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CROSS-MOMENTS COMPUTATION FOR STOCHASTIC
CONTEXT-FREE GRAMMARS *

Velimir M. Ili¢, Miroslav D. Cirié and Miomir S. Stankovié

Abstract. In this paper we consider the problem of efficient computation of cross-
moments of a vector random variable represented by a stochastic context-free gram-
mar. Two types of cross-moments are discussed. The sample space for the first one is
the set of all derivations of the context-free grammar, and the sample space for the
second one is the set of all derivations which generate a string belonging to the lan-
guage of the grammar. In the past, this problem was widely studied, but mainly for the
cross-moments of scalar variables and up to the second order. This paper presents new
algorithms for computing the cross-moments of an arbitrary order, while the previously
developed ones are derived as special cases.

Keywords: Cross-moments, stochastic context-free grammar, language of the gram-
mar.

1. Introduction

The cross-moments of random variables modeled with stochastic context-free gram-
mars (SCFG) are important quantities in the SCFG modeling [10] and statistics [1].
They are defined as expected value of the product of integer powers of the entries of
random vector variable, which can represent string or derivation length, the num-
ber of rule occurrences in a derivation or uncertainty associated with the occurring
rule. The expectation can be taken either with respect to the sample space of all
SCFG derivations or with respect to the sample space of all derivations which gen-
erate a string belonging to the language of the grammar. Throughout this paper,
the name cross-moments is usually used in the former case, while in the latter case
the term conditional cross-moments is used.

The computation of cross-moments may become demanding if the sample space
is large. In the past, this problem was widely studied, but mainly for the cross-
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moments of scalar variables (called simply moments) and up to the second or-
der. The first order moments computation, such as expected length of derivations
and expected string length, is given in [26]. The computation of SCFG entropy is
considered in [17]. The procedure for computing the moments of string and deriva-
tion length is given in [10], where the explicit formulas for the moments up to the
second order are derived. First order conditional cross-moments are considered in
[11], where the algorithm for conditional SCFG entropy is derived. A more general
algorithm for computing the conditional cross-moments of a vector variable of the
second order is derived in [16].

In this paper we give the recursive formulas for computing the cross-moments
and the conditional cross-moments of an arbitrary order, for a vector variable which
factorizes according to a certain rule which is satisfied in the case of string or deriva-
tion length, the number of rule occurrences in derivation or uncertainty associated
with the occurring rule. The formulas are derived by differentiation of the recursive
equations for the moment-generating function [22], which are obtained from the al-
gorithms for computing the partition function of a SCFG [18] for the cross-moments
and with the inside algorithm [15], [8] for the conditional cross-moments.

The paper is organized as follows. Section 2 introduces multi-index notation,
which is used throughout the paper, and reviews some preliminary notions about
generalized Leibniz’s formula, basic algebraic structures, and context free gram-
mars. In Section 3 we give the formal definition of SCFG cross-moments and derive
the recursive equations for cross-moments computation. The conditional cross mo-
ments are considered in Section 4.

2. Preliminaries

This section provides some basic definitions and theorems which are used in the
paper. We review the multiindex formulation of the Generalized Leibniz’s formula
[21], and basic notions from the theory of weighted context free grammars, according
to [18] and [19].

2.1. Multiindexes, Multinomial theorem and Generalized Leibniz’s
formula

Multi-indexes. A multi-index is defined as a tuple of nonnegative integers a =
(a1,...,aq) € Nd. We define its dimension as dim(a) = d and its length as the
sum |a] = a3 + a9 + -+ + @g. The multi-index factorial is a! = ay!---agq!. The
zero multi-index is 0 = (0, ..., 0).

If B=(B1,...,84) € N¢, we write B < v if 8; < o for i = 1,...,d. We write
B < a provided 3; < oy for ¢ = 1,...,d. The sum and difference of o and 3 are
defined to be a + 8 = (a1 + B1, ..., aq £ Ba)-

IfB,,..., By are multi-indexes and 8, +- - -+ 8y = a, we define the multinomial
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coefficients to be

< « > a!
/817"'7/8N _ﬁl'/@N'

For vectors z1,...,zy) € R? and a multi-index 8 = (B4, ...,84) € N4, the multi-
index power is defined to be
2P = zfl -~-z5d.
Multinomial theorem and Generalized Leibniz’s formula. With these
settings, the multinomial theorem [20] can be expressed as

(=)= % (4 " I

i=1 Bit+By=a
for a vector z = (21,...,24) € R? and a = (avy, ..., q) € Nd.
Let a = (a1,...,a4) and let C,, denote the set of all functions u : RY 5 R

having a-th partial derivative at zero. For a function u : R — R, we define the
partial derivative at zero of an order v as

ollu(ty,. .. tq)

D {u} = 9oty ... 0%ty

t=0

Note that D© {u} = u(t). According to the generalized Leibniz’s formula [21],
the following equality holds:

(2.1) DNFG}= > (a>D(ﬂ){F}.D(aﬁ){G}7
0<BL B

for all F,G € Cy. The derivative of the product of more than two functions can be
found according to [25]

(2.2) D(a){f[Fi}: Z (ﬁl,uciﬁN)ﬁ'D(ﬁi){Fi},

B1+ 4B, = i=1

forall F; € Cy; i=1,...,N.

Tuples of elements indexed with multi-indexes. The set of all multi-
indexes lower than or equal to v is denoted with A,,

Ay = {aeNg™ | a < v},

and |A,| denotes its cardinality.

For o = (a1,...,aq) and B = (B1,...,B4), we define the lexicographic order
relation <, so that a < 3 if

a1 = 617'- O = Bn and Ap+1 < Bn-{-l-
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Let v = (v1,...,v4) € N be a multi-index and ay, ... , @) 4, be multi-indexes
from A, such that 0 = a1 < az < -+ < au,| = V. Let z be a function which

associates a real number z(®) to each a; from A, , i.e. z is a vector from RIA
indexed by multindexes. We use the following notation for the vector z:

z=( 2(@) ) = (20 gl

v

2.2. Semirings

A monoid is a triple (K, ®,0), where @ is an associative binary operation on the
set K and 0 is the identity element for &, ie. a®0=0®a =a, for alla € K. A
monoid is commutative if the operation & is commutative.

Example 2.1. Let ¥ be a non-empty set. The free monoid ¥* = (X,-,¢) over X is a
monoid, where the carrier set ¥* = {a1...an |n € Ng, a; € £ (1 <4 < n)} is the set of all
strings over . and € is the (unique) empty string of length zero. The operation - denotes
the composition (concatenation) of strings defined by w1 - u2 = uiug for all ui,uz € ¥*.

A semiring is a tuple (K, @, ®,0,1) such that
1. (K, ®,0) is a commutative monoid with 0 as the identity element for @,

2. (K,®,1) is a monoid with 1 as the identity element for ®,

3. ® distributes over @, i.e. (a®b)®@c=(a®c)® (b®c) and c® (a®b) =
(c®a)®(c®D), for all a,b,cin K,

4. 0 is an annihilator for ®, i.e. a®0=0® a = 0, for every a in K.

A semiring is commutative if the operation ® is commutative. The operations @
and ® are called the addition and the multiplication in K. For a topology 7 we
define the topological semiring as a pair (K, T).

Example 2.2. If Cy denotes the set of all functions u : R? — R having the a-th partial
derivative at zero, 1 is identity function and 0 is zero function, then we can define a
semiring of a-continuous functions as (Cq, -, +,0,1).

2.3. Weighted and stochastic context-free grammars

By a weighted context-free grammar (WCFG) over a commutative semiring (K, +,- 1, O)
we mean a tuple G = (X,N, S, R, w), where

° X = {wl, e ,wm} is a finite set of terminals,

o N ={4,... ’A\NI} is a finite set of nonterminals disjoint with 3,

e S € N is called the start symbol (throughout the paper it is usually assumed
that S = Al),
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e R CN x (XUN)* is a finite set of rules. A rule (A,«) € R is commonly
written as A — «, where the nonterminal A is called the premise. The set of
all rules A; — B; j, Bi; € (N UX)* will be denoted by R;.

e w: R — K is the function called weight.

The left-most rewriting relation = associated with G is defined as the set of
triples (a,7,8) € (SUN)* x R x (S UN)*, for which there is a terminal string
u € ¥* and a nonterminal string § € (XUN)*, along with a nonterminal A € N and
a string v € (XUN)* such that a = uwAd, 8 = wyd, and 1 = A — ~ is a rule from R.
The left-most relation triple (a,w,ﬁ) will be denoted by a@ = . The left-most
derivation (hereinafter the derivation) in this grammar is a string 1, ..., 7, € R*
for which there are grammar symbols o, € ¥ UN such that we can derive 3
from « by applying the rewriting rules mi,...,mn: a = --- = (. The weight
function is extended to derivations such that w (my ---7n) = w(my) - - w(wy), for
allm -- -y € R*. A nonterminal A is productive if there exists a derivation 7y - - - 7y,
such that A Z ... Z8 u, u € ©*. A nonterminal A is accessible from a nonterminal
B if there exist derivations 7y - - - mj, such that B 2 - .. 25 nA¢ where 7, £ € (SUN)*
(if A is accessible from S, then it is simply accessible). A nonterminal A is useful if
it is accessible and productive (otherwise, it is useless). We say that a WCFG has
a cycle if there is a derivation 71, ..., 7T,, such that for a nonterminal A it holds
that A 2 ... 2 A, Otherwise, the WCFG is cycle-free.

A weighted context-free grammar G = (E,N ,Al,R,p) over the probability
semiring (R+,+, -0, 1) is called a stochastic context-free grammar (SCFQG) if the
weight p maps all rules to the real unit interval [0,1]. A SCFG is reduced if p(A —
) > 0 for all A — v € R and each nonterminal A, and all nonterminals are useful.
In this paper we consider only the reduced SCFGs. In addition, we assume that
the SCFG is proper, which means that the weight function p gives us a probability
distribution over the rules that we can apply, i.e. leil‘ p(AZ- — B; ;) =1 for all
1<i <N

For a stochastic context-free grammar G = (E,N ,A1, R, p) we define the sub-
grammar G; = (X,N;, A;, Ri, p;) with the start symbol A;, where A is the set
which consists of A; and nonterminals accessible from A; and R; C R is the set of
rules in which only nonterminals from N; appear as premises and p; is restriction
of p to R, such that p;(7) = p(m) for each 7 € R;. Note that if G is reduced, then
G; also has this property.

Let G = (E,N, Ay, R,p) be a stochastic context-free grammar and €2 the set of
all derivations in GG. The grammar G is consistent if

Z p(w) = 1.

e

Booth and Thompson [2] gave the consistency condition by the following theorem.
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Theorem 2.1. A reduced stochastic context-free grammar G is consistent if p(M) <
1, where p(M) is the absolute value of the largest eigenvalue of the expectation matriz
M= [M;,],1 <i,n<|N| defined by

IR

j=1

where r, (i, j) denotes the number of times the nonterminal A,, appears on the right-
hand side of the rule m = A; — B; ;.

Note that if G is reduced, then G; also has this property. In addition, the
expectation matrices M® of all subgrammars G; are the principal submatrices of
M, and according to [9] (Corollary 8.1.20), p(M®) < p(M). Thus, the conditions
from Theorem 2.1 are satisfied and G; are also consistent, i.e.

(2.4) Z p(m) =1,

wEeQ,;

for 1 < < [N, where Q; is the set of all derivations starting at A; € N.

3. Cross-moments computation of SCFG

In this section we first define cross-moments and the moment-generating function
of SCFG. After that, we provide formulas for the computation of cross moments up
to an arbitrary order. In the end, we retrieve, as special cases, the formulas for the
first and the second order moments, previously derived in [2] and [10].

3.1. Cross-moments and moment-generating function of SCFG
Let G = (E,N, Ay, R,p) be reduced and consistent SCFG, and X ; = [XM, e ,XLD}T'
Q; — RP be random variables distributed according to the p;, which are restrictions
of p to R; (pi(w) = p(m)), for 1 < i < [N|. The i-th cross-moment of an order

v =(v1,...,vp) of X, is defined with

(3.1) 1, = 3 plm) - Xoa(m)™ - Xip(m)e = Y p(w) Xi(m)”.
wEQ; weQ,;

In this paper we consider the random vectors X; : €; — R”, which can be
represented as the sum of random vectors Y : R — RP:

(32) Xi(7T1"-7TN)=Y(7T1)+"'+Y(7TN),

for all 1 ---7n € ;. This assumption may seem too restrictive, but it holds in
some important cases: (1) If X () represents derivation length starting from a
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nonterminal A;, then Y (m;) = 1; (2) if X (7r) is the length of a string derived from
a nonterminal A;, then Y (m;) equals the number of terminals on the right-hand
side of m;; (3) if X () represents the self-information of derivation & [11], then
Y (mi) = —log p(m).

Following the Proposition 6 from [4], it can be shown that the cross-moments
are bounded if the factorization (4.5) holds and, for all t = (t1,...,tp); |t:| < 1, we
have

> plm) (H"Xi(@)" < ) op(r) Xi(m)Y <C <0 =

e, e,

Z% p(m) (E7X () = 37 p(m)et Xitm,

k=0 LIS weQ,;

(3.3)

Accordingly, we can define the i-th moment-generating function (MGF), as the
function M, x, : RP — R, where

(3.4) Myx,(t) = Y p(m)et’ X:(m),
e,

for all t € RP, and the cross-moments can be retrieved from the MGF by differen-
tiating:

WM, x. (
(v) _ 8 qul() ’ _ _ . v
(3:5) Fpx: = Oty ... 0Pt lt=0 DV{MP’XI} o ﬂ;vp(ﬂ.) Xi(m)".
Note that
T
(36) u;?;l = DO{MpﬁXi} = ( Z p(ﬂ')et X(‘l\'))‘t_o = Z p(ﬂ') = 1
TeQ; - weQ;

The direct cross-moments computation by enumerating all derivations is ineffi-
cient, since it requires the O(|Q|) operations, and it even becomes infeasible when
) is an infinite set. On the other hand, if we can derive the expressions for efficient
computation of the moment-generating function (4.2), the moment can be retrieved
by differentiation.

3.2. Cross-moments computation of SCFG

For the grammar G = (E,N, Ay, R,p), we define the moment-generating grammar

G = (E,N , A1, R, w) endowed with a topology induced by supremum norm and
with the weight function taking values from the semiring of o continuous functions,
w : R — Cq, defined with

(3.7) w(m) = p(m)et Y@,
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forallm € R. A derivation s = 7y - - - in G with the weight p(7) = p(m1) - - - p(7n)
is also a derivation in G, for which the weight is given with

(3.8) w(mw) =w(m) wlry) = p(ﬂ'l)etTY(m) . ~p(7TN)etTY(”N) = p(ﬂ)etTX(”).

The i-th MGF can now be expressed as the weights sum of derivation in €2; as

(3.9) My x,(t) = > p(m)et X = 5™ ().

e e,

Thus, the i-th MGF represents the i-th partition function of grammar G and the
problem of MGF computation is reduced to the problem of the partition function
computation. By factoring out the first rewriting of each derivation in the sum,
using the distributive law, the partition function can be expressed with the system
[18]:

IRi| W]
(3.10) Myx, = w(d; — Bijy)- [ M7,
j=1 k=1

where 1 < ¢ < |N| and r(i,7) denotes the number of times the nonterminal Ay
appears on the right-hand side of the rule 4; — B; ;.

The cross-moments, ,ufoa))( = Da{Mp,Xl}, can be obtained by applying the

generalized Leibniz’s formula (2.1) to (3.10), which leads us to the following system:

IR IV
o T (%,
1) 4 =3 % ( p )paﬁ{w(/xi By} D [T M),
j=1p<a k=1

where
(3.12) Dap{w(A; — Bij)} = p(Ai = Bij) - Y (A — Bi))* ",

since w(mw) = p(w)etT'Y, for m € R. According to the generalized Leibniz’s rule
(2.2), we have

[N [N
ri (4,7 ﬁ T (4,

(3.13) Dﬁ{ I1 Mpggk”} = ¥ ( 1D, (M5

k=1 Yit YN =8 RASEES ’7‘N| k=1
and

i) T (4,5)
D’Yk{M;,k,XZ;CJ } :D'Yk{ H M, 7Xk}
=1

(3.14) e (3,5)

- Y () T

ey O (i
O1ttbry (1) =Tk »Ori(0.9) =1
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By substituting (3.14) and (3.13) in (3.11), we obtain:

IRl

(3.15) W%, = Qi j (e, B),
Jj=1B<x

where

(316) Qiyj(a,ﬁ) = < )p(Al _>Bi-,3) Y(Az - Bzg)a B

IV 7 (023

B Yk ) (61)
Z (’Yla---a’YM ) H Z (61,...,6”(1-)]-) H P, X -

VitV a =8 k=1814+8,, (i,j)=7k =1

To solve the system (3.15), we split it into two parts: one dependent and the other

not dependent on M;f‘;i:

IR
(317) ,LLpX —Zszaa +ZZQ1]

Jj=1pB<a
where
(3.18) Qij(e, @) = p(A; = Bi;j) - Wij(a)
and
(3.19)

o [NV 71 (4,3)
Wij(a) = ( ) ( ) ul%
! ’Y1+"'+Z’YNQ Yo YN I];[l 61+”'+(;k(i,j)_7k O1,... Tk(Z,]) H P

Further, if we set

(3.20)
IV i (8,5)

o= %y I S (0 5 e

k=181+ 48, (/)= O (i.g)
the expression for Wq (B; ;) can be rewritten as:

V]

(3.21) ” ZH 71,...,7|M)+ Z Hi,j('Ylu'--a'Y\N|)u

Y1t Y N =
ViV N <

where Hfz) (v1s- - "7WI) stands for H; j(vy,. .. ,'ywl) with v,, = a and all other
~-s equal zero, which, according to (3.20), is

(3.22)
(i) IV 7k D)
(n) _ a (5) (0)
H (71a---a7\./\f|)_ Z <51'” S s > H l H H'MPXJC'
81+ 48, (1,5 =0 ’ » Orn(isg) =1 k 1 =1
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Finally, after using of up Xk =1, we obtain

n (4,5)

(323)  H™ (71, vn) = > II uf}ﬁ ,
LI am(d)

S1t 40, (i j)= =1

which can be rewritten using the same procedure as

(3.24)

70 (1,5) T (i,3)

Hi(.,?)('ﬁv""'yl/\/\ Z /‘p,Xn > (51,”_015 ) 11 /‘z()%é)fm

51+"'+57‘k(i’]‘):a ’ T"(i’j) =1
81,0080, (1,5 <e

rn(i,5)

_ : (e) «a (1)

=rn(i,7) - By x, t Z (51 . ) H “p,j’(n'
81+ +8,, (1,5 =c ’ 2 Orn (4,5) =1
0150300, (i,5) <O

By substitution of (3.24) in (3.21), it follows that:

IV
(325) z] Z /L;a))(n =+
IV o n(3,9)
Z Z (5 S s ) H (51) .t Z Hi,j(%a-uﬁwﬂ-
n=1 §14tb,,ap=a N O Y1t =

01,0300, (i,5) <O V1o YN <&

Further, by substitution of (3.25) and (3.18) in (3.17), the moment can be expressed
with:

IR i
(3:26) pi%, = D p(Ai = Big) > malig) - piix, +
j=1 n=1

IN] i (i,d

R 7)
« 8
SUETESN) D SR I B ) 7
j= n—1 814 +5Tn(l H=a 1.5 0r,(4,5) 1=1
15000500, (1,5) <@

Ril IR
Dop(Ai—=Bis) D> Hig(vew) )0 ) Qila
j=1 Vit Y = I=1p<e

RTINS YN <

where H; j(v1,..,vn) and Qi ;(c, B) are given with (3.20) and (3.16). Finally,
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if we introduce

(3.27)
[NV T (4,5)

R4
JZ A _>Bv.7 Z Z (615"' 6"%(1)] ) H M(al

n=181+--+06,, (i,j) =
150500, (1,5) <

IRl IRl
ZP(Ai — Bij) Z Hij (Y1) + Z Z Qij(a. B
j=1 Y1t Y N = Jj=1B<a
Y1 ’7\N\<a
the equation (3.26) can be more compactly written as:
(e) al (e)
(3.28) Iy, = Z Mg - %, + i,
or in a matrix form:
(3.29) i) = M- pl) 4l
where u,(, )= [,u;a))(l, ceey u;a))(w‘] is the cross-moment vector ¢(®) :[cga), e ,c‘(x/ﬂT

and M is the momentum matrix defined in Theorem 2.1. Since we assume that the
condition p(M) < 1 given in Theorem 2.1 is satisfied, I — M is invertible, and the
matrix equation has a unique solution given with

(3.30) ple) = (1= M) el

Provided that the we have computed the inverse (I — M)fl, which does not depend
on a, the cross-moment is completely determined by the term ¢(®), which depends
on all cross-moments of the order lower than o and can be computed using (3.27).
In the following sections, we derive ¢(®) for scalar random variables up to the second
order, and retrieve the previous results for the first and second order moments [2],
[10] as a special case of the equation (3.30).

3.3. First order moments computation of SCFG

In the case of the first order moments e = (1) and the expression (3.9) reduces to
the expectation of X,

1
(3:31) ok, = > p(m)Xi(m).
TeQ;

() _ [ 1) (€]

The moment vector, p, P X 13-+ =5 My, X\N\}’ is computed as in the equation

(3.30),

(3.32) p = (1=M) e,
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where ¢V = [cgl), e ,c‘(jl\m " The first and second sum in the expression (3.27) for

cz(- ) reduce to zero and c E‘R il Qi,;(1,0), or, after the use of the expression

(3.16) for Qi j (e, B),

IRl
(3.33) eV =3"p(Ai = Bij) Y (A - Bij).
J=1

Let m; ---mn be a derivation starting at the start symbol A; and ending with
a string w € ¥*. If we set Y (4, — B;;) = 1, according to (4.5), we have
Xi(my-mwn) = Zf:’:l Y(ﬂ'n) = N, i.e. X is the length of the derivation. Accord-

ing to the expression (3.31), the moment ,u( )

which agrees with [2] and [10].

Similarly, if we set Y (4; — B;j) = EI |t (4,7), where t,(i,7) denotes the
number of terminals in the string B; ;, the Varlable X (w1 -+ -7wn) reduces to the
length of the word derived from 7y - - - . In this case, the moment /‘z(i)xl reduces
to the expected string length and the formula (3.33) reduces to the result from [2].

X, 1s the expected derivation length

3.4. Second order moments computation of SCFG

The formula for the second order moments is somewhat more complicated. In the

case when a = (2), cga) is reduced to:

(3.34)
IRi| V| (i)

oy X (5 ) T

n=1681+-- +57n(11)—‘1 =1
01,030, (4,5) <2

IRl IRl

IRl
Sp(Ai = Big) > Hij(vivm) Y Qii(2,0) + > Qij(2,1)
j=1 Jj=1 J=1

Y1+ +Y| R|=2
V1.7 |R|<2

The first sum in the previous expression can be transformed to:

V]

70 (4,5)
(3.35) Z (A = Bij) Y. > (51 i ) Hu(‘”

n=181+40,, (i,)=2
O15es00, (4,5) <2

IR V]

S p(Ai = Big) Y rali )i d) 1) (k)
j=1 n=1
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To compute the second sum we introduce Hi(f;-’b) (’yl, . ’7|N\)’ which is H; ; (’yl, .

with v, = 7, = 1 and with all other «-s equals to zero. We have:

ra(i,5)
a,b Y s
(3.36) Hi(,j )(717-~-”YW\)=2 > (5 f; . ) I1 “L»Qk
51 Ay (1.5)=a 1y Orq(i,5) =1
" ry(1,5) @) [NV i
Yo
<517---75r(i')>]:[ v 11 2 <517~--75r (.9)
51+"'+6rb(i,j):'7b b (2,7 =1 kk#:a,lb61+m+6”€(i’j):7k k(2,0
and
(3.37)

r4(%,7) 75 (%,5)

a,b .. .
H ) =2 20 2 e, = 207alis0) o) 1y, e,

By substitution of the second sum in (3.34),

|R;|

(3:38) D> p(Ai—=Bij) > Hij(vi,-- )
j=1 Y1t YN
=2
V1yeees YIN|<2
IR, W b)
a
—ZP(A = Big) 3 D HG (Y vn)
a=1b=a+1
\72\ INT N W W
=2:3 p(Ai = Big) D0 D raling) mo(d) 1y x, 1y x,
Jj=1 a=1b=a+1
IRl N NV ) ) IRl [N
=Y p(Ai = Bij) era iy 3) (i 3) 1y o Hp x, — 0 P(Ai = Bijj) D ra(i, 1) (
j=1 a=1b=1 =1 n=1

Now, (3.34) reduces to

Rl IRl
(3.39) AP = CRi+ > Qi (2.0) + 3 Qis(2,1),
j=1 j=1
where
(3.40)
IRl [N N L IRl [N L
CRi =Y p(Ai = Bij) D > ralis i) roli i) i i il =D p(Ai = Biy) > ra(i ) (1l
j=1 a=1b=1 j=1 n=1
and
(3.41) Qi,;(2,0) =p(4; = B;j) - Y (4; — Bi,j)2a
[N 77 (3,5)
Qi,j (2, 1) =2 p(Al — Bi,j) . Y(AZ — Bz; Z Z ILL
3.42 n=1 a=1
(3.42) W

p(Ai — Bi,j) : Y(Az — Bi,j) Zrn(iuj)ﬂ;s;(n'

n=1

71 (4,3)

II »

=1

1)

S Viv)

(81)

(1) )2_

Pp X,

P, Xy’

)2
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If we set Y(AZ- — Biyj) =1 for all A; — B;; € R, X1 becomes derivation
length. The formula for computing the second order moments of derivation length
is given in [10] and it can be derived from the equation (3.39), since

SR Qs (2,0) = SR p(Ai — Biy) Y (4i — Buy)® =

(3.43) = Z'R i (Ai — Bm‘) =1,
ZIR il Qw( 1)y=2. Z‘ ,I (Z‘le p(Ai — Bi,j) -Tn(laj))ﬂg?xn
(344) - 2 Zli\/‘l €; nMp _‘))(n 2 M;}_‘))(n - 27

where the last equation follows from (3.30), and
(3.45) P =CR +2 - uly —1.
Finally, by substituting (3.45) in (3.30), we obtam

(3.46) m@{X} = ((=M) " (CRi+2-my — 1),

where CR; = [CRl, A CRW‘} and 1 = [1, A 1], in agreement with [10].
4. Conditional cross-moments computation of SCFG

In this section we consider the computation of conditional SCFG cross moments.
We derive two equivalent versions of the algorithm for the computation, based on
inside algorithm. The first one is obtained in the same manner as in Section 3 via
conditional moment-generating function. In the second version we use dynamic pro-
gramming over the binomial semiring, which relates the algorithm to the previously
developed special cases by Hwa [11], [5], for the first order moments, and by Li and
Eisner [16] for higher order cross-moments.

4.1. Conditional cross-moments and conditional moment-generating
function of SCFG

Let G = (E,J\/,Al,R,p) be reduced SCFG and let Q;(u) be a set of derivations

starting at A; € N and finishing at u. Let X; = [Xi,l, . ,XZ-,D}T : Q(u) — RP,
where u € X*, be random variables distributed according to the p;, which are
restrictions of p to R; (pi(w) = p(=w)), for 1 < i < |N|. The i-th conditional

cross-moment of an order v = (v1,...,vp) of X; conditioned on w is defined with
(4.1) 1 ke = O P) - Xia(m)” - X p(m)" = Y plm) X ()"
TEQ; we,;

The i-th conditional moment-generating function (MGF), conditioned on u, Mp x| -
RP — R, is defined as:

(4'2) Mp,Xi\u(t) _ Z p(ﬂ)etTXi(ﬂ')’

e,
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for all t € RP, and the cross-moments can be retrieved from the MGF by differen-
tiating:

AYIM, x.1u(t)
(v) _ pXilu ‘ _ _ (e \V
(43) Fp X i|u Ovit; ... 0oty li—o Du{Mp,Xilu} ﬂ;»p(ﬂ-) Xi(m)¥.
and
T
(4.4) U;??)(i‘:DO{Mp,Xi} - ( 3 plm)et X(w))‘tzo =3 plm) =1.
wEQ; weQ,;

Let X; : Q;(u) — RP be represented as the sum of random vectors Y : R — RP:
(45) Xi(7T1"-7TN)=Y(7T1)+"'+Y(7TN),

for all w1 -- -7y € €.

Then, for G we can construct the conditional MGF grammar G= (Z, N, A1, R, w)
with a weight function which takes values from the semiring of v continuous func-
tions w : R — C,,, defined as:

(4.6) w(r) = p(m)et” Y,

for all m € R.
A derivation w = 71 - - - my in G with the weight function p(7) = p(m1) - - - p(7n)
is a derivation in G, with the weight function

(4.7) w(m) = w(m) - w(ry) = p(m)et Y o plmy)et’ Y ) = p(m)et’ Xilm),

The i-th conditional MGF of the vector random variable X; can now be computed
as a sum of derivations in G:

(4.8) Myx,u®) = Y plm)et X = 3" w(m).

weQ(u) weQ(u)

In this manner, the computation of conditional M GF can be performed using the
inside algorithm [8] over the semiring of v-continuous functions at zero, which is
done in the following section.

4.2. Conditional cross-moments computation of SCFG

Let G = (E,N JALLR, w) be a weighted context-free grammar over a commutative
semiring (K, +,-,1, 0), and Q;(u) be a set of all derivations which derive u € ¥*
starting from a nonterminal A;. The i-th inside weight of the weighted grammar G

is the function o; : ¥* — K, defined as the sum of weights of all derivations starting
from Q;(u):
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(4.9) oi(u) = Z w(r),

weQ;(u)
for 1 <i<|R|and u e X*. Let A; — B;; € R and
(410) Bi,j = leivaAi2 s vaikvk+17

where v; € X* and A;, € N. For the cycle-free reduced grammars the inside weight
can be computed using the inside algorithm [8] and [24] which, after recursive
application of

IRl k
(4.11) oi(u) =Y 3 w(A;i = Bij) - [[ o, (w)),

=1 wi,ug,...,up€X” Jj=1
U=V1UIV2 VUK VE+1

<

ends with the equation in which only rules A; — u, u € X* appear on the right-hand
side:

If G is the moment-generating grammar for G as defined in Section 4.1, the value
of the the i-th inside weight corresponds to the i-th conditional moment-generating
function,

(4.13) 0i(u) = My x,ju(t) and p\% . =Dafoi(u)},

for all 1 < 7 < |N/|. Thus, an efficient computation procedure of the higher order

cross-moments can be obtained by applying the generalized Leibniz’s formula (2.1)
to (4.11), which leads us to the recursive equations:

(4.14)
() al « a—p0B
Fp Xiluw = Z Z Z ( 3 ) p(Ai — Bi)j) -Y(Ai — Bi)j)
j=1 UL, U2,y uLeEX BLa

U=V1UIV2 UV Uk 1
k
B ()
Yitm=Bj=1 e
with the base case

(4.15) M;(D’:/;(ilu =p(4di 2 u) Y (4 — u)ﬁy.

Note that the recursive algorithm (4.14)-(4.15) can always be implemented in the
iterative manner using some of the procedures considered in [8].

The equations (4.14)-(4.15) can also be expressed in semiring dynamic program-
ming form, as shown in the section below.
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4.3. Conditional SCFG cross-moments computation using binomial
semiring dynamic programming

Let us introduce the mapping B®) : C,, — RI4»| which associates an ordered tuple
to any f € Cy:

(4.16) BY (f) = (Pa () aca, -

In accordance to Leibniz’s formulae we obtain

(4.17) BW (f+g)=B" (f)®B™ (9),
(4.18) BY (f-g9) =B (f)@B™ (g),

where the @ and ® are defined with

QLGAV7

(4.19) uBv= u<a>+v<a>)
(4.20) uRv = ( Spca (§) ulP) - p@=p) )

)
acA,

for all u,v € RI4*|. Therefore, the mapping B®) maps the semiring of v continuous
functions in the binomial semiring of an order v [23], which is defined as the tuple
(R'AV‘, @, ®,0,1), where the identities for & and ® are respectively given with

0 =(0,0,...,0)
——
| A, | times

1 =(1, 0,...,0 ).
———

|AL|—1 times

By using of B®*), all the cross moments can be represented as an order tuple
—_( (@
(421) B(V){UZ (U)} - ( 'up,Xi\u )aeA,,’
where o; (u) stands for the inside weight. In this way, the equations for the cross
moments computation can be represented in the binomial semiring dynamic form

IRl k
(4.22) B“{oi(w)} = P ) w(A; = Biy) @ Q) BY {ai, (u;)},
j=1 w,uU,..., U €L j=1
U=V1ULV2 VULV +41
with the base case

(4.23) B("){ai (u)} = B(”){w(Ai —u)}.

The algorithm given by equations (4.14)-(4.15) or, equivalently, (4.22)-(4.23)
can be considered as a generalization of the algorithms by Li and Eisner [16] for
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the cross-moments of order a = (1,1) and by Hwa [11] for the cross-moments of
order a = (1). Li and Eisner introduced the second order entropy semiring [13],
which is the binomial semiring of the order (1, 1), and ran the inside algorithm on
it. The algorithm for the moments of order o = (1) is provided by Hwa [11], where
conditional entropy is considered. As noted in [5], Hwa’s algorithm can be obtained
by running the inside algorithm over the first order entropy semiring [7], [13], [12],
[14] which is the binomial semiring of the order (1). Hwa’s algorithm is considered
in the following subsection.

4.4. First order conditional moments computation of SCFG

In the case of first order conditional moments o = (1), the i-th conditional cross-
moment (4.1) is the expectation of X,

(4.24) = Y p(m)X(m).
weQ;(u)

In this case, the recursive equations (4.14)-(4.15) reduce to

IV k
(0) _ (0)
(4'25) ’u:D7Xi|u - Z Z A - BZJ H :D7Xij |uj’
Jj=1 U, U2,..., uLeEL 7j=1
U=V1UIV2 ULV UK 41
(4.26)
@ [N
up,Xi\u:Z Z p(Ai%Bi’j)' A _>BJ Hup,Xw Ju T
j=1 ui,ug,..., uReEX
U=V UV UKV Uk 41
k
A _>B” Z le \unHupX jlug’
- J?’é"
with the base case:
0 1
(4.27) “;,;(i\u = p(Ai — u), ”;7;(i|u = p(Al- — u) ~Y(Ai — u).

In [11], Hwa considered the conditional entropy of the grammar given in Chom-
sky form for which B;; = vi4; v2A4;,v3 and vy, vz, v3 are equal to the empty
string. The conditional entropy is obtained as the moment u; ;( w? where X (7) =

—logp(w), for all # € Qp, and Hwa’s algorithm can be retrieved by imposing
Chomsky form condition in (4.14)-(4.15), with Y (m;) = — logp(m;).
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5. Conclusion

In this paper we considered the problem of computing the cross-moments and the
conditional cross-moments of a vector variable represented by a stochastic context-
free grammar. We proposed new algorithms, derived by differentiation of the recur-
sive equations for the moment-generating function [22], which are obtained from
the algorithms for computing the partition function of a SCFG [18] for the cross-
moments and with the inside algorithm [15], [8] for the conditional cross-moments.
In this way, we obtained the algorithms which can be considered as a generaliza-
tion of the previously developed formulas for moments [10], [26] and conditional
cross-moments [11], [16].

The computation of cross-moments may be demanding and often infeasible.
The proposed method for its solution via the computation of moment-generating
function turned out to be very elegant and powerful. In the future, we hope that this
idea can successfully be reused in the theory of formal languages for the computation
of cross moments of string and tree automata [3], [6].
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