the coefficients e;, f;, cp§s) and §§S) are given by

S BT 1<5<A)
IT\ byoa, (A<j<A+B)

f’: Cj, (ISJSE)
J dji_p, (E<j<E+D)
6\ (1<j<A 1<r<?2)
) oY (1<j<A 2<r<s+1)
J

bj—a (A<j<A+B; 1<r<2)
0 (A<j<A+B;2<r<s+1)

and
e (1<j<E 1<r<2)
e = Y (1<j<E;2<r<s+1)
’ Sig (E<j<E+D;1<r<2)
0 (E<j<E+D;2<r<s+1)
respectively.

II.Upon setting

Q(f(my,...,mg), ma,....mg) =
and
¢:5=O (thatis, ¢1:'-':¢B:61:'--:5D:0)
in Theorem 5.1, we obtain the following result.

Corollary 5.2. The following bilateral generating function holds true:

o0

Z fn($7a7b)F£{S) [a/17 _n7b27 ...,bS;Cl, -y Csy UL, U2, "'7us] t"
n=0

_ —ax bzt 171:0;1;1;...51
- (1 - t) € Fl:O;O;l;...;l

[(a1):1,..,1]: —; Jax:1]; [b2:1]; .5 [bs:1];

[(cr) cp@, Gt — = e 1] g et 1]
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where the coefficients 1 are given by

0, @<n<s+1)

and Fxgs) 1s the first kind of Lauricella functions.
III. If we put

(@) (@) (@5 (a8,

Q(f(mlv-.-7ms),m2,...,ms) = (C) -

and
B=1, ¢ =1landd =0

in Theorem 5.1, we obtain the following result.

Corollary 5.3. The following bilateral generating function holds true:

Z fn(z;a, b)F](;) [—n, agl), ceey ags_l), b1, agl), cey ags_l); Cy UL, U,y -eey us} "
n=0

_ —ax bzt 71:0;1;2;...52
- (1 - t) € Fl:O;O;O;...;O

[(bl) AN ...,9(5+1)] o= Jax i 1) [a(l) : 1} Do [a(sfl) : 1] :

[(c):1,...,1] : - - o -

(—U1b$t), (%)a Uz, ..., Us ) ’

where the coefficients 6 are given by

pm — 1 L (1<n<2)
0, 2<n<k+1)

and F](;) 1s the second kind of Lauricella functions.

IV By letting

(al)mlJr...ers (bQ)m2 (bs)ms
(O a——

Q(F(m1, ey ), 3, oy ) =

and
6=5=0,

in Theorem 5.1, we obtain the following result.
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Corollary 5.4. The following bilateral generating function holds true:

Z fn(z;a, b)Flgs) [a1, —n, ba, ..., bs; ¢; U1, ug, ..., ug | t"
n=0

ult
-1

= (1- t)_‘”eb””thH) a1,0,azx, by, ..., bs; ¢; (—uibxt), (t ), U2y ey Usg

and Fg) is the forth kind of Lauricella functions.
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