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Abstract. In this paper we generalize the notion of O—set and establish some fixed
point theorems for | — o — 1p—contraction multifunction in the setting of orthogonal
modular metric spaces. As consequences of these results we deduce some theorems in
orthogonal modular metric spaces endowed with a graph and partial order. Finally,
we establish some theorems for integral type contraction multifunctions and give some
examples to demonstrate the validity of the results.
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1. Introduction and Preliminaries

In order to generalize the well-known Banach contraction principle, Nadler [15]
introduced the Banach contraction principle for multivalued mappings in complete
metric spaces. It is known that the theorem by Nadler has been extended and
generalized in various directions by several authors, see [1, 2, 3, 9, 10] and the
references therein. On the other hand, modular metric spaces are a natural and
interesting generalization of classical modulars over linear spaces such as Lebesgue,
Orlicz, Musielak-Orlicz, Lorentz, Orlicz-Lorentz, Calderon-Lozanovskii spaces and
others. The concept of modular metric spaces was introduced in [6, 7]. Here, we look
at the modular metric space as the nonlinear version of the classical one introduced
by Nakano [16] on the vector space and the modular function space introduced by
Musielak [14] and Orlicz [17].

Recently, many authors studied the behavior of the electrorheological fluids,
sometimes referred to as ”smart fluids” (e.g., lithium polymetachrylate). A perfect
model for these fluids is obtained by using Lebesgue and Sobolev spaces, L? and
WP in the case p is a function [8]. In this paper, we generalize the notion of
O—sets and then establish some fixed point theorems for | — a — 1)—contraction
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multifunction in the setting of orthogonal modular metric spaces. As consequences
of these results, we deduce some theorems in orthogonal modular metric spaces
endowed with a graph and partial order. In the end, we establish some theorems
for integral type contraction multifunctions and give some examples to demonstrate
the validity of the results.

Let X be a nonempty set and w : (0,400) X X x X — [0, +00] be a function.
For reasons of simplicity we will write

W)x(xvy) :W()\,(E,y),
for all A > 0 and z,y € X.

Definition 1.1. [6, 7] A function w : (0,400) X X x X — [0,4+00] is called a
modular metric on X if the following axioms hold:

(i) =y if and only if wy(z,y) = 0 for all X > 0;
(ii) walz,y) =wrly,z) for all A > 0 and z,y € X;
(ili) wagp(z,y) <wr(z,2) +wy(z,y) for all \, x>0 and z,y,2z € X.
If in the above definition we utilize the condition
(") walz,z) =0forall A >0 and x € X;

instead of (i) then w is said to be a pseudomodular metric on X. A modular metric
w on X is called regular if the following weaker version of (i) is satisfied

x=vy ifand only if wx(x,y) =0 forsome X > 0.

Again w is called convex if for A,y > 0 and z,y, z € X holds the inequality

w,\+u(w,y) < wk(‘rvz) wu(zvy)'

I
+—
T A+ u A+p

Remark 1.1. Note that if w is a pseudomodular metric on a set X then the function
A — wa(z,y) is decreasing on (0,4o0) for all z,y € X. That is, if 0 < g < A then

wk(xvy) < wA,H(l’,:E) +w#(x,y) = wu(x,y).

Definition 1.2. [6, 7] Suppose that w be a pseudomodular on X and zyp € X and
fixed. So the two sets

Xo=Xo(xo) ={z € X :wr(r,z0) =0 as I\ — 400}
and
X=X (o) ={x e X :3x=Xx) >0 suchthat wx(z,zo) < +00}.

w

X, and X are called modular spaces (around z).
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It is evident that X, C X} but this inclusion may be proper in general. Assume
that w be a modular on X, from [6, 7] we derive that the modular space X, can be
equipped with a (nontrivial) metric induced by w and given by

dy(z,y) = Inf{A > 0:wyr(z,y) < A} forall z,ye X,.

Note that if w is a convex modular on X then according to [6, 7] the two modular
spaces coincide, i.e., X = X, and this common set can be endowed with the
metric d}, given by

a5 (z,y) =inf{\ > 0:wy(z,y) <1} forall z,y € X,.

Such distances are called Luxemburg distances.

Example 2.1 presented by Abdou and Khamsi [1] is an important motivation
for developing the modular metric spaces theory. Other examples may be found in
[6, 7].

Definition 1.3. [13] Assume X, is a modular metric space, M a subset of X,
and (zp,)nen be a sequence in X,,. Therefore,

(1) (@n)nen is called w-convergent to z € X, if and only if wy(zp,x) — 0, as
n — +oo for all A > 0. x will be called the w-limit of (z,,).

(2) (zn)nen is called w-Cauchy if wy (@, z,) — 0, as m,n — +oo for all A > 0.

(3) M is called w-closed if the w-limit of a w-convergent sequence of M always
belong to M.

(4) M is called w-complete if any w-Cauchy sequence in M is w-convergent to a
point of M.

(5) M is called w-bounded if for all A > 0 we have §,(M) = sup{wx(z,y);z,y €
M} < 4o0.

Definition 1.4. [6, 7] w is said to satisfy the Fatou property if and only if for any
sequence {z,} C X, with lim,_,cc w1 (Zy,z) = 0, we have

wi(z,y) <liminf wi(xy,,y)
n—oo
for all y € X,,.
But here we utilize the following version of the Fatou property.

Definition 1.5. w is said to satisfy the Fatou property if and only if for any
sequence {z,} C X, w-convergent to x, we get

wx(z,y) < liminf wy(z,,y)
n—o0

for all y € X, and A > 0.
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Also we say w satisfies the Ay—condition (see [2]), if limy,_yo0 w(zy, z) = 0 for some
A > 0 implies lim, oo w(zpn,z) = 0 for all A > 0.

Definition 1.6. [5] Let M be a subset of the modular metric space X,,.

e CB(M)={C: C is nonempty w-closed and w-bounded subset of M}
e K(M)={C: C is nonempty w-compact subset of M}
e A Hausdorff modular metric 2x(A, B) is defined on CB(M) by

Q)\(Aa B) = max{sup LLJ)\(I, B)a sup WA(Aa y)}
€A yeB

where wy(z, B) = infyep wa(z, y).

Furthermore, let T : M — CB(M) be a multifunction. We say x € M is fixed
point of T whence x € Tz. We denote all fixed points of T by Fixz(T).

Lemma 1.1. [5] Suppose that A,B € CB(X,,) and a € A. Thus for ¢ > 0, there
exists be € B such that
wi(a,be) <QA(A,B) +e¢

for all A > 0.

Asl et al. [3] defined the notion of a,-admissible multifunction as follows.

Definition 1.7. Let 7 : X — 2% and o : X x X — R,. We say that T is
a,-admissible mapping if

a(z,y) > 1 implies a.(Tz,Ty)>1, z,yeX

where

ax(A,B) = meanEBa(x,y).

Denote ¥ the family of strictly increasing functions ¢ : [0,00) — [0, 00) such that
X004 (t) < oo for all ¢ > 0.

Eshaghi et al. [9] introduced the notion of orthogonal set and gave a real gen-
eralization of Banach’s fixed point theorem in orthogonal metric spaces (For more
details on orthogonal set, also see [4]).

Definition 1.8. [9] Let X # @ and L € X x X be a binary relation. Assume that
there exists o € X such that xglx or x Lz for all x € X. Then we say that X
is an orthogonal set (briefly O-set). We denote the orthogonal set by (X, L). Also
suppose that (X, L) be an O-set. A sequence {2, }nen is called orthogonal sequence
(briefly O-sequence) if (Vn; 2, L2y 11) or (Vn; zpi1Lay).
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Definition 1.9. [9] We say a metric space X is an orthogonal metric space if
(X,L1) is an O-set. Also T : X — X is l—continuous in z € X if for each
O-sequence {x, }nen in X if lim, o0 d(zy,2) = 0, then lim, o d(Tx,, Tx) = 0.
Furthermore T is |-continuous if 7" is |-continuous in each x € X. Also we say
T is L-preserving if To 1Ty whence xzly. Finally X is orthogonally complete (in
brief O-complete) if every Cauchy O-sequence is convergent.

Now we generalize the concept of O—set and introduce the notion of O* —modular
metric space in the following ways.

Definition 1.10. Let X # ¢ and 1 € X x X be a binary relation.

e Assume that there exists zg € X such that zo Lz for all z € X \ {zo}. Then
we say that X is an orthogonal star set(briefly O*-set). We denote O*-set by
(X,1).

o We say zg is center of X and we denote the set of all centers of X by C(X).

e Also suppose that (X, L) be an O*-set. A sequence {x, }nen is called O*-
sequence if x, Lx, 1 for all n € N.

Definition 1.11. Let X, be a modular metric space and M C X,,.

e M is an O*—modular metric space if (M, L) is an O*-set.

e T: M — M is L*—continuous in x € M if for each O*-sequence {2, }nen in
M, limy, 00 wi(zy, ) = 0 for all A > 0, implies lim,, oo wx(Txy, Tx) = 0 for
all A > 0. Furthermore T is 1 *-continuous when 7' is 1 *-continuous in each
e M.

eT : M — CB(M) is L*—continuous in x € M if for each O*-sequence

{zn}nen in M, lim,— o0 wx(zy, ) = 0 for all A > 0, implies lim,, oo Qp (Tzy, Tx) =

0 for all A > 0. Also T is L**-continuous when T is 1 **-continuous in each
ze M.

o T : M — M is L*-preserving if Tx 1Ty whence x_ly.

e T: M — CB(M) is L*-preserving, when z1ly implies uLlv for all u € Tx
and v € Ty.

e Finally X, is w — O*-complete if every w-Cauchy O*-sequence is convergent.

If xo Ly for all y € X then evidently z¢ Ly for all y € X \ {zo}. That is every O-
set (X, L) is an O*—set, but the converse is not true. The following simple example
shows this fact.

Example 1.1. Let X = [0,00). For z,y € X, assume zly if z < y. Then by putting
xo =0, X is an O*—set. In fact 2o = 0 < z for all € [0,00) \ {xo = 0}. But 0 £ 0. That
is (X, 1) is not O-set.
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2. Main Results
To demonstrate our main theorems we need the following lemmas.

Lemma 2.1. Let X, be a modular metric space such that w satisfies Ao— condition.
Let B be an w—closed subset of X,,. Then x ¢ B if and only if wx(z, B) > 0 for all
A> 0.

Proof. Let wy(z,B) > 0forall A > 0. Nowif x € B thenw(z, B) = inf cpwi(x,y) =
0 for all A > 0, which is a contradiction. Hence = ¢ B.

Let z ¢ B. Now assume there exists A\g > 0 such that wy, (z, B) = infycpwx, (z,y) =
0. Then there exists a sequence {yn}n>0 C B such that lim, oo wx,(z,yn) = 0.
Ag—condition implies lim, oo wi(z,y,) = 0 for all A > 0. That is y, — z as
n — co. Now since B is w—closed, then x € B, which is a contradiction. O

Lemma 2.2. Let X, be a modular metric space such that w satisfies the Fatou
property. Let A, B be two subsets of X, where B is w—compact. Then for each
x € A there exists y € B such that wy(x,y) < Qx(A, B) for all A > 0.

Proof. Let x € A. Then by using lemma 1.1 we can say for each n > 1 there exists

Yn € B such that

1
wa(T,yn) < QN(A, B) + e

On the other hand B is w—compact. Thus we may assume that {y,} w—converges
to y € B. Since w satisfies the Fatou property, we get

wi(z,y) < liminfwy(z,y,) < Qx(4, B),
n— o0
forall A >0. O

Lemma 2.3. Let X, be a modular metric space and O # M C X,,. Let A,B €
CB(M) and q > 1. Then for each x € A there exists y € B such that wx(z,y) <
qQ\(A, B) for all A > 0.

(¢ — 1)Q2\(A, B) then for each x € A there

Proof. If in lemma 1.1 we take € = %

exists y € B such that

wA(x,y) < QA(A,B) +e = QA(A,B) + %(q — 1)Q>\(A,B) < QA(A,B) =+ (q — 1)Q>\(A,B)
= qQ,\(A,B).

O

Now we are ready to prove our first theorem.
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Theorem 2.1. Let X, be a modular metric space such that w satisfies Ao — condition.
Let (M, L) be a nonempty w — O*-complete subset of X,. Let T : M — CB(M) be
an au-admissible and L**—preserving multifunction. Assume that for ¢ € W,

(2.1) { Ztvy,y) > = (T, Ty) < ¢p(wr(z,y)).

Also suppose that the following assertion holds:
(i) there exist xo € C(M) and x1 € Txg such that a(xg,z1) > 1,
(i) T is L**—continuous.

Then T has a fixed point.

Proof. From (i) there exist g € C(M) and z1 € Tz such that a(zg,z1) > 1. We
know that zg € C(M), that is xo Ly for all y € M \ {zo}. If zp = x; then z¢ is a
fixed point of T'. Hence we assume that xo # 1. So x¢Lz;. Therefore from (2.1)
we have

(2.2) O\ (Tzo, Tz1) < th(wr(zo,21)).

Also if 1 € Tzq then x; is a fixed point of T. Assume that z1 ¢ Tz1. Then by
using lemma 2.1 we have

(2.3) 0 < wx(z1,Txy1) for all A > 0.
Now if ¢ > 1 then from lemma 2.3 there exists xo € T'x; such that
(2.4) wr(z1, 22) < ¢ (Tx0, Tz1) for all A > 0.
Since wy(x1, Tx1) < wx(z1,x2), for all A > 0 then from (2.3) and (2.4) we obtain
0 < wx(z1,Tr1) <wy(x1,x2) < gQA(Txg, Tx1) for all A > 0.
And so by (2.2) we get
0 < wx(zy,Tr1) <wi(x1,22) < gQN(Txo, Tx1) < qtb(wr(x0,21)).

That is

(2.5) 0 <wr(z1,22) < g (wx(x0,21)).

Note that z1 # za (since x; ¢ Tw1). Also since T is an «,-admissible then
ax(Txo,Tx1) > 1. This implies

CY((El,ZCQ) 2 a*(TZCO,TZCl) 2 1.
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Further since T is an | **—preserving then xg lx; implies ulwv for all u € Txy and
v € Txy. This implies x1 L xs.

Therefore from (2.1) we have
(2.6) O\ (Tx1,Tas) < Y(wr(z1,22))-

Put t9 = wx(xo,z1). We know that xg # x1. Let B = {z1}. Then lemma 2.1
implies that wx(zg,2z1) > 0 for all A > 0. That is ¢, > 0. So from (2.5) we
have wy(z1,22) < q(tg) where ¢y > 0. Now since ¢ is strictly increasing then

P(wa(zr, z2)) < P(q(to)). Put

Y(q(to))
Y(wa(z1,72))

and so ¢ > 1. If 9 € Txs then x5 is a fixed point of T. Hence we suppose that
29 ¢ Txo. Then

0 < wx(xg, Txy) for all A > 0.

So there exists 3 € T'ro such that
0 < wx(ze,23) < @\ (Tx1,T2a)
and then from (2.6) we get
0 < wa(z2,23) < O(T21, Tr2) < qrip(wa (w1, 22)) = Y(q(to)).
Again since 9 is strictly increasing, then ¢ (wx(x2, z3)) < ¥((q¥(to))). Put
_ P((g¥(to)))

 P(wa(r2,3))

So g2 > 1. If 3 € Tz then x3 is a fixed point of 7. Hence we assume x3 ¢ T'xs.
Then
0 < wyx(z3, Tasz) for all A > 0,

and so there exists x4 € Tx3 such that
(2.7) 0 < wr(zs, 1) < @ (Tx2, Tx3).
Clearly xo # x3. Also again since T is a,-admissible and | —preserving then
a(xg,x3) > 1 and zo Lxs.
Then from (2.1) we have
Qx(Tx2, Txs) < Y(wr(z2,x3)),
and so from (2.7) we deduce that

w3, 24) < @ON(Tr2, Txs) < gab(wa(w2, 23)) = Y(P(q(to)))-
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By continuing this process we obtain a sequence {z,,} in X, such that z,, € Tx,_1,
Tn # Tno1, Tpo1 Ly, a(Tn_1,2,) > 1 and wi(zn, 2ny1) < 0" (q(to)) for all
n € N. Let p be a given positive integer. Now we can write

n+p—1 n+p—1
wk(xna xn-‘:—p) = wp% (xmxn-i-p) < Z w% (mkvxk-'rl) < Z wk_l(qw(tO))'
k=n k=n

Therefore {x,} is an w—Cauchy sequence. Since X, is an w—complete modular
metric space then there exists z € X such that x,, — 2z as n — oo. Since T is
1 **—continuous then

lim Q\(Tzp,—1,T2) =0

n—oo

for all A > 0. Let ¢ > 1. From lemma 2.3 for each z,, € Tx,_1 there exist y, € Tz
such that

W)\(:Env yn) < qQ)\(TInfla TZ)
for all A > 0. Then lim,,_yco w(Zn, yn) = 0 for all A > 0. Therefore

wx(z,Yn) < w3 (2,2n) + w3 (Tn, Yn)-

By taking limit as n — oo in the above inequality we get wx(z,y,) = 0, for all
A > 0. That is the sequence {y,} w—converges to z. Since Tz is w—closed then
zeTz O

For multifunction 7" that is not L**—continuous we prove the following theorem.

Theorem 2.2. Let X, be a modular metric space such that w satisfies Ao — condition.
Let (M, L) be a nonempty w — O*-complete subset of X,. Let T : M — CB(M) be
an au-admissible and L**—preserving multifunction. Assume that for ¢ € ¥,

(2.8) { Zéj,y) > = (T, Ty) < ¢p(wr(z,y)).

Also suppose that the following assertions hold:
(i) there exist xo € C(M) and x1 € Txo such that a(xg, 1) > 1,

(i1) if {xn} be an O—sequence in X, such that a(xy, Tpy1) > 1 for alln € N with
Ty — T as n — 0o, then

a(tn,z) > 1 and z, lx
hold for all n € N.

Then T has a fized point.
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Proof. As in the proof of theorem 2.1 we deduce an O*-sequence {z,} starting at
zo is w—Cauchy and so w—converges to a point z € X,,. Then from (ii) we have

a(zp,z) > 1 and z, Lz
So from (2.9) we have
O\(Txp-1,T2) < Y(wr(xn-1,2))
for all n € N. Taking limit as n — oo in the above inequalities we get

lim Q)(Tzp-1,Tz) =0.

n—00

Now as in the proof of theorem 2.1 we get z € Tz. O

Example 2.1. let X = {1,2,3} and define modular metric w on X be defined by

0 T =1y,

L yex\ (@

4A 7y b
wi(z,y) =wr(y,z) = ¢ 1

o Ly eX\ {8}

S ayex\ {1}

) Y .

Suppose T2 = {1} and Tz = {3} for z # 2, a(z,y) = 1 and z Ly if and only if z < y. Let
¥(t) = £. For zLy, we consider to the following cases:

e Let x =1 and y = 2, then,

ON(T1,T2) = wy(1,3) = ﬁ — p(wn(1,2)).

e Let x =1 and y = 3, then,
QA (T1,T3) = wr(3,3) =0 < 9(wa(1,3)).

e Let x =2 and y = 3, then,

< 2 = p(wa(2,3)).

Q)\(T27T3) IW)\(LB) = 16

PP

Therefore all conditions of theorem 2.2 holds and 7" has a fixed point.

Example 2.2. Let X = R, M = [0,00) and wx(z,y) = 3|z — y|. Define T : M —
CB(M) by
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and o : M x M — [0, 4+00) by
3 =zyelo1]
alz,y) = 0 otherwise

It is easy to check that T is an a.-admissible. Let ¥ (t) = % forallt > 0and xlyif z < y.
Let z Ly and a(z,y) > 1. Then z,y € [0,1] and 0 < z < y < 1. Then we write

Tr T

L2 L) = eae,) < e y) = Yl n)

Al =3\

If {:cn} C X is a sequence such that a(zn, Zn+1) > 1 and o, < Tp41 for all n € N with
Tn — T as m — +00, then = € [0,1] and z, < z for all n > 0. That is a(xn,z) > 1 and
znLx. Hence all conditions of theorem 2.2 holds and T has a fixed point. Let z = 0 and
y = 1. So for usual metric d(z,y) = |z — y| we have

(0, 1)H(T0,T1) = g > 1=d(0,1) > $(d(0,1)).

Therefore theorem 2.1 of [3] can not be applied for this example.

If in theorem we take a(x,y) = 1, then we obtain the following corollary.

Corollary 2.1. Let X, be a modular metric space such that w satisfies As— condition.
Let (M, 1) be a nonempty w — O*-complete subset of X,. Let T : M — CB(M) be
an 1L **—preserving multifunction. Assume that for ¢ € U,

Ly = Ox\(Tx,Ty) < ¢ (wir(z,y)).

Then T has a fized point.

Corollary 2.2. Let X, be a modular metric space such that w satisfies As— condition.
Let M be a nonempty w-complete subset of X,,. Let T : M — CB(M) be an ou-
admissible multifunction. Assume that for ¢ € W,

(2.9) a(z,y) > 1= Qx\(Tz,Ty) < ¢(wir(z,y)).
Also suppose that the following assertions hold:

(i) there exist o € M and x1 € Txo such that a(xg,x1) > 1,

(i1) if {xn} be a sequence in M such that oy, Tpt1) > 1 for all n € N with
Tpn = x €M asn — oo, then a(x,,x) > 1 hold for all n € N.

Then T has a fixed point.

Proof. Define a binary relation L € M x M by zLly if (z,y) € M x M. Then
xly for all z,y € M. That is (M,L) is an O*—set and C(M) = M. Clearly
(x,y) € M x M and (u,v) € M x M for all z,y € M and all u € Tz and v € T'y.
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That is zly and ulw for all z,y € M and all w € Tx and v € Ty. Then T is a
L **—preserving multifunction. From (i) there exist zg € M = C(M) and z1 € Tz
such that a(xg,z1) > 1. Assume that {x,} be an O*—sequence in M such that
(T, Tnt1) > 1 for all n € N with z,, - x € M as n — oco. Thus from (ii) we
have a(x,,x) > 1 for all n € N. Also clearly (z,,2z) € M x M for all n € N. Now
if v Ly and a(x,y) > 1 then (z,y) € M x M and a(z,y) > 1 and so from (2.9) we
get Qx\(Tz,Ty) < z/J(w,\(:v, y)) Hence all conditions of theorem 2.2 hold and T has
a fixed point. O

If in corollary we take a(z,y) =1 then we obtain the following result.

Corollary 2.3. Let X, be a modular metric space such that w satisfies Ay— condition.
Let M be a nonempty w-complete subset of X,,. Let T : M — CB(M) be a multi-
function. Assume that for ¢ € U,

Q)\ (T.’II, Ty) < 1#(0%\ ((E, y)) :
holds for all x,y € M. Then T has a fixed point.

If in the above corollary we take ¢ (t) = rt where r € [0,1) then we deduce the
following result.

Corollary 2.4. Let X, be a modular metric space such that w satisfies Ay— condition.
Let M be a nonempty w-complete subset of X,,. Let T : M — CB(M) be a multi-
function. Assume that for r € [0,1),

Q)\(T‘Tu Ty) < ’I“LU)\(:I:, y)
holds for all x,y € M. Then T has a fixed point.

The following corollary is Theorem 2.1 of Asl et al. [3] in the setting of modular
metric spaces.

Corollary 2.5. Let X, be a modular metric space such that w satisfies As— condition.
Let M be a nonempty w-complete subset of X,. Let T : M — CB(M) be an -
admissible multifunction. Assume that for ¢ € ¥

(2.10) a(a,y) (T, Ty) < ¥(wa(z.y))
holds for all x,y € M. Also suppose that the following assertions hold:
(i) there exist xg € M and x1 € Tz such that a(xg,x1) > 1,

(ii) if {xn} be a sequence in M such that o(xy,zpy1) > 1 for all n € N with
Tpn = x €M asn — oo then a(x,,x) > 1 hold for all n € N.

Then T has a fized point.

Proof. Let oz, y) > 1. Then from (2.10) we get Qx(Tz,Ty) < 1 (wx(z,y)). Hence
all conditions of corollary 2. hold and T has a fixed point. O
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3. Some Results in Modular Metric spaces endowed with a graph

As in [11], let (X,,,w) be a modular metric space and A denotes the diagonal of the
cartesian product of X x X. Consider a directed graph G such that the set V(G)
of its vertices coincides with X and the set E(G) of its edges contains all loops,
that is E(G) 2 A. We assume that G has no parallel edges, so we can identify G
with the pair (V(G), E(G)). Moreover we may treat G as a weighted graph (see
[12], p. 309) by assigning to each edge the distance between its vertices. If z and y
are vertices in a graph G then a path in G from « to y of length N (N € N) is a
sequence {z;}¥, of N +1 vertices such that xo = z, x = y and (z;-1, ;) € E(G)
fori=1,...,N.

Definition 3.1. [11] Let (X, d) be a metric space endowed with a graph G. We
say that a self-mapping T : X — X is a Banach G-contraction or simply a G-
contraction if T" preserves the edges of G, that is

forallz,y € X, (x,y) € BE(G) = (Tz,Ty) € E(G)
and T decreases the weights of the edges of G in the following way:

Ja € (0,1) such that for all z,y € X, (z,y) € E(G) = d(Tz,Ty) < ad(z,y).

Definition 3.2. [11] A mapping T': X — X is called G-continuous if given x € X
and sequence {z, }

xn = xasn — 0o and (zp,2Zn41) € E(G)for alln € N imply Ta,, — Tx.

In this section we assert some | —1)—contraction multifunction type fixed point
results in O* —modular metric spaces endowed with a graph G which can be deduced
easily from our presented theorems.

Theorem 3.1. Let X, be a modular metric space endowed with a graph G such
that w satisfies Ag—condition. Let (M, L) be a nonempty w — O*-complete subset
of Xo. Let T : M — CB(M) be a L**—preserving multifunction. Assume that for
Yev,

rly
(3-1) { (:C,y) c E(G) = Q)\(Tx,Ty) < 1/)(WA(Iay))-
Also suppose that the following assertions hold:

(i) there exist xg € C(M) and x1 € Txo such that (zg,z1) € E(G),
(i) if (z,y) € E(G), then (u,v) € E(G) for allu € Tx and v € Ty,
(ii) T is L**— continuous.

Then T has a fized point.
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2, if (z,y) € E(G)
0, otherwise '
First we show that T is an a,-admissible multifunction. Let a(x,y) > 1, then
(x,y) € E(G). From (ii) we have (u,v) € E(G) for all u € Tx and v € Ty.
Then a.(Tx,Ty) = inf{a(u,v) : uw € Te, v € Ty} =2 > 1. Thus T is an a,-
admissible multifunction. From (i) there exist g € C(M) and z1 € Tz such that
(x0,21) € E(G). That is a(xg, 1) > 1. Assume that zLly and a(z,y) > 1. Thus
zly and (z,y) € E(G). Hence from (4.1) we have 0\ (Tz,Ty) < ¥ (wr(z,y)).
Therefore all conditions of theorem 2.1 hold and T has a fixed point. O

Proof. Define o : X, x X, — [0,400) by a(z,y) = {

Theorem 3.2. Let X, be a modular metric space endowed with a graph G such
that w satisfies Aa—condition. Let (M, 1) be a nonempty w — O*-complete subset
of Xo. Let T : M — CB(M) be an L**—preserving multifunction. Assume that for
Yev,

{ ?j nep@ = WTnTy<v(oy).

Also suppose that the following assertions hold:

(i) there exist xg € C(M) and x1 € Txo such that (zg,z1) € E(G),
(i) if (z,y) € E(G), then (u,v) € E(G) for allu € Tx and v € Ty,

(iti) if {xn} be an O—sequence in X, such that (zn,xn+1) € E(G) for alln € N
with ©, — x as n — oo, then

(n,z) € E(G) and x, Lz
hold for all n € N.

Then T has a fixed point.

Proof. Define the mapping « : X, X X, = [0,400) as in the proof of theorem 3.1.
Let {x,} be a O*—sequence in M such that a(z,,z,+1) > 1 for all n € NU {0}
and z, — x as n — co. Then (z,, zp41) € E(G) for all n € NU {0}. From (iii) we
get (zn,x) € E(G) and z, Lz. That is a(z,,z) > 1 and z, Lz for all n € NU {0}.
Similar to the proof of theorem 3.1 we can prove that other conditions of theorem
2.2 are satisfied. Therefore all conditions of theorem 2.2 hold and T has a fixed
point. O

4. Some Results in Modular Metric spaces endowed with a partial
order

The existence of fixed points in partially ordered sets has been considered in [18].
Let X, be a nonempty set. If X, be a modular metric space and (X,,, <) be a
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partially ordered set then X, is called a partially ordered modular metric space.
Two elements z,y € X, are called comparable if x <y or y < x holds.

In this section we will show that some | — 1)—contraction multifunction type
fixed point results in O* —modular metric spaces endowed with a partial order =<
can be deduced easily from our presented theorems.

Theorem 4.1. Let X, be a modular metric space endowed with a partial order
= such that w satisfies Ag—condition. Let (M, L) be a nonempty w — O*-complete
subset of X,,. Let T : M — CB(M) be an L**—preserving multifunction. Assume
that for ¢y € U,

(4.1) { ij_jyy = W\(Tz,Ty) < ¥(wa(z,y)).

Also suppose that the following assertions hold:

(i) there exist xy € C(M) and x1 € Txg such that xg < z1,
(i1) if © <y, then u < v for allu € Tx and v € Ty,
(ii) T is L**— continuous.

Then T has a fized point.

2, ifz=<y
0, otherwise
1 then < y. From (ii) we have v < v for all w € Tz and v € Ty. Then
o (Tx, Ty) = inf{a(u,v) : w€ Tz, ve Ty} =22>1. Thus T is an a,-admissible
multifunction. From (i) there exists g € C(M) and z1 € T'zp such that xy < z;.
That is a(xg,z1) > 1. Assume that 1y and a(z,y) > 1. Thus zLly and z < y.
Hence from (4.1) we have Qx(Tz,Ty) < v (wa(z,y)). Therefore all conditions of
Theorem 2.1 hold and T has a fixed point. O

Proof. Define o : X, x X, — [0, 400) by a(x,y) = { . Let a(z,y) >

Theorem 4.2. Let X, be a modular metric space endowed with a partial order
=< such that w satisfies Ao—condition. Let (M, L) be a nonempty w — O*-complete
subset of X,,. Let T : M — CB(M) be an L**—preserving multifunction. Assume
that for ¥ € U,

xly
{29, —ornmy < vl
Also suppose that the following assertions hold:

(i) there exist xo € C(M) and x1 € Txg such that xg < 21,

(i1) if © <y, then u < v for allu € Tx and v € Ty,
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(iii) if {xn} be an O—sequence in X, such that x, < xp41 for all n € N with
T, — T as n — oo, then
Ty 2 x and T, Ll

hold for all n € N.
Then T has a fized point.

Proof. Define the mapping « : X, X X, = [0,400) as in the proof of theorem 3.1.
Let {x,} be a O*—sequence in M such that a(z,,z,+1) > 1 for all n € NU {0}
and z, — x as n — oo. Then z, =X z,41 for all n € NU {0}. From (iii) we get
Zn 3 and x, Lx. That is a(z,,z) > 1 and z, Lz for all n € NU {0}. Similar
to the proof of theorem 3.1 we can prove that other conditions of theorem 2.2 are
satisfied. Therefore all conditions of Theorem 2.2 hold and T has a fixed point. O

5. Some Integral type contractions
Let @ denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying the following
properties:

e every ¢ € ® is a Lebesgue integrable function on each compact subset of
[07 +OO)7

e for any ¢ € ® and any € > 0, [; ¢(7)dr > 0.

Following arguments similar to those in Theorem 2.1 and 2.2, we can prove the
following theorems.

Theorem 5.1. Let X, be a modular metric space such that w satisfies Ay — condition.
Let (M, L) be a nonempty w — O*-complete subset of X,. Let T : M — CB(M) be

an a-admissible and L**—preserving multifunction. Assume that for ¢ € U,
zly /QA(Tvay) /wx(zﬁy)
== T)dr < T)dT).
{a(m,y)Zl 0 ¢(7) —1/’(0 ¢()dr)
Also suppose that the following assertion holds:
(1) there exist xo € C(M) and x1 € Txo such that a(zg, 1) > 1,
(i) T is L**—continuous.

Then T has a fixed point.

Theorem 5.2. Let X, be a modular metric space such that w satisfies Ao — condition.
Let (M, L) be a nonempty w — O*-complete subset of X,. Let T : M — CB(M) be
an au-admissible and L**—preserving multifunction. Assume that for ¢ € ¥,

zly Qx (T, Ty) wx(z,y)
= T)dr < T)dT).
(v, = srar <o [ o(ryin)
Also suppose that the following assertions hold:
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(i) there exist xo € C(M) and x1 € Txg such that a(xg, 1) > 1,

(i) if {xn} be an O—sequence in X, such that a(xy, Tny1) > 1 for alln € N with
T, — T as n — oo, then

a(tn,z) > 1 and z, lx
hold for all n € N.
Then T has a fized point.

As consequences of the above theorems we can deduce the following results in the
setting of O* —modular metric space endowed with a graph G or a partial order <.

Theorem 5.3. Let X, be a modular metric space endowed with graph G such that
w satisfies Ag—condition. Let (M, L) be a nonempty w— O*-complete subset of X,,.
LetT : M — CB(M) be an L**—preserving multifunction. Assume that for ¢y € U,

zly (T, Ty) wx(z,y)
{0 epe = [ emar<u( [ o).
Also suppose that the following assertions hold:

(1) there exist xo € C(M) and x1 € Txg such that (zo,z1) € E(G),
(i1) if (z,y) € E(G), then (u,v) € E(G) for alluw € Tz and v € Ty,
(i) T is L**— continuous.

Then T has a fized point.

Theorem 5.4. Let X,, be a modular metric space endowed with graph G such that
w satisfies Ag— condition. Let (M, 1) be a nonempty w — O*-complete subset of X,,,.
LetT : M — CB(M) be an L**—preserving multifunction. Assume that for ¢y € U,

r Q\(Tz,Ty) wa (z,y)
{emere = oryir <u( [ olran)

Also suppose that the following assertions hold:
(i) there exist xg € C(M) and x1 € Txo such that (zg,z1) € E(G),
(i) if (z,y) € E(G), then (u,v) € E(G) for allu € Tx and v € Ty,

(iii) if {xn} be an O—sequence in X, such that (z,,2n11) € E(GQ) for alln € N
with x, — x as n — oo, then

(Zn,x) € E(G) and zp Lz

hold for all n € N.
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Then T has a fixed point.

Theorem 5.5. Let X, be a modular metric space endowed with a partial order
=< such that w satisfies Ao—condition. Let (M, L) be a nonempty w — O*-complete
subset of X,,. Let T : M — CB(M) be an L**—preserving multifunction. Assume
that for ¥ € U,

Qx (T, Ty) wx(z,y)
{ vly /0 o(r)dr < /0 o(r)dr).

Ty
Also suppose that the following assertions hold:
(i) there exist xy € C(M) and x1 € Txg such that xg < z1,
(i1) if © <y, then u < v for allu € Tx and v € Ty,
(iii) T is L**—continuous.

Then T has a fized point.

Theorem 5.6. Let X, be a modular metric space endowed with a partial order
=< such that w satisfies Ag—condition. Let (M, L) be a nonempty w — O*-complete
subset of X,,. Let T : M — CB(M) be an L**—preserving multifunction. Assume
that for ¢y € U,

Qx (T, Ty) wx(z,y)
{ vly /0 o(r)dr < o /0 $(r)dr).

r=2y
Also suppose that the following assertions hold:
(i) there exist xg € C(M) and x1 € Txg such that xg < 21,
(ii) if v <y, then u < v for allu € Tx and v € Ty,

(iii) if {xn} be an O—sequence in X, such that x, =< Tp41 for all n € N with
T, — T as n — oo, then

Ty, 2 x and T, 1l

hold for all n € N.

Then T has a fixed point.
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