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Abstract. In recent years, many results have been devoted to the well-known Hermite-
Hadamard inequality. This inequality has many applications in the area of pure and
applied mathematics. In this paper, our main aim is to give a parametrized inequality of
the Hermite-Hadamard type and its applications to f-divergence measures and means.
First, we prove the identity associated with the right side of the Hermite-Hadamard
inequality. By using this identity, the convexity of the function and some well-known
inequalities, we obtain several results for the inequality. The inequalities derived here
also point out some known results as their special cases.
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1. Introduction

Almost no mathematician in applied mathematics, especially in nonlinear pro-
gramming and optimization theory, can ignore the significant role of convex sets
and convex functions. For the class of convex functions, many inequalities such as
Jensen’s, Hermite-Hadamard and Slater’s inequalities have been introduced since
this idea was introduced for the first time more than a century ago. Among the
introduced inequalities, the most prominent is the so called Hermite-Hadamard’s
inequality. The statement of this inequality is (see [15] ):

Let I be an interval in R and f: T C R — R be a convex function defined on [
such that a,b € I with a < b. Then the inequalities

(L.1) f (““’) < 1 /abf(x)dxg f(a) + £(b)

2 b—a 2

hold. If the function f is concave on I, then both the inequalities in (1.1) hold in
the reverse direction. It gives an estimate from both sides of the mean value of a
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convex function and also ensure the integrability of the convex function. It is also
a matter of great interest and one has to note that some of the classical inequalities
for means can be obtained from Hadamard’s inequality under the utility of peculiar
convex functions f. These inequalities for convex functions play a crucial role in
mathematical analysis and other areas of pure and applied mathematics.

For more recent results, generalizations, improvements and refinements related
to Hermite-Hadamard inequality see [2, 3, 9, 10, 11, 12, 13, 14, 24, 30, 23, 22] and
the references cited therein.

In 2010, Havva Kavurmaci et al. proved the following important lemmas:

Lemma 1.1. [18] Let f: I° CR — R be a differentiable mapping on I°, a,b € I°
with a < b. If f' € Lla,b], then the following identity holds:

b
(z—a)f(a)+(b—x)f(b) 1
b—a _b—a/f(x)dx

1 1

(x —a)? (b—1x)?

STa /t—l t:c+(1—t)a)dt+ — /1—t (tz + (1 —t)b)dt.
0 0

(1.2)

Here I° denotes the interior of I.

The following results are the ultimate consequences of Lemma 1.1, which have been
presented in [18] .

Theorem 1.1. Under the assumptions of Lemma 1.1 and if | f'| is convez on [a, b],
then we have the following inequality:

(c—a)fl@)+(b-0)f®) 1 |
b—a _b—a/f(x)dx

a

(z —a)’ [If’(:v)l +2|f'<a>|] L (b—ap [If’(:v)l +2|f’(b)|].

<
- b—a 6 b—a 6

Theorem 1.2. Suppose the conditions of Lemma 1.1 are satisfied and if the new
mapping |f'|? (¢ > 1) is convex on [a,b], then the following inequality holds:

(x—a)f(a)+(b—x)f0) 1
b—a _b—a/f(x)dx

<1>3’ ltr — [ If @) + 2|f/<a>|ﬂé + (b= 2)2[|f (@) + 2|f’<b>|qﬂ
b—a |
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Theorem 1.3. Suppose the conditions of Lemma 1.1 hold and if the mapping |f'|4
(g > 1) is concave on [a,b], then the following inequality is valid:

b
(- )@+ b-n)fF) 1
- [ S

b—a
1[@—@)2
< Z
- 2

The main purpose of this paper is to present a parametrized inequality of the
Hermite-Hadamard type for functions whose first derivative absolute values are
convex. We prove the identity for the right side of the inequality and discuss their
particular case (Corollaries 2.2, 2.4, 2.6). By applying Jensen’s inequality, power
mean inequality and the convexity of functions in the identity, we obtain inequalities
for the right side of the Hermite-Hadamard inequality. As applications, some new
inequalities for f-divergence measures and means are established.

(2522 [+ - o2
b—a

I (z52) W

2. Main Results

In order to prove our main results, we need the following lemma.

Lemma 2.1. Lete € R andlet f : I° — R be a differentiable function on I°,a,b €
I° with a <b. If f' € Lla,b], then the following equality holds:

(z —a)[(1 —e)f(z) + ef(a)] + (b —x)[(1 — ) f(x) + €f(b)
b—a —a/f

1 1
_ 2 b— 2
J;) @) /t—e (tz + (1 — )a)dt + - 2) /e—t (tz + (1 — t)b)dt.
a
0 0

(2.1)
Proof. Tt suffices to note that

(z —a)?

I =
! b—a

(t—e)f (tx + (1 — t)a)dt

—

(z —a)?
b—a

Tr—a a

(t — ) f(tz + (1 - t)a) ‘1 ) /1 fltz+(1— t)a)dt]
0 xr —

(z —a)?
b—a

Tr—a

I
1 1 o

1
(1—e)f(x) +ef(a ftx+ (1-t)a )dt]
e
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By substituting u = tx + (1 — t)a in (2.2) we have

L= (x—a)zl(l—e)f(:c)ﬂf(a)_ /f(U)dU]

b—a T —a (z —a)?
(2.2) _ (=g —bE_)J;( z) +ef(a —a/f
similarly
L = bb_z)z /1 e—t)f (tx + (1 —t)b)dt
0
(2.3) = b-ald _be_)fa(x) e/ bia /bf(U)dw

x

now by adding (2.2) and (2.3) we get (2.1). O
Remark 2.1. If we choose € = 1, then from Lemma 2.1 we obtain Lemma 1.1.

Lemma 2.2. Let € be a real number. Then

263—17 621
/|e —tldt = { 2e=2etl 722“1, 0<e<l1
%, e <0.

1 1
Proof. Case 1. If € > 1, then [|e —t|dt = [(e — t)dt = 2.
0 0

Case 2. If 0 < e < 1, then
1 € 1
[le—tldt = [(e—t)dt + [(t — e)dt = 221,
0 0 €

Case 3. If € <0, then
1 1

[le—tldt = [(t —e)dt = 152,
0 0

O

Lemma 2.3. Let € be a real number. Then

1 36@—2, € Z 1
/|t —eftdt = ¢ =22 g <e<]
0 %, € S 0.
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Lemma 2.4. Let € be a real number. Then

1 356717 621
/|t_e|(1_t)dt: % D<e<l
1-3e¢

0

5 e <0.

Theorem 2.1. Let ¢ € R and let f : I° — R be a differentiable function on
I°,a,b € I° with a < b such that f' € Lla,b]. If |f'| is convex on [a,b], then the
following inequality holds :

b—a

(z—a)[(1 —e)f(x) +ef(a)]l + (b—2)[(1 =€) f(x) + f(b)
b—a/f

(a:—a)2 |fl(x) (36 2)+|fl( )|( Egl . ife>1
<S5 |ﬂm>(€ Set2) 4 |f(a)] (S2EHOLIEL) o <<l
()] (35%) + 1 (@) (+5* ife<0

|(3€62)+|f()|(€g ife>1
|( e 36+2)+|f( )| —263-1-622—36-1-1) if0<e<1
(@) (5%) + [ ()] ((5* if e <0.

Proof. Tt follows from the convexity of |f’| and Lemma 2.1 that

(z —a)[0 —e)f(x) +ef(a)] + (b—=2)[(A —€)f(z) +f(b)
b—a b—a/f

— 7 2 !
- _€||fl(tx+(1_t)a)|dt+%/|€—t||f/(t$+(1—t)b)|dt
0
r—a)? 1
< G2 [r-er@i+ - i
0

(@) + (= t)Lf (b))t

0
oo ap [ MENE) @) ite>1
= S wunﬁf§“)+wmn§ki%iig if0<e<1
()] (35%) + | (a)] (15 if e <0
by [ L@ FIFOICT) ite>1
| @) (2 63€+2)+|f’(b)|gw) ifo<e<1
|/ ()] (B52) + [ (b)] (252 if € <0.
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Corollary 2.1. Under the assumption of Theorem 2.1 if we choose x = “T'H), we
have
b
b) +2(1 — ath
cfl@)+efO)+20-of (57) 1 /f(x)dx
2 b—a
() T CF2) + (@l + 1 0)) (351 ifex1,
Cbma ]I () (2R 4 (1 o) + | (0)]) (PR R
-2 if0<e<l,
() 1(35%) + (1 (@] + 1/ 0)]) (%) ife<o.
Corollary 2.2. Under the assumption of Theorem 2.1 if we choose x = “TH’ and

€ =1, we have

IN

“<|f'<a>| I (““’) |+|f’(b)l>
b—a ’ (b
[ 17@l+ 1701 ).

Proof. The second inequality is obtained by using the convexity of |f/|. O

IN

Theorem 2.2. Let ¢ € R and let f : I° — R be a differentiable function on
I°,a,b € I° with a < b such that " € Lla,bl. If |f'|7,q > 1 is convex on [a,b], then
the following inequality holds:

(z —a)[(1 —e)f (@) +ef(a)] + (b= 2)[(1 - €)f(x) + f(b)
b—a —a/f

Q=

(25) (If’(w)lq (352) + £ (a)" (%)) ife>1

1
1 q

Jlwmap ] (2ge) (|f’<x>|q (2252 + (a0 (2og=2est) )

fo<e<l1

1
q

() (If’(x)l“ () + 7@ (%)) fe<o
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q

(251)" (if’w (52) + 70 %)) ge

(2e=pet) (If’(:c)lq (2232 + |y

if0<e<1

( ) q (If’(w)lq (25) + o)l (%))

262 —2e+1
2

q
1-2 .
= ife

Proof. Using Lemma 2.1 and the Power mean inequality, we have

—263 4662 —3e+1

219

)

>1

Q=

6

<0.

b_a/f

q

7253+65273e+1) )
6

(z = (1 = S (@) + ef (@) + (b= )[(1 = )f @) + e/ ()
b—a
9 1
< (xb__z) /|t—e||f(t:v+(1—t e+ & / —t||f! (tz + (1 — £)b)|dt
20 1 175 1 ’ H
< 529 ( / |t—e|dt> ( Je=air+a —t>a>|th>
0 0
1 1-1 1 1
e ([eea) ([ o)
+ le — t|dt le — t|| £/ (tz + (1 — t)b)|%dt
b—a 0/ 0/
x —a)? 1 " ;
< =9 </|t—e|dt> (/It—el[tlf’(:c)lq (=01 @)1 )
0 0
—x2 1 1_% 1 %
v 22 ( / |e—t|dt> ( [1e= s @i +a —t)lf’(b)lq]dt>
0 0
(%)1‘5@'( )7 (252) +1f(a >|q(3f—g1)> if e > 1
- oo () <|f’( o (2=22) 4 | (@l (
- if0<ex1
(152) <|f’(af)|" (25) + 1/ (@)l (%))q if e <0

1
q
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()
(epest)”

fo<ex1

1
q

1
2¢2—2e+1 q

2

<|f’(af)|" (22=t2) 41y

<|f’<x>|q (352) + |/ ()| (352

Q=

ife>1

1)>

) (

6

1

—263 4662 —3e+1

)

1—1
() (e e o)) <o
O
Corollary 2.3. Under the assumption of Theorem 2.1 if we choose x = ‘ITH’, we
have
b
ef@+ef) +21—e)f () 1 /f(x)dx
2 b—a
' 1
1—1 q
(252) (lf’ (22) 7 (352) +| (@) %)) ez
1
< b;a (252—225+1) ~a <|f’( -2|—b) E (25 —3e+2) F1f'(a) (—253+6§2—36+1) ) !
if0<e<1
1—1 q
() (i) s i ) ) e
1
g1\ I (atb 3e—2 / se-1y |
(T) 1F(52) 17 (BF2) + 1O (35 | ifex1
1
1 q
+b ; a (252—2264-1) <|f/( -2|—b) |q (25 —35-‘,—2) + |f ( )| (—253-1-6(5:—354-1))
fo<e<l1
1
1-1 q
(1) 7 (i ey ) 10 (05 ) e <o
Corollary 2.4. Under the assumption of Theorem 2.1 if we choose x = “—er and

e =1, we have

Q=
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IN

P (%) Kmf’(am +lr(

< (3 . ) (b= a)(If @]+ 110

)+ (2o

-

g

a—l—b)

221

1
q>q

_

Proof. The second inequality is obtained using the convexity of |f’|? and the fact

that > (ar + k) < > aj + > b5 for 0 < s < 1l,a1,a2,....a, > 0, b1, b2,...0,, >
k=1 k=1

b=
0. O

1

Theorem 2.3. Let ¢ € R and let f : I° — R be a differentiable function on
I°,a,b € I° with a < b such that f' € Lla,b]. If |f'|?,q > 1 is concave on [a,b],

then the following inequality holds:

(z—a)[1—e)f(@) +ef(a) + (b—2)

[(A—ef(x)+ef®) 1

b—a

- b_a/f(:v)d:v

2 3(2e—1)
(.I - a)2 252—25-1-1) f/ < (2€2 —3e42)z+(—2¢34-6e2—3e+1)a
b—a 2 3(2e2—2¢e+1)
125) f/ (2—36)1-‘1—(1—36)@) ‘
2 3(1—2¢)
26—1) f/ (36—2)m+(36—1)b> ‘
2 3(2e—1)
+ (b - x)Q 2¢2—2e+1 f/ (2€® —3e+2) x4 (—2€34+6€% —3e4+1)b
b—a 2 3(2€2—2¢e+1)
1—26) f/ (2—36)w+(1—36)b> ‘
2 3(1—2¢)

Proof. By concavity of |f|? and the power mean inequality we may write

)

)

ife>1

if0<e<1

ife<0

ife>1

if0<e<1

if € <0.

[+ (L= Ny)l* Z AL (@) + @ = NI @I = A @)+ 0=V @)

Hence

[f' Az + (1= Ny)l = Alf (@) + 1 = N[ ()],

so |f'] is also concave. Now by applying triangular inequality and Lemma 2.1 we

have:

(z —a)[(1 = e)f(x) +ef(a)] +(

b—2)[A—e)f(@)+ef(B)] 1

b—a
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1 1
—q)? b 2)2
< L;) _C;) /|t — || f'(tz 4 (1 — t)a)|dt + (b _12 /|e —t|[f'(tz 4 (1 = t)b)|dt
0 0
1
L J It —¢€l(tz+ (1 —t)a)dt
(x —a) 5
< </ |t — 6|dt> ( - ) ‘
0 J |t —eldt
0
1
5/ 1 [ le —t|(tz + (1 —t)b)dt
+ </|e—t|dt> f’(o - >|
0 [ e —t|dt
0
%) ! W) ife>1
_ (I - Q)Q 2¢2—2e+1 1| (2€2—3e4+2)a4(—2634+6€2—3e+1)a T 1
N 2 f 3(2e2—2¢+1) H0<e<
1—22e> ! W) ife<0
€— 3e—2)xz+(3e—1)b .
221> 2 W) ife>1
b—CCQ 6376 T *63 6275 .
+ (b _a) 252225+1> £ ((2 3 +2%(2t§_226++1f)5 3 +1)b> f0<e<l
1—22e> 7 W) if € <0.
O
Corollary 2.5. Under the assumption of Theorem 2.3 if we choose x = “T*b
have
b
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(1) et ez
< b ; a (252722#1) fl<(_263+12626?29:2+42)3:1()263_3€+2)b) fo<e<l
(1—225) i (4922;14:5?)35)1;) ife<0
(252 emgipene) ez
i b ; a (252722#1) f/<(263+12€26(29:2+_42)§:1()2€335+2)a> ifo<e<1
(1—225) i (4—92211+(22E)—36)a> ‘ ife<0

Corollary 2.6. Under the assumption of Theorem 2.8 if we choose x = “TH’ and

€ =1, we have

IN

b;a[f,(&zg—b) ’+
b—a f,<a—2|—b) ‘

4
Proof. The second inequality is obtained by using the concavity of |f|2. O

()|

<

3. Applications to f-Divergence Measures

One of the basic problem in various applications of Probability Theory is finding an
appropriate measure of distance between any two probability distributions. A lot
of divergence measures for this purpose have been proposed and extensively studied
by Kullback and Leibler [25], Renyi [29], Havrda and Charvat [16], Burbea and Rao
[5], Lin [26], Csiszar[8], Ali and Silvey [1], Shioya and Da-te [31] and others (see for
example [17] and the references therein). But here we will take only two of them
and for this purpose define the following terms.

Let the set x and the o-finite measure p be given and consider the set of all prob-
ability densities on p to be defined on 2 := {p|p: x — R, p(z) > 0, fxp(a:)du(:zr) =

1.
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Let f: (0,00) — R be given function and consider Dy (p, q) be defined by

(3.1) Di(p,q) == /p(w)f [Z%] du(zr), p,q€ Q.

If f is convex function, then (3.1) is known as the Csiszar f-divergence [8].
In [31], Shioya and Da-te introduced the Hermite-Hadamard (H H) divergence

a(z)

p(@)
(3.2) Diyy(p,q) = /p(x)w
p(z

X _)_

du(z), p,qeq,

where f is convex function on (0,00) with f(1) = 0. In [31] the authors gave the
property of HH divergence that D}} (D, q) > 0 with the equality holds if and only
if p=gq.

Proposition 3.1. Let all the assumptions of Theorem 2.1 hold with I = (0,00)
and f(1) =0. If p,q € Q, then the following inequality holds:

7 ()| )]

Proof. Let X1 ={x € x:q(z) > p(x)}, Xo={x € x:q(x) <p(zx)} and
X3 ={z € x:q(x) =p)}.
If 2 € X3, then obviously the equality holds in (3.3).
Now if x € X7, then by using Corollary 2.2 for a = 1, b = %, multiplying both

‘%Df(pv q) — Dfm(p,q)'

33 < 5[] | ) ~poldute) + [ late) = pto)

X

hand sides of the obtained results by p(z) and then integrating over X, we get

(z)

p(z)
7 (369 e)]
a(z)

p(i), b = 1, multiplying both sides by

a@) _
(

q
p(z)

~—

< g rw
(3.4)

alz) = p@)lduntz) + [ la(o) - plz)

X1

|
X1

Similarly, if x € Xs, then by using for a =
p(z) and then integrating over Xs, we get

a(=z)

%/sz(x)f [M} dp(x) —/XQp(:C)Lf_(ti(ﬁdﬂ(ﬁ)

p(z)
< 5 [ ) -l + [ oo = a1 (53 ) duto)|

X2

(3.5)
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By adding the inequalities (3.4) and (3.5) and then using the triangular inequal-
ity we get (3.3). O

Proposition 3.2. Let all the assumptions of Theorem 2.2 hold with I = (0, 00)
and f(1) =0. If p,q € Q, then the following inequality holds:

1

ng(p, q) — D'ZH(p,q)‘

(s
<
- 8

(3.6) + / l9(2) — p(@)

) [If’(l)l / l4(z) — p()|dp(z)

(3]

Proof. The proof is similar to the proof of Proposition 3.1 but use Corollary 2.4
instead of Corollary 2.2. O

Proposition 3.3. Let all the assumptions of Theorem 2.3 hold with I = (0,00)
and f(1) =0. If p,q € Q, then we have the inequality

1
’§Df(p, q) — Di(p.q)

J <p<x> + q(x)) ‘ du(@] |

1
(37) < 1| [ la@ o)
41 Jy 2p(x)
Proof. The proof is similar to the proof of Proposition 3.1 but use Corollary 2.6
instead of Corollary 2.2. O

As in [10], we will consider the following particular means for any a,b,c € R, a #
b # ¢ which are well known in the literature:
wWea + wpb + wee

Ala, b, c;we, wp, we) = Fr——— a,b,c >0,

_ b—a
L(a,b) = —— b, b,b>0
(a7 ) lnb_lna a# 3 ) > )

bn+1 _ an-i—l

@) = Do —a

] a,beR,a<bn#-1,0,neR.

Proposition 3.4. Let0<a<b<c,neR,andn > 2. Then the inequality

A(a”, b7, (%“’) ce.6,2(1— €)) — Ln(a,b)"]

|t (32) (a4 ) (352) ife> 1,
‘ ’ (253763&2) +(|a|n—1+|b|n—l) 7253+6§2735+1)
2 if0<e<1,

"N (2 + (lal" =t + bl (A5) e <0,




226 M. A. Khan and Y. Khurshid

holds.

Proof. By using the function f(s) = s™,s > 0,n > 2, the proof can be obtained
from Corollary 2.1. O

Proposition 3.5. Let0<a<b<c,neR,andn > 2. Then the inequality

|A(a™, b7, (%“’) ce.6,2(1— €)) — Ln(a,b)"]

Q=

2e-1) "7 [ |asb (P11 [3e_2 (n—1)q (3e=1 ‘
(T) |45 (352) +lal™=D9(352) | ifex1,

(252—2e+1)1_% ‘a_—l—b‘("_l)q (253—3e+2)
n(b—a) 2 2 6

+|a|(n—l)q (—2534_6;2_354—1)) ZfO <e<l,

Q=

Q=

_1
(1) (et ) e 599 ) <o

Qi

-3 n— .
(1) (11 ey s o) ) e
(25272e+1)17% a+b’ n— 1q( & 35+2)
n(b—a) 2 X

+|b|(”*1)q (*26 +6§2—35+_1) ) if0<e<l,

Qi

1

1—1
1—2¢ a
2

(17" ) oo 159 ) e
holds.

Proof. By using the function f(s) = s™,s > 0,n > 2, the proof can be obtained
from Corollary 2.3. O

Proposition 3.6. Let0<a<b<c,neR,and 1 <n < 2. Then the inequality

| A(a™, b7, (" : b) ce.6,2(1— €)) — Ln(a,b)"]

-1

(252 )’w ife>1,
n —1

< |n|(b—a) : a) (26 —26+1) (—2¢ +1266Z§f2+42)511(>2€ —3e+2)b|" ifo<e<l,

() W"” if e <0,
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n—1
2¢—1 )| (9e—=4)b+(3e—2)a .
( 2 ) 6(2c-1) if e > 1,
n[(b — a) 26— 2e41 )| (=263 41229+ 4)b+ (2 —3e42)a |7
2 ( 2 + ) 6(2e2—2c+1) if 0 <e<l,
n—1
1—2¢ )| (4—9€)b+(2—3€)a .
( 2 ) 6(1—2¢) if e <0,

holds.

Proof. By using the function f(s) = s™,s > 0,1 < n < 2, the proof can be obtained
from Corollary 2.5. O
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