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1. Introduction

The study of differential geometry of the tangent bundle is a very fruitful do-
main of differential geometry because the theory provides many new problems in
modern differential geometry. The study of differential geometry of the tangent
bundle started promptly in 1960s by Davis, Sasaki, Yano and Davis, Tachibana and
many others. Yano and Ishihara have studied vertical, complete and horizontal lifts
of tensors and connection. The first author studied lifts of a hypersurface with con-
nections to tangent bundles and a Kdhler manifold in 2014 [7] and 2016 [8]. Also,
different structures on tanent bundles have been studied by several authors such as
Das and the first author (2005) [4], Tekkoyun(2006) [6], the first author(2017) [15]
and many others.

I. Sato [17] introduced the notion of almost contact structure on differential
geometry. An almost paracontact Riemannian manifold and an almost product
Riemannian manifold were studied by Adati [19] while the almost r-contact struc-
ture was introduced by Vanzura [10]. In [13], Motsumoto initiated the study of
Lorentzian paracontact manifolds. The Lorentzian almost r-paracontact structure
in the tangent bundle was studied by Khan and Jun [14].

The paper is organized as follows: In Section 2, we recall some basic definitions
of vertical, complete and horizontal lifts and the Lie derivative. Section 3 deals
with Tachibana and Vishnevskii operators associated with the Lorentzian almost
r-para-contact structure in the tangent bundle.
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2. Preliminaries

Let M be an n-dimensional differentiable manifold and let T'(M) = U ¢ s T(M)
be its tangent bundle. Then T(M) is also a differentiable manifold [1]. Let

X = 3" 2%(5) and n = 37 n'dz’ be the expressions in local coordinates

for the vector field X and the 1-form 7 in M. Let (2%, 4") be local coordinates of
point in 7'(M) induced naturally from the coordinate chart U(z*) in M.

2.1. Vertical lifts

If f is a function in M, we write fV for the function in T'(M) obtained by
forming the composition of 7 : T(M) — M and f: M — R, so that

(2.1) fV = for
Thus, if a point per~1(U) has induced the coordinates (z",y") then
(2.2) FY@0) = ¥ (2,y) = for(p) = f(p) = f(2)

Thus the value of fV(p) is constant along each fibre T),(M) and equal to the
value f(p). We call fV the vertical lift of the function f . Vertical lifts to a unique
algebraic isomorphism of the tensor algebra 7(M) into the tensor algebra 7(T(M))
with respect to constant coefficients by the conditions

(2.3) (P2Q)Y =P 2Q",(P+R)Y =PV +RY

P,Q and R being arbitrary elements of 7(M) [3].

Furthermore, the vertical lifts of tensor fields obey the general properties [1, 2]:

(a) f9)V =19V, (f+9)V =V +4g"
(b) X+ =XV 4+YV (fX)V =YXV, XV =0,[XV,YV]=0
(c) (f)V =V V' (XV)=0,XV(YV) =0,

Vi, geTo(M), XY € 1t (M), ¢ € 71 (M).

2.2. Complete lifts

If f is a function in M, we write f¢ for the function in 7' (M) defined by

¢ = i(df)
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and call f¢ the complete lift of the function f. The complete lift f€ of a function
f has the local expression

fC=y'of=of
with respect to the induced coordinates in T'(M), where 0 f denotes 3%0; f.
Suppose that X € 74 (M). We define a vector field X¢ in T'(M) by

X =xne

f being an arbitrary function in M and call X¢ the complete lift of X in T'(M).
The complete lift X¢ of X with components z* in M has components

h
C . z
x| o |
with respect to the induced coordinates in T'(M).
Suppose that 7 € 7¢(M) Then a 1-form 7 in T'(M) defined by

19 (X9) = (X))

X being an arbitrary vector field in M. We call ¢ the complete lift of 7.

The complete lifts to a unique algebra isomorphism of the tensor algebra 7(M)
into the tensor algebra 7(T(M)) with respect to constant coefficients, is given by
the conditions

PoQ)=P°2Q"+P"2Q% (P+R)“=P°+R®

P,@Q and R being arbitrary elements of 7(M).

Moreover, the complete lifts of tensor fields obey the general properties [1, 2J:

) (fX)C =XV +fVXC = (X)), XY =(XN)V, XV O =(X[)",
) PV XC = (¢X)V, 07XV = (6X)V, (X)) = ¢“ XC;

(c) ' X9 = (X)) XV = (n(X))V
) XV,YC] = [X,Y]C,1C = I,IVIC = XV,[XC, Y] = [X,Y]®

Vi, g€eTd(M), XY € 1t (M), ¢ € 71 (M).
2.3. Horizontal lifts

Let (z",y") be a local coordinate system in an open set 7~ *(U) C T(M) where
U is an arbitrary coordinate neighborhood in M. Suppose that a tensor field S in
M by

. 9 B 4
S = Sl;,;“”‘.T D @5 ® dz' @ da* @ ......® da?
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and a tensor field 7, in 7= (U) by

o8 = (X505

.....

; 0 0 .
o L Qlyenens h k
’}/S = (y Sl,k ) X ...... X _8yh Rdr® ® ...... ® dz’.

The tensor fields v, S and S defined in each 7=1(U) determine respectively
global tensor fields in T'(M).

Let V be an affine connection in M. If f is a function in M then the gradient
of f dented by Vf in M.

Apply the operation v to vf and get v(Vf).

Put
Vo f=9V).
The horizontal lift f# of f € 7(M) to the tangent bundle T'(M) by
(2.4) (= 10—V, f

Let X € 73 (M). Then the horizontal lift X of X defined by
(2.5) X*=x%-v, X

in T(M), where
VX =7(VX)

The horizontal lift X of X has the components
h
x
20 |
with respect to the induced coordinates in T'(M), where I' = yiT';.

Suppose that n € 70(M). Then the 1-form ¢ in T'(M) defined by the horizontal
lift S of the tensor field S of an arbitrary type in M to T(M) is defined by

(2.7) SH =8¢ _-v,S
for all P,Q € 7(M). We have

VV(P(X)Q) = (VWP)@)QV +PV ® (VVQ)

(2.8) (Po@)"=PileQ"V+P ot



Some Notes Concerning Tachibana and Vishnevskii Operators 551

In addition, the horizontal lifts of tensor fields obey the general properties [1, 2]:

)  XHfV = (Xf)V,FVXH = (FX)V, FCXH = (FX)H 4 (V,F)XH
(b) nV (XH) = (XN, n%(XH) = ((X))€ = y(no (VX),;
(c) (X)) =" (V,X),n" (XH) =0

Vf,ge (M), X,Y € 1g(M),ner(M),F et (M)

LetX be a vector field in an n-dimensional differentiable manifold M. The dif-
ferential transformation Ly is called the Lie derivative with respect to X if

(a)  Lxf=XfVferdM)
(b) LyY = [X,Y].

The Lie derivative Lx F' of a tensor field F' of type (1, 1) with respect to a vector
field X is defined by [1]

(2.9) (LxF) = [X, FY] - FIX,Y]
where [,] is the Lie bracket.

Let M be an n-dimensional differentiable manifold. Differential transformation
of algebra T'(M) defined by

(2.10) D=Vx:T(M)—T(M),X €1y(M),

is called covariant derivation with respect to a vector field X if

(a) Vixigvt = fVxt+gVyt,
(b) VXfZXf,Vf,geTg(M),VX,YET&(M),VtET(M).

and a transformation defined by
(2.11) V75 (M) x 19 (M) — 75 (M)
is called affine connection [1].

Proposition 2.1. For any X,Y € 73(M)[1]

(a) XV, YH] = [X, Y]V = (VxY)" = —(VxY)”
(b) (XY™ = [X, V|7 —y(LxY),
(c) (XH YV]=[X,Y]V + (VyX)Y,
(d) (XCYH) = [X, V)7 —yR(X,Y)
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where V is an affine connection in M defined by
VxY = VyX + [X,Y]

and R denotes the curvature tensor of the affine connection V.

Proposition 2.2. For any X,Y € 1}(M), f € 10(M) and V* is the horizontal
lift of the affine connection V to T(M) [1]

(a) VE YV =0,
(b) Vi, Yy =0,
(c) VI YV = (VxY)Y,
(d) VEYH = (VxY)H.

3. Tachibana and Vishnevskii operators associated with the
Lorentzian almost r-para-contact structure in the tangent bundle

Let M be a differentiable manifold of C* class and T'(M) denotes the tangent
bundle of M. Suppose that there are a tensor field ¢ of type (1, 1), a vector field
&p and a 1-form n,,p=1,2,...... r satisfying [5, 6, 11]

(a) ¢ =1~ 22:1 Ep @
(b) Pp =0
(c) npo¢p=20

(3.1) (d) Mp(§q) = Opq

where p = 1,2, ...... r and 0pq denote the Kronecker delta. Thus the manifold M
satisfying conditions (3.1) will be said to possess a Lorentzian almost r-para-contact
structure [13, 14].

Let us suppose that the base space M admits the Lorentzian almost r-para-
contact structure. Then there exists a tensor field ¢ of type (1, 1), 7(C°°) vector
fields &1, &2, . .. &, and r(C®°) 1-forms 71, 12, . . . 7, such that equation (3.1) are sat-
isfied. Taking the complete lifts of the equation (3.1) we obtain the following;:

(@72 =1+, {& onl —¢fon)}
oY = 0,67E5 = 0
ny ot =0,n 0¥ =0,nf 0" =0,n) 0¢V =0

my (&) =y (&) = 0, (&) =my (&) =1

(a
(b
(c

)
)
)
(3.2)  (d)
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Let us define the element J of JJT(M) by
(3.3) T=o"+3 (& en —glen)
p=1
then in the view of the equation (3.2), it is easily shown that
jQXV :XV j2XH :XH

which means that .J is an almost product structure in T (M) [3, 14]. Now in view
of the equation (3.3), we have

(@)  JXH=(@X)" + 3 {(np(X)VeE)}
(3.4) (b) XV =(6X)V =3 {(np(X))V el

for all X € 73(M).

3.1. Tachibana Operator

Let ¢ € 74 (M) and 7(M) = >.°°_,75(M) be a tensor algebra over R. A map

r,s=0 "1

@4 |rts>0 is called the Tachibana operator or ®4 operator on M if [9]

(a) Oy is linear with respect to constant coef ficient ,
(b) Py 7(M) = 7 (M) for all v and s
(c) Py(K@° L) = (P4K)® L+ K @ ®yL for all K,L € 7*(M),
(d) OyxY = —(Ly¢)X forallX,Y € 73 (M)
where Ly is Lie derivation with respect to 'Y,
(e) (Pgn)Y = (d(ryn(®X) — (d(7y (0 ®)X +1((Ly ¢)X)
(3.5) = (X (7yn))(®X) — X(7x7m) + n((Ly ¢)X)

for all n € V(M) and X,Y € 73, where 1y = n(X) =7 ®° Y, 75(M) the module
of the pure tensor field of type (r,s) on M with respect to the affinor field ¢.

Theorem 3.1. For the Tachibana operator on M, Lx the operator Lie derivation
with respect to X, J € 74 (T(M)) defined by J = ¢ + Z;:1 (SX ®n - 7751)
and n(Y) =0, we have
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(a) Oy X = —((Vxo)Y)Y + 300 (Vxmp) V)V
()  Ppu X = —((Lxd)Y)T +yR(X,0Y) = Y0 (Lxnp)Y)VEY — JyR(X,Y)
(c) By XV =0
(d) iyu XY = —((Lxd)Y)V + (Vxd)Y)V + 3 (Lxnp)Y) L
(3.6) — 3 (Vxmp)Y)Vel

where X,Y € 18(M), a tensor field ¢ € 11 (M), a vector field & and a 1-form
n € (M).

()@ 5y X = —~(Lxn )YV = —~(LxnJYV — JLxuY"), since LxY = [X,Y]

= -[x",JYV] + <¢H+Z§V®np £5®nf)>[XH,YV]

p=1

—[XT (oY) T+ " ([X, Y]V + (VxY)Y +Zn,, (X, Y]+ (Vy X)V)g)

p=1

—an X, Y)Y + (Vy X))l

T

= [ (V) I(Ver ) + o™ (Y] + (VX)) + )y (X, Y]V

p=1
+H(VyX)")g) - Zn Y]V + (VyX))g!

T

= —((Vx9)Y)" = (6VxY)" = (Lxmp)Y)V & + Z((vxnpmvff

p=1 p=1

= mp(LxY))Vel

p=1
as U(LXY) —(Lxnp)Y
VX(b +Z vX"7;D VfH

(3.7)

D) syu X7 = ~(Lxu)YH = ~(LyxnJYH" — JLxuYH™) since LxY =[X,Y]
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T
—[x", JyH) + <¢H +Y (G en - nf)) X7,y H
p=1

= — (X" ()] + "X YT 4 ) (X Y HG =N T (X Y e
p=1 p=1
since[ X7, YH] = [X,Y]H —yR(X,Y),

T

—(Lxo)YV) " +R(X, 9Y) = ¢"R(X,Y)) = Y _((Lxmp)Y)VE)

p=1
- Z (Y YR(X,Y)E) + Z Y R(X,Y)E])
(3.8) = —((LxO)V)" +4R(X,0Y) = > ((Lxmp)Y)V&) — JyR(X,Y).
p=1

)iy XV = —(Lyv )YV = —(LyxvJYV — JLyvY"V) since LxY =
JY

- XV, YV +JxV, YY), xV, YV] 0
=[xV +> (¢ @) -l @nl) YY)
p=1

as (np(Y)gp)H =0
(3.9) =[xV, ()] + Y XY, (p(V)€) "] =0
p=1

()@5yu XY = —(Lxv )Y = —~Lxv JY? 4 JLxvYH), since LxY =[X,Y]

—[XV,JYyH] + (qu +Z (& @ny —§f®nf)> XV, vH

=—[X,9Y]" + (VxoY)" + " (X, Y]V = (VxY)V +Zn,, (X, V]V = (VxY)V)e)

p=1
—an (X, Y]V — (VxY)V)el

since  npLxY = Lxn,(Y) — (Lan)Y, anXY Vxnp(Y)— (Vxnp)Y

T

= —((Lx9)Y)" + (Vxo)Y +Z (Lxmp)Y)VE! = (Vxmp)Y)V e

p=1

(3.10)
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Corollary 3.1. IfweputY =&, i.e. nf({f) = 77;/(5;/) =0, nf(ﬁg) = 77;/(55) =
1, then we have

(a) ey X =300 (L, X) = yR(X,6p) — (Vx9)¥ — (Vxmp)&) &)

(b) Qe X = (Vx&)Y = (Lxd)&)™ + 9" vR(X, &) = 30 (Lxmp)ép)V &y
=y Y R(X, &)Y + 3 Y R(X, &€

(c) ey XV = (Ve)p XV

(d) Cren XYV = —((Lxd)&)" + X1 (Lxp)&p)V & = 32,1 (Vxmp)&p) V&,

3.2. Vishnevskii Operator

Let V be a linear connection and ¢ be a tensor field of type (1,1) on M. If the
condition (d) of the Tachibana operator is replaced by

(3.11) (D) WyxY =VyxY — ¢VxY

for any X,Y € 73(M). A map U, : 7*(M) — 7(M), which satisfies conditions
(a), (b), (¢), (e) of the Tachibana operator and the condition (D), is called the
Vishnevskii operator on M[9, 11].

Theorem 3.2. For U, the Vishnevskii operator on M and V* the horizontal lift
of an affine connection V in M to T(M),J € 71 (T(M)) defined by (3.3), we have

(a) Ui Y = =300 (p(X)Ve)pY
(b) UienYV =((Vy)X)" = (Lxd)X)V + 30, (1, Vy X)VEH
— Y Ly X)V &

(c) Vv YV == 3 (i (X)))VERYY
(d) VieaY = ((Vyo) X)) — (Lxo)X)" =30 (0, Vy X)VEY
(3.12) +3 Ly X)VEY

where X,Y € 18(M), a tensor field ¢ € 11 (T(M)), vector fields &, and a 1-form
np €T, p=1...7.

Proof.

()W v Y = V?XV

_ H H H 1% 174 H H H H
= Vs (eVeny —enan))xvy <¢’ +y (G on -g eon, )) VxvY
p=1

yH v, yH
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= V(qbX)VfZ’" ( )VUfYH CLSV%VYH =0

=— Z X))V (Ve, V) angbX)VYH =0

(3.13) =- Z 1p(X)Ve,Y)

)W syn YV =VE  YH - JVi, vV

_ H \% H \% 1% H H H \%
= Vi(onrsy (e ony-eran))xn T <¢ +Zl (& on —& on, )) VY
=Vl Y =" (VxY) +> p=1f (VxY) ]!

= (VyoX)V +[6X, Y]V = " (Vy X)" + [X,Y]V) + Zn,, (VyX)V + [X,Y]V)e)!

(3.14)  =((Vy®)X)" = (Ly$)X)" + > Vv X)Ve = Ly X)Vel!

p=1 p=1

(@OUjvYY =VE YV - JVE YV

_ H 1% H 1% 1% H H H 1%
= Viomisy_, (evony —etanu))xvy ~ <¢> +Z_:(€p ©ny —& o )) Vi Y

Viex)v Z (X)) )Ve VY

(3.15) == p=1"(X NWIVEYY  asV{ixw Y =0.

e e v A D

VooV ¢H o H H yH
B V@HJrZZ:l(EX®77X*E£’®77£'))XHYH B ((bH T Z (& @ny =& ®m, )) VY

= Vioxyn V" = 6" (VxV)" Z% (Va¥)"g)

=1
— (FyX) 4 BX. YT - o7 (Vy X)XV 3 (Fy )P 4 X, Y]l

T T

(3.16) = ((Vy®)X)" = (Lyd)X)" = > Vv X)" &) = > (mpLy X)V¢)

p=1 p=1
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Corollary 3.2. If we putY =& i.e. 7]{,{(551) = nX({X) =0, nf({X) = nX(ff) =1, then we
have

(a)

(

b

(c

(

d

)
)
)

¥ ey YH = —(Ve)pYH

‘I’jgglyv = _¢H(vap)V + (oLy &)Y + 22:1(7719(@)/&))‘/55 - 22:1(T7P(LYEP)V)€£I

Viey YV = =(Ve, V)V

\I/jngH = ((Vy®)ep) + (BIY. &])™ + 20 1 (Vymp)€p)V &Y — 01 (Lymp)ép)V &y

10.

11.

12.
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