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ON A GENERALIZATION OF CATALAN POLYNOMIALS

Mouloud Goubi

Abstract. In this paper, we define and study the generalized class of Catalan’s polyno-
mials. Thereafter we connect them to the class of Humbert’s polynomials and re-found
the Humbert recurrence relation [5]. This idea helps us to define a new class of gener-
alized Humbert’s polynomials different from those given by H. W. Gould [4] and P. N.
Shrivastava [9]. Finally, we establish an explicit formula for a special class of general-
ized Catalan’s polynomials and get two useful combinatorial identities.

Keywords: Catalan’s polynomials, Gegenbauer’s polynomials,Humbert’s polynomials,
generating functions.

1. Introduction
We recall that the Catalan numbers C,, are defined for any positive integer n by

C - 1 (2n>
n+1\n

and their generating function is

1
|u|<—

C(u)= 22 S o,

n>0

It is useful here to remember the proof. Writing C (u) = % (1 —V1- 4u) . Using
the fact that for |u| < 1 and a € R;

(1+u)a:1+z[:}un7 where m _ola-D(@=2)..(a=(n-1)

n!
n>1

We deduce that L

C(u) = % > m (—du)"

n>1
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then

Cw = % m (L1)r gty

1 2n\ .,
Zn—l—l(n)u

n>0

For positive integers a,b > 1, the function C®® (u) = 1=v1=au w generates num-
an+1

bers C2 of the form C4 = J4=r;C, and Cj? = C,,. The idea is to remark that

an+1

Cab (u) = £C (%), Furthermore Cyp (u) = > >0 32 Onu™
The class {P, (x)}, -, of Catalan’s polynomials [6] is defined by the following
linear recurrence relation
(1.1) P2 (2) = Poy1 () — 2P, (z) ,n>2
and the starting values Py (z) = P; (x) = 1. The closed form of P, (x) [6] is

(1+m)n+l_(1_m)n+l

(1.2) P, (z) = T

and the bivariate generating function is

(1.3) fat)=—— = P @)t

_ 2
1—t+at >0

To get the proof, just write
of (@,t) =Y [Paga (x) = Poya ()] 2"
n>0

and

(F ert) = 1) = 5 (f ) =1 =)

~ | —

xf (z,t) =

hence
(at? —t+1) f(t)=1.

It is well-known that the (n + 1)th Catalan’s polynomial P, () is written under
the following binomial expression

(14) P () = LZ ("3 F) ot

where |z is the integer part of x.

Explicitly we get
" /on—k
P =3 ()

k=0
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and

P (1) = Z": <2n +k1 - k) (=)

k=0
Furthermore, P, () and Pa,11 (x) have the same degree and only the first coeffi-
cient corresponding to degree zero is 1.
A new proof of this identity is given in Section 3. using Gegenbauer’s polynomials
[2] and generalized Catalan’s polynomials properties.

2. Generalized class of Catalan’s polynomials

Definition 2.1. The generalized class of Catalan’s polynomials {7)7){,’511 (:C)}n>0 is

given by the following generating function

1+ A(z)t A
2.1 na (@, 1) = ——— T = N pAA ()
(2.1) Fma (2,1) (1 — mt + ztm)* 7; e

where A (z) is any polynomial of Z[x]. With starting values
7’8‘7’,;3 () =1 and ’Pl’\);‘: (x) = A(x) + dm.
To simplify notations let us denote
P (#) = Pty (2) and Py (w) = Pr ()
From the generating function f,, x 4 (z,t) we deduce that
(2.2) P () = Pt () + A () Py ()
This family generalizes Catalan’s polynomials. Using the definition (2.1) we get

1

f210(z,t) = =2t 1202 = ZP" ()"
n>0

and . )
x
f2,1,0 (xu 5) = m =f (Z’t)
then .
9="P, (z) = P, (Z)
or

Pn (4x) = 2" P, (x)
The generalized Catalan’s polynomials are related to several polynomial types as

Gegenbauer, Humbert-type polynomials. This connection is the subject of Section 3.

The recurrence relation satisfied by the class {732:;2 (I)}n>0 according to the
positive integers n and m is established in the following theorem
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Theorem 2.1. If2<n<m-—1
(n+ )Py, () = A+ n = 2)mA(2) PR, (2)=[(n — 1) A(z) — mn — Am] Py (x).
ifn>m
(n+ )Py (@) = (L= Am —n+m) @A (@) Pyl o (@) + (04 A = 2)mA (2) Py, (2)
(23) 4 (m—n—dm—=1)aP 1 (@) + [m = (n— 1) A () + mn] Py, (x)

and for m > 2
(2.4)

mPye (2) = (A +m —3)mA (z) Py, (x)

m—2,m
+ [Am+m®—m—(n—2)A(z)] ’P,’,\l":‘l’m (x) — dmz
As a consequence of Theorem 2.1 we get the following corollary.
Corollary 2.1. If2<n<m-—1
(2.5) (n+ 1)73,’1\+1)m () =m (A +n) P,’)m (z),
ifn>m
(n+1) 732+1)m () —m(n+ ) Pﬁ)m () +(n—m+1+Am) a:P,?_m_H’m () =0
and for m > 2,
(2.6) A+m—=1)Pp_1 (@) = Py () = Az
Proof. The relations (2.5), (2.6) and (2.6) of Corollary 2.1 are immediate from the
equalities (2.3), (2.3) and (2.4) of Theorem 2.1 by considering A (z) =0. O

2.1. Proof of Theorem 2.1

14+ A(a)t aA
m x,t == ﬁ%ﬁn x) "
fmoa (@) (1 —mt + ztm)> nzz;) o

Let 7#7”“&?(%” = fruxa (2,1) then
Faaa(@,t) =Y 0Py @)™ =" (n+1) Py, (@) "
n>1 n>0
and
(I+A(x)t) (L =mt +at™) fr, s a(@,t) = A(x)(1—mt+at™) frura(z,t)

— Adm(zt™ " =1) (1+ A(2)t) frura (z,1)
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Taking
A=(1-xm)zA (@) t™ — Idmat™  + (A= 1)mA(z)t + A(z) + Im

then
Afm,)\,A (J,',t) = (1 - )‘m .’IIA Z 7)7)1\ Am m — Amx Z Pn m+1,m )
n>m n>m—1
+ A=DmA@) Y Py " (Ax) 4 Am) Y P ()"
n>1 n>0
and taking

=(1+A@)t)(1 —mt+at™) =1+(A(z) —m)t—mA (z) t* +xt™ +2A (z) t™ !

then
S (@t) = Y (n+ )P, (@) 1"+ (A) —m) Y P ()t
n>0 n>1
+ LL’Z n_m+1 nm+1m()n_mA(‘r)Z(n_l)tpv)z\)—Al,m
n>m n>1
+ 2A(2) Y (n=m)Ppl, () 1™
n>m

Writing the equality
o m)\A( ):Afm)\,A(xvt)

in expansion series form and comparing the coefficients of t” we get the result.

3. Generalized class of Humbert’s polynomials

The class of Gegenbauer’s polynomials [1, 2] {Gp (:C)}n>0 is defined by the
following generating function B

3.1 G :zr,t:— G (x
(31) 1) (1 — 2zt + 12)* ,;)

The corresponding recurrence relation is

(3.2) nGo\

n

() =22(n+X=1)G) , (x) —(n+2X=2)G} ,(z), n>2
with starting values G} (r) = 1 and G7 (x) = 2Az. Their explicit form is

E;
(3.3) Gh(z) =) (-1 #ﬁ}’}).
k=0

[E—

(2x)n72k
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where

T
AN, =AA+1)..(A+n-1)=
and I' is a gamma function.

Gegenbauer’s polynomials are a particular case of Humbert’s polynomials {Hﬁ)m (2) }n> 0
were defined in 1921 by Humbert [5] Their generating function is N

(3.4) =)

(1 — mat + tm)> "0

Here we define a new generalization of Humbert’s polynomials in a way similar to
that for Catalan’s polynomials different from the class given by H. W. Gould [4]:

(C — mat + yt™)P ZP (m,z,y,p,C)t"
n>0

and the generalization defined by P. N. Shrivastava [9]:

(C—axt—i—bxtm - ZP(”mxavb)

n>0

Definition 3.1. The generalized Humbert’s polynomials of type IT)', (z) are given
in means of the function.

1+ Az
hina (1) = —————— = "Iy
(1 — mat + tm)> "0

Then the generalized Gegenbauer’s polynomials are defined in means of the gener-

ating function
1+ Az
e Fae ) DL
(1 —2at + t2)* >0

It is obvious that the polynomial Hf;’ﬁ (x) is related to Humbert’s polynomial
IT)) ,,, (x) by the relation

(3-5) I () =10, (2) + A (@) Iy, (2)

and are identical for A (z) = 0.

Let A(z) and B (z) be two polynomials not forcedly of same degree. Some
elementary arithmetic properties of those polynomials are:

(3.6) I () + 1502 (2) = 2105 4, (2)

(3.7) Iy (2) =Ty (2) = [A(2) = B ()], (2)
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and

A _AA A, A
(38) Hn,m+B (.I) - Hn,m (.I) + Hn,ﬁ (.I) - Hn,m (I) .

The recurrence relation of II)# () in means of P (), Py, (x) and II)) ()
is stated in the following theorem.

Theorem 3.1.
(3.9)  Ph_i (@) [INn () =10, ()] =T, ,, (2) [P () = Py ()] -

This theorem is true for every polynomial A (z) and all positive integers m,n > 2.
At z = 1, II}4 (1) is identical to P)} (1). The proof of Theorem 3.1 needs the
following technical lemma

Lemma 3.1.

(3.10) 3:7%777)1‘7’,‘2 (x) = Hfhm (xil/m) + 2 V™A () HQ_Lm (afl/m)

and for A(z) =0,

(3.11) ., (afl/m) — 2w P, (x)

Remark 3.1. Taking into account the property (3.11), the relation (3.10) is a reformu-
lation of the equality (2.2) in terms of Humbert’s polynomials.

Proof. Writing fm .4 (z,t) under the following form

1 Ax)t
fmaa(z,t) = + .
(1) (1—mt+at™)> (1 —mt+atm)
Then
1 A(x)t
Jmaa(x,t) = ——+ (z) —
(1 — ma =1/ (x1/mt) + (xl/mt) ) (1 — mag—1/m (xl/mt) + (xl/mt) )
and
fmoaA (Lt) = an\hm (Ifl/m) L/ myn + A(x) an,m (Ifl/m) pn/myntl
n>0 n>0
Thus
S P @)t =Y I, (o7 ) @ A ) YOI, (2 @ e,
n>1 n>1 n>1
Furthermore

PAAG) = (s a7 A, (577) 2
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Finally

2 EPY @) =T, (27 e A @) T, (27
When A (x) = 0 the result (3.11) is deduced. O

From the expression (3.11) Lemma 3.1 we deduce that
Gl (17_1/2) = H}LQ (x_l/Q) =1 2P, (x)

and Catalan’s polynomials P, (z) are joined to Gegenbauer’s polynomials G} (z)
by the following useful relation

P, (%) = 27"x%G711 (xil/Q)
Each relation leads to
P, () =23 G} ((4&6)71/2)

Taking into account the expression (3.3) of the polynomial G (z) and remarking
that (1), _, =T (n—k+1) = (n—k)! we deduce that

[3]
G ((417)71/2) ~ N () k!(g:l—_/;)]i)!xk
k=0

the binomial sum representation (1.4) of P, (z) is deduced.

w3

Since

Combining the results in Corollary 2.1 and Lemma 3.1 we get the Humbert
recurrence relation [5, 7, 8, 3].

Corollary 3.1. If2<n<m-—1

(3.12) (n+ 1IN, (1) =m (A +n)al),, (),
Ifn>m
(3.13)
(n+ 1)1, (@) —ma(n+ NI, (@) + (n—m+14+Am)I) ., (2) =0
and
(3.14) A+m—1)aIly,_y,, (2) =1, (z) = A

The author is thankful to Professor G. V. Milovanovié for the information that there
is a misprint for the recurrence relation of II)) ,, () in the works [3], [5] and [7].
The proper one is in the relation 8 [8] rewritten for polynomials II)) ,, (2z/m).
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Proof. Substituting the value of P, ,, () token from the expression (3.11), Lemma 3.1
in the recurrence formulae (2.5), (2.6) and (2.6) Corollary 2.1, we deduce the recur-
rence relations (3.12), (3.13) and (3.14) of I}, ,,, (z). O

For m = 2, all the formulae (3.12), (3.13) and (3.14) are reduced to one formula be-
cause n is only greater than 1 for m = 2. This formula is the well-known recurrence
relation [7] of Gegenbauer’s polynomials.

(n+1) Gy (2) = 20 (n+ N) G (@) + (n— 1+ 20) G2, (2) =0 ,n > 1
3.1. Proof of Theorem 3.1
The relation 3.10 states that

a”m Poiy () =TI (271/)
Iil/mni\y,—l,m (xfl/m)

A(z) =

Substitute this value in the equality (3.5) we get

P EPAA (1) DL (o
71}m A 1 7$/m )H:\I—l,m (I)
T anl,m (x )

Iy (x) =11, (z) +

Using the relation IT} |, (z=/™) =2~ % P, () the result (3.9) of Theorem 3.1
holds.

4. Special class of generalized Catalan’s polynomials

In this section we study the special class M, (z) of generalized Catalan’s poly-
nomials defined by the generating function

1+ 1—a)t

2
1—xt+1t >0

and starting values My (z) = My (z) = 1.

The polynomials M, (x) are an interesting example of generalized Gegenbauer’s
polynomials. It is enough to note that

g(2x,t)=>_ G} 4 (2)t" with A(z) =1 -2z
n>0
and then M (2z) = G}, 4 (x).
Proposition 4.1. The generalized Catalan’s polynomials M, (z) depend on Cata-
lan’s polynomials. More precisely, we get the following expression

(4.1) M, (z) =2"P, (z72) + 2" ' (1 — ) Po—y (z77)

We note that for 2 = 1 only M, (1) = P, (1) for any positive integer n.
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4.1. Proof of the Proposition 4.1

Since )
Pt =5
then
J2,01 <$, %) = 752 o\ 2
() ()
and

1 t —1/2¢
T+ (= —a1/2) V2% feo1lx,— ) =g 21771/2, r ot .
2 ” 2x 2

Replacing the variable z=1/2 by z we get

1 x? xt
(1 (2e) ) s (1) = 22)
Thus

> M, (22)2 et = <1 + <% — a:> xt) > Po(z7?) 272

n>0 n>0
and
ZM" (2z) 27 "2"t" :an (x’z) 9 np2nyn | (% —:v) iCZPn—l (x—z) g—n+l,2n—24n
n>0 n>0 n>1

After getting the series expansion and comparing the coefficients of t” by using
the relationship between P, (z) and P, (z) we conclude that

M, (2z) = (22)" <Pn <xT2> — P, (ITQ>) +(22)" ' Py (ITQ>

Replacing 2z by x we get

M, (z) = 2" [Pn (wfz) — P, (:viQ)] +2" P, (:C72)
and the result 4.1 follows.

4.2. Explicit form of the class {M,)},>0 and application to
combinatorics

Applying the formula 4.1 Proposition 4.1 and the recurrence formula 1.1 to
P, (z~?), we easily found the following recurrence formula of the class { M, ()} o

(42) My () = Mypq (x) — My (2)
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Table 4.1: First few polynomials

1

1

rz—1
2?2 —x—1

23 —a? —2x+1
at— a2 =322+ 22+ 1
x® —zt — 423 + 322+ 32— 1

UL WD~ O3

In means of this relation the first few polynomials are given in the table 4.1.

Their binomial sum expression is given in the following lemma

Lemma 4.1.

n

s = (AT ) B (1)

0

el
Il

(4.4)  Mopsy (z) = Zn: (—1)" " (Z f Z) 2k 4 ni (—1)" " (n ﬁ;f 1) 221,

k=0 k=0
Proof. From the formula (4.1) and the expression (1.4) of P, (z) we deduce that
EIR
P = 3 - (M e

and

n—k k n—2k n—1-k k n—2k
+ <k>(—1)x —Z< N (-DF
k=0 k=0
After simplification, following the parity of n we get the results (4.3) and (4.4) of
Lemma 4.1.

O

The coincidence M, (1) = P, (1), the explicit formula of M, (z) found in (4.3)
of Lemma 4.1 and the binomial form of P, (x) include the following two useful
combinatorial identities.



174 M. Goubi

Proposition 4.2.

- 2 2 (n+k-1! n
“5) k;(_”k (" 43 +20) e = )
1%] :
n+1 I\ on_ok(n—k
@) > () ()= (")

4.2.1. Proof of Proposition 4.2

The expression 4.3 Lemma 4.1 of the polynomial My, (x) conducts to

- S () (18)

Then

Moy (1) = = (1" 3 -0 ()
k=0

But Py, (1) can be written in this form

n—1
P () =1+ (1" 3 (-1 ().

k=0

Since May, (1) = Pay, (1) then

e e (1) ()

Using the relation

(0 = e e i s)

and the fact that

nk—1\  [(n+k (n+k—1)!
(n—k—2>+(n—k) = (% 43K 4 28) e )

the result (4.5) of Proposition 4.2 holds.

For the second identity let us denote f (x) = +/1 — 4z, then from the closed form
(1.2) we deduce that
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Using the binomial formula we get

r@R =g S ()@ S () v p

i=o ~ 7 i=o ~ 7
Then | N
PP = gz 3 (1= 1) (") P .
=0
Furthermore
p 1 4] n+1Y .o
. @) Q—RJ_O(QJ.H)f @)
and then 5]
Pa)= L3 (5 0) 4=ty
2n =0 2j+1

-k SR e
hence
Ed 13] .
Pw=3 5in ) (5 ()] o

After After comparison with the binomial form (1.4) of P, (), the result (4.6) of
Proposition (4.2) holds.
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