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ON A GENERALIZATION OF CATALAN POLYNOMIALS

Mouloud Goubi

Abstract. In this paper, we define and study the generalized class of Catalan’s polyno-
mials. Thereafter we connect them to the class of Humbert’s polynomials and re-found
the Humbert recurrence relation [5]. This idea helps us to define a new class of gener-
alized Humbert’s polynomials different from those given by H. W. Gould [4] and P. N.
Shrivastava [9]. Finally, we establish an explicit formula for a special class of general-
ized Catalan’s polynomials and get two useful combinatorial identities.
Keywords: Catalan’s polynomials, Gegenbauer’s polynomials,Humbert’s polynomials,
generating functions.

1. Introduction

We recall that the Catalan numbers Cn are defined for any positive integer n by

Cn =
1

n+ 1

(

2n

n

)

and their generating function is

C (u) =
1−

√
1− 4u

2u
=

∑

n≥0

Cnu
n, |u| < 1

4
.

It is useful here to remember the proof. Writing C (u) = 1
2u

(

1−
√
1− 4u

)

. Using
the fact that for |u| < 1 and α ∈ R;

(1 + u)α = 1 +
∑

n≥1

[α

n

]

un, where
[α

n

]

=
α (α− 1) (α− 2) ... (α− (n− 1))

n!
.

We deduce that

C (u) =
1

2u

∑

n≥1

[ 1
2

n

]

(−4u)
n−1
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then

C (u) =
∑

n≥0

[ 1
2

n

]

(−1)n 22n+1un

=
∑

n≥0

1

n+ 1

(

2n

n

)

un

For positive integers a, b ≥ 1, the function Ca,b
n (u) = 1−

√
1−au
bu generates num-

bers Ca,b
n of the form Ca,b

n = an+1

22n+1bCn and C4,2
n = Cn. The idea is to remark that

Ca,b
n (u) = a

2bC
(

au
4

)

. Furthermore Ca,b (u) =
∑

n≥0
an+1

22n+1bCnu
n.

The class {Pn (x)}n≥0 of Catalan’s polynomials [6] is defined by the following
linear recurrence relation

(1.1) Pn+2 (x) = Pn+1 (x)− xPn (x) , n ≥ 2

and the starting values P0 (x) = P1 (x) = 1. The closed form of Pn (x) [6] is

(1.2) Pn (x) =

(

1 +
√
1− 4x

)n+1 −
(

1−
√
1− 4x

)n+1

2n+1
√
1− 4x

and the bivariate generating function is

(1.3) f (x, t) =
1

1− t+ xt2
=

∑

n≥0

Pn (x) t
n

To get the proof, just write

xf (x, t) =
∑

n≥0

[Pn+1 (x)− Pn+2 (x)] t
n

and

xf (x, t) =
1

t
(f (x, t)− 1)− 1

t2
(f (x, t)− 1− t)

hence
(

xt2 − t+ 1
)

f (t) = 1.

It is well-known that the (n+ 1)
th

Catalan’s polynomial Pn (x) is written under
the following binomial expression

(1.4) Pn (x) =

⌊n
2 ⌋

∑

k=0

(

n− k

k

)

(−x)
k
,

where ⌊x⌋ is the integer part of x.
Explicitly we get

P2n (x) =

n
∑

k=0

(

2n− k

k

)

(−x)
k
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and

P2n+1 (x) =

n
∑

k=0

(

2n+ 1− k

k

)

(−x)
k
.

Furthermore, P2n (x) and P2n+1 (x) have the same degree and only the first coeffi-
cient corresponding to degree zero is 1.
A new proof of this identity is given in Section 3. using Gegenbauer’s polynomials
[2] and generalized Catalan’s polynomials properties.

2. Generalized class of Catalan’s polynomials

Definition 2.1. The generalized class of Catalan’s polynomials
{

Pλ,A
n,m (x)

}

n≥0
is

given by the following generating function

(2.1) fm,λ,A (x, t) =
1 +A (x) t

(1−mt+ xtm)λ
=

∑

n≥0

Pλ,A
n,m (x) tn,

where A (x) is any polynomial of Z[x]. With starting values

Pλ,A
0,m (x) = 1 and Pλ,A

1,m (x) = A (x) + λm.

To simplify notations let us denote

Pλ,0
n,m (x) = Pλ

n,m (x) and P1,0
n,2 (x) = Pn (x) .

From the generating function fm,λ,A (x, t) we deduce that

(2.2) Pλ,A
n,m (x) = Pλ

n,m (x) +A (x)Pλ
n−1,m (x)

This family generalizes Catalan’s polynomials. Using the definition (2.1) we get

f2,1,0 (x, t) =
1

(1− 2t+ xt2)
=

∑

n≥0

Pn (x) t
n

and

f2,1,0

(

x,
t

2

)

=
1

(

1− t+ x
4 t

2
) = f

(x

4
, t
)

then
2−nPn (x) = Pn

(x

4

)

or
Pn (4x) = 2nPn (x)

The generalized Catalan’s polynomials are related to several polynomial types as
Gegenbauer, Humbert-type polynomials. This connection is the subject of Section 3.

The recurrence relation satisfied by the class
{

Pλ,A
n,m (x)

}

n≥0
according to the

positive integers n and m is established in the following theorem



166 M. Goubi

Theorem 2.1. If 2 ≤ n < m− 1

(n+ 1)Pλ,A
n+1,m (x) = (λ+ n− 2)mA (x)Pλ,A

n−1,m (x)−[(n− 1)A (x)−mn− λm]Pλ,A
n,m (x) ,

if n ≥ m

(n+ 1)Pλ,A
n+1,m (x) = (1− λm− n+m)xA (x)Pλ,A

n−m,m (x) + (n+ λ− 2)mA (x)Pλ,A
n−1,m (x)

+ (m− n− λm− 1)xPλ,A
n−m+1,m (x) + [λm− (n− 1)A (x) +mn]Pλ,A

n,m (x)(2.3)

and for m ≥ 2

(2.4)

mPλ,A
m,m (x) = (λ+m− 3)mA (x)Pλ,A

m−2,m (x)

+
[

λm+m2 −m− (n− 2)A (x)
]

Pλ,A
m−1,m (x)− λmx

As a consequence of Theorem 2.1 we get the following corollary.

Corollary 2.1. If 2 ≤ n < m− 1

(2.5) (n+ 1)Pλ
n+1,m (x) = m (λ+ n)Pλ

n,m (x) ,

if n ≥ m

(n+ 1)Pλ
n+1,m (x)−m (n+ λ)Pλ

n,m (x) + (n−m+ 1 + λm)xPλ
n−m+1,m (x) = 0

and for m ≥ 2,

(2.6) (λ+m− 1)Pλ
m−1,m (x)− Pλ

m,m (x) = λx

Proof. The relations (2.5), (2.6) and (2.6) of Corollary 2.1 are immediate from the
equalities (2.3), (2.3) and (2.4) of Theorem 2.1 by considering A (x) = 0.

2.1. Proof of Theorem 2.1

fm,λ,A (x, t) =
1 +A (x) t

(1−mt+ xtm)
λ
=

∑

n≥0

Pλ,A
n,m (x) tn

Let
dfm,λ,A(x,t)

dt = f ′
m,λ,A (x, t) then

f ′
m,λ,A (x, t) =

∑

n≥1

nPλ,A
n,m (x) tn−1 =

∑

n≥0

(n+ 1)Pλ,A
n+1,m (x) tn.

and

(1 +A (x) t) (1−mt+ xtm) f ′
m,λ,A (x, t) = A (x) (1−mt+ xtm) fm,λ,A (x, t)

− λm
(

xtm−1 − 1
)

(1 +A (x) t) fm,λ,A (x, t)
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Taking

∆ = (1− λm) xA (x) tm − λmxtm−1 + (λ− 1)mA (x) t+A (x) + λm

then

∆fm,λ,A (x, t) = (1− λm) xA (x)
∑

n≥m

Pλ,A
n−m,m (x) tn − λmx

∑

n≥m−1

Pλ,A
n−m+1,m (x) tn

+ (λ− 1)mA (x)
∑

n≥1

Pλ,A
n−1,m (x) tn + (A (x) + λm)

∑

n≥0

Pλ,A
n,m (x) tn

and taking

σ = (1 +A (x) t) (1−mt+ xtm) = 1+(A (x)−m) t−mA (x) t2+xtm+xA (x) tm+1

then

σf ′
m,λ,A (x, t) =

∑

n≥0

(n+ 1)Pλ,A
n+1,m (x) tn + (A (x)−m)

∑

n≥1

nPλ,A
n,m (x) tn

+ x
∑

n≥m

(n−m+ 1)Pλ,A
n−m+1,m (x) tn −mA (x)

∑

n≥1

(n− 1)Pλ,A
n−1,m (x) tn

+ xA (x)
∑

n≥m

(n−m)Pλ,A
n−m,m (x) tn.

Writing the equality
σf ′

m,λ,A (x, t) = ∆fm,λ,A (x, t)

in expansion series form and comparing the coefficients of tn we get the result.

3. Generalized class of Humbert’s polynomials

The class of Gegenbauer’s polynomials [1, 2]
{

Gλ
n (x)

}

n≥0
is defined by the

following generating function

(3.1) Gλ (x, t) =
1

(1− 2xt+ t2)
λ
=

∑

n≥0

Gλ
n (x) t

n

The corresponding recurrence relation is

(3.2) nGλ
n (x) = 2x (n+ λ− 1)Gλ

n−1 (x)− (n+ 2λ− 2)Gλ
n−2 (x) , n ≥ 2

with starting values Gλ
0 (x) = 1 and Gλ

1 (x) = 2λx. Their explicit form is

(3.3) Gλ
n (x) =

⌊n
2 ⌋

∑

k=0

(−1)
k (λ)n−k

k! (n− 2k)!
(2x)

n−2k
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where

(λ)n = λ (λ+ 1) ... (λ+ n− 1) =
Γ (λ+ n)

Γ (λ)
.

and Γ is a gamma function.

Gegenbauer’s polynomials are a particular case of Humbert’s polynomials
{

Πλ
n,m (x)

}

n≥0

were defined in 1921 by Humbert [5]. Their generating function is

(3.4)
1

(1−mxt+ tm)
λ
=

∑

n≥0

Πλ
n,m (x) tn

Here we define a new generalization of Humbert’s polynomials in a way similar to
that for Catalan’s polynomials different from the class given by H. W. Gould [4]:

(C −mxt+ ytm)p =
∑

n≥0

Pn (m,x, y, p, C) tn

and the generalization defined by P. N. Shrivastava [9]:

(

C − axt+ bxltm
)−v

=
∑

n≥0

P (l)
n (m,x, a, v, b) tn.

Definition 3.1. The generalized Humbert’s polynomials of type Πλ,A
n,m (x) are given

in means of the function.

hm,λ,A (x, t) =
1 +A (x) t

(1−mxt+ tm)
λ
=

∑

n≥0

Πλ,A
n,m (x) tn.

Then the generalized Gegenbauer’s polynomials are defined in means of the gener-
ating function

1 +A (x) t

(1− 2xt+ t2)
λ
=

∑

n≥0

Gλ
n,A (x) tn.

It is obvious that the polynomial Πλ,A
n,m (x) is related to Humbert’s polynomial

Πλ
n,m (x) by the relation

(3.5) Πλ,A
n,m (x) = Πλ

n,m (x) +A (x)Πλ
n−1,m (x)

and are identical for A (x) = 0.

Let A (x) and B (x) be two polynomials not forcedly of same degree. Some
elementary arithmetic properties of those polynomials are:

(3.6) Πλ,A
n,m (x) + Πλ,−A

n,m (x) = 2Πλ
n,m (x) ,

Πλ,A
n,m (x) −Πλ,B

n,m (x) = [A (x)−B (x)] Πλ
n−1,m (x)(3.7)
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and

(3.8) Πλ,A+B
n,m (x) = Πλ,A

n,m (x) + Πλ,B
n,m (x)−Πλ

n,m (x) .

The recurrence relation of Πλ,A
n,m (x) in means of Pλ,A

n,m (x), Pλ
n,m (x) and Πλ

n,m (x)
is stated in the following theorem.

Theorem 3.1.

(3.9) Pλ
n−1,m (x)

[

Πλ,A
n,m (x)−Πλ

n,m (x)
]

= Πλ
n−1,m (x)

[

Pλ,A
n,m (x) − Pλ

n,m (x)
]

.

This theorem is true for every polynomial A (x) and all positive integers m,n ≥ 2.
At x = 1, Πλ,A

n,m (1) is identical to Pλ,A
n,m (1). The proof of Theorem 3.1 needs the

following technical lemma

Lemma 3.1.

(3.10) x− n
mPλ,A

n,m (x) = Πλ
n,m

(

x−1/m
)

+ x−1/mA (x)Πλ
n−1,m

(

x−1/m
)

and for A (x) = 0,

(3.11) Πλ
n,m

(

x−1/m
)

= x− n
mPλ

n,m (x)

Remark 3.1. Taking into account the property (3.11), the relation (3.10) is a reformu-
lation of the equality (2.2) in terms of Humbert’s polynomials.

Proof. Writing fm,λ,A (x, t) under the following form

fm,λ,A (x, t) =
1

(1−mt+ xtm)
λ
+

A (x) t

(1−mt+ xtm)
λ
.

Then

fm,λ,A (x, t) =
1

(

1−mx−1/m
(

x1/mt
)

+
(

x1/mt
)m)λ

+
A (x) t

(

1−mx−1/m
(

x1/mt
)

+
(

x1/mt
)m)λ

and

fm,λ,A (x, t) =
∑

n≥0

Πλ
n,m

(

x−1/m
)

xn/mtn +A (x)
∑

n≥0

Πλ
n,m

(

x−1/m
)

xn/mtn+1.

Thus
∑

n≥1

Pλ,A
n,m (x) tn =

∑

n≥1

Πλ
n,m

(

x−1/m
)

xn/mtn+A (x)
∑

n≥1

Πλ
n−1,m

(

x−1/m
)

xn−1/mtn.

Furthermore

Pλ,A
n,m (x) = Πλ

n,m

(

x−1/m
)

xn/m +A (x)Πλ
n−1,m

(

x−1/m
)

xn−1/m.
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Finally

x− n
mPλ,A

n,m (x) = Πλ
n,m

(

x−1/m
)

+ x−1/mA (x) Πλ
n−1,m

(

x−1/m
)

.

When A (x) = 0 the result (3.11) is deduced.

From the expression (3.11) Lemma 3.1 we deduce that

G1
n

(

x−1/2
)

= Π1
n,2

(

x−1/2
)

= x− n
2 Pn (x)

and Catalan’s polynomials Pn (x) are joined to Gegenbauer’s polynomials G1
n (x)

by the following useful relation

Pn

(x

4

)

= 2−nx
n
2 G1

n

(

x−1/2
)

Each relation leads to
Pn (x) = x

n
2 G1

n

(

(4x)−1/2
)

Taking into account the expression (3.3) of the polynomial Gλ
n (x) and remarking

that (1)n−k = Γ (n− k + 1) = (n− k)! we deduce that

x
n
2 G1

n

(

(4x)
−1/2

)

=

⌊n
2 ⌋

∑

k=0

(−1)
k (n− k)!

k! (n− 2k)!
xk

Since
(n− k)!

k! (n− 2k)!
=

(

n− k

k

)

the binomial sum representation (1.4) of Pn (x) is deduced.

Combining the results in Corollary 2.1 and Lemma 3.1 we get the Humbert
recurrence relation [5, 7, 8, 3].

Corollary 3.1. If 2 ≤ n < m− 1

(3.12) (n+ 1)Πλ
n+1,m (x) = m (λ+ n)xΠλ

n,m (x) ,

If n ≥ m
(3.13)
(n+ 1)Πλ

n+1,m (x)−mx (n+ λ)Πλ
n,m (x) + (n−m+ 1 + λm) Πλ

n−m+1,m (x) = 0

and

(3.14) (λ+m− 1)xΠλ
m−1,m (x)−Πλ

m,m (x) = λ

The author is thankful to Professor G. V. Milovanović for the information that there
is a misprint for the recurrence relation of Πλ

n,m (x) in the works [3], [5] and [7].

The proper one is in the relation 8 [8] rewritten for polynomials Πλ
n,m (2x/m).
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Proof. Substituting the value of Pλ
n,m (x) token from the expression (3.11), Lemma 3.1

in the recurrence formulae (2.5), (2.6) and (2.6) Corollary 2.1, we deduce the recur-
rence relations (3.12), (3.13) and (3.14) of Πλ

n,m (x) .

For m = 2, all the formulae (3.12), (3.13) and (3.14) are reduced to one formula be-
cause n is only greater than 1 for m = 2. This formula is the well-known recurrence
relation [7] of Gegenbauer’s polynomials.

(n+ 1)Gλ
n+1 (x)− 2x (n+ λ)Gλ

n (x) + (n− 1 + 2λ)Gλ
n−1 (x) = 0 , n ≥ 1

3.1. Proof of Theorem 3.1

The relation 3.10 states that

A (x) =
x− n

mPλ,A
n,m (x)−Πλ

n,m

(

x−1/m
)

x−1/mΠλ
n−1,m

(

x−1/m
)

Substitute this value in the equality (3.5) we get

Πλ,A
n,m (x) = Πλ

n,m (x) +
x− n

mPλ,A
n,m (x)−Πλ

n,m

(

x−1/m
)

x−1/mΠλ
n−1,m

(

x−1/m
) Πλ

n−1,m (x) .

Using the relation Πλ
n,m

(

x−1/m
)

= x− n
mPλ

n,m (x) the result (3.9) of Theorem 3.1
holds.

4. Special class of generalized Catalan’s polynomials

In this section we study the special class Mn (x) of generalized Catalan’s poly-
nomials defined by the generating function

g (x, t) =
1 + (1− x) t

1− xt+ t2
=

∑

n≥0

Mn (x) t
n

and starting values M0 (x) = M1 (x) = 1.

The polynomials Mn (x) are an interesting example of generalized Gegenbauer’s
polynomials. It is enough to note that

g (2x, t) =
∑

n≥0

G1
n,A (x) tn with A (x) = 1− 2x

and then M (2x) = G1
n,A (x) .

Proposition 4.1. The generalized Catalan’s polynomials Mn (x) depend on Cata-

lan’s polynomials. More precisely, we get the following expression

(4.1) Mn (x) = xnPn

(

x−2
)

+ xn−1 (1− x)Pn−1

(

x−2
)

We note that for x = 1 only Mn (1) = Pn (1) for any positive integer n.
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4.1. Proof of the Proposition 4.1

Since

f2,0,1 (x, t) =
1

1− 2t+ xt2

then

f2,0,1

(

x,
t

2x

)

=
1

1− 2x−1/2
(

x−1/2t
2

)

+
(

x−1/2t
2

)2

and
(

1 +

(

1

2
− x−1/2

)

x−1/2t

)

f2,0,1

(

x,
t

2x

)

= g

(

2x−1/2,
x−1/2t

2

)

.

Replacing the variable x−1/2 by x we get

(

1 +

(

1

2
− x

)

xt

)

f2,0,1

(

1/x2,
x2

2
t

)

= g

(

2x,
xt

2

)

Thus

∑

n≥0

Mn (2x) 2
−nxntn =

(

1 +

(

1

2
− x

)

xt

)

∑

n≥0

Pn

(

x−2
)

2−nx2ntn

and

∑

n≥0

Mn (2x) 2
−nxntn=

∑

n≥0

Pn

(

x−2
)

2−nx2ntn+

(

1

2
−x

)

x
∑

n≥1

Pn−1

(

x−2
)

2−n+1x2n−2tn

After getting the series expansion and comparing the coefficients of tn by using
the relationship between Pn (x) and Pn (x) we conclude that

Mn (2x) = (2x)n
(

Pn

(

x−2

4

)

− Pn−1

(

x−2

4

))

+ (2x)n−1 Pn−1

(

x−2

4

)

Replacing 2x by x we get

Mn (x) = xn
[

Pn

(

x−2
)

− Pn−1

(

x−2
)]

+ xn−1Pn−1

(

x−2
)

and the result 4.1 follows.

4.2. Explicit form of the class {Mn)}n≥0 and application to

combinatorics

Applying the formula 4.1 Proposition 4.1 and the recurrence formula 1.1 to
Pn

(

x−2
)

, we easily found the following recurrence formula of the class {Mn (x)}n≥0.

Mn+2 (x) = xMn+1 (x) −Mn (x)(4.2)
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Table 4.1: First few polynomials

n Mn(x)
0 1
1 1
2 x− 1
3 x2 − x− 1
4 x3 − x2 − 2x+ 1
5 x4 − x3 − 3x2 + 2x+ 1
6 x5 − x4 − 4x3 + 3x2 + 3x− 1

In means of this relation the first few polynomials are given in the table 4.1.

Their binomial sum expression is given in the following lemma

Lemma 4.1.

(4.3) M2n (x) =

n−1
∑

k=0

(−1)
n−k

(

n+ k − 1

n− k − 1

)

x2k −
n−1
∑

k=0

(−1)
n−k

(

n+ k

n− k − 1

)

x2k+1

(4.4) M2n+1 (x) =
n
∑

k=0

(−1)n−k

(

n+ k

n− k

)

x2k +
n−1
∑

k=0

(−1)n−k

(

n+ k

n− k − 1

)

x2k+1.

Proof. From the formula (4.1) and the expression (1.4) of Pn (x) we deduce that

Pn

(

x−2
)

=

⌊n
2 ⌋

∑

k=0

(−1)k
(

n− k

k

)

x−2k,

and

Mn (x) =

⌊n−1

2 ⌋
∑

k=0

(

n− 1− k

k

)

(−1)
k
xn−1−2k

+

⌊n
2 ⌋

∑

k=0

(

n− k

k

)

(−1)
k
xn−2k −

⌊n−1

2 ⌋
∑

k=0

(

n− 1− k

k

)

(−1)
k
xn−2k

After simplification, following the parity of n we get the results (4.3) and (4.4) of
Lemma 4.1.

The coincidence Mn (1) = Pn (1), the explicit formula of Mn (x) found in (4.3)
of Lemma 4.1 and the binomial form of Pn (x) include the following two useful
combinatorial identities.
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Proposition 4.2.

(4.5)

n−1
∑

k=0

(−1)k
(

n2 + 3k2 + 2k
) (n+ k − 1)!

(n− k)! (2k + 1)!
= (−1)n+1

(4.6)

⌊n
2 ⌋

∑

j=k

(

n+ 1

2j + 1

)(

j

k

)

= 2n−2k

(

n− k

k

)

4.2.1. Proof of Proposition 4.2

The expression 4.3 Lemma 4.1 of the polynomial M2n (x) conducts to

M2n (1) =

n−1
∑

k=0

(−1)
n−k

((

n+ k − 1

n− k − 1

)

−
(

n+ k

n− k − 1

))

Then

M2n (1) = − (−1)
n

n−1
∑

k=0

(−1)
k

(

n+ k − 1

n− k − 2

)

But P2n (1) can be written in this form

P2n (1) = 1 + (−1)n
n−1
∑

k=0

(−1)k
(

n+ k

n− k

)

.

Since M2n (1) = P2n (1) then

1 = (−1)n+1
n−1
∑

k=0

(−1)k
((

n+ k − 1

n− k − 2

)

+

(

n+ k

n− k

))

.

Using the relation
(

n+ k

n− k

)

=
(2k + 1) (n+ k)

(n− k) (n− k − 1)

(

n+ k − 1

n− k − 2

)

and the fact that
(

n+ k − 1

n− k − 2

)

+

(

n+ k

n− k

)

=
(

n2 + 3k2 + 2k
) (n+ k − 1)!

(n− k)! (2k + 1)!

the result (4.5) of Proposition 4.2 holds.

For the second identity let us denote f (x) =
√
1− 4x, then from the closed form

(1.2) we deduce that

f (x)Pn (x) =
1

2n+1

[

(1 + f (x))
n+1 − (1− f (x))

n+1
]

.
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Using the binomial formula we get

f (x)Pn (x) =
1

2n+1





n+1
∑

j=0

(

n+ 1

j

)

f j (x)−
n+1
∑

j=0

(

n+ 1

j

)

(−1)
j
f j (x)



 .

Then

f (x)Pn (x) =
1

2n+1

n+1
∑

j=0

(

1− (−1)j
)

(

n+ 1

j

)

f j (x) .

Furthermore

Pn (x) =
1

2n

⌊n
2 ⌋

∑

j=0

(

n+ 1

2j + 1

)

f2j (x)

and then

Pn (x) =
1

2n

⌊n
2 ⌋

∑

j=0

(

n+ 1

2j + 1

)

(1− 4x)
j
.

Using again the binomial formula for the power (1− 4x)
j
we obtain

Pn (x) =
1

2n

⌊n
2 ⌋

∑

j=0

j
∑

k=0

(

n+ 1

2j + 1

)(

j

k

)

(−4x)k .

hence

Pn (x) =

⌊n
2 ⌋

∑

k=0

1

2n−2k







⌊n
2 ⌋

∑

j=k

(

n+ 1

2j + 1

)(

j

k

)






(−x)k .

After After comparison with the binomial form (1.4) of Pn (x), the result (4.6) of
Proposition (4.2) holds.
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