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HERMITE-HADAMARD TYPE INEQUALITIES FOR P-CONVEX
FUNCTIONS VIA KATUGAMPOLA FRACTIONAL INTEGRALS

Tekin Toplu, Erhan Set, imdat i§can and Selahattin Maden

Abstract. In this paper, the authors establish the Hermite-Hadamard inequality for
p-convex functions via Katugampola fractional integrals, followed by proving a new
identity involving Katugampola fractional integrals. By using this identity, some new
Hermite-Hadamard type inequalities for classes of p-convex functions are obtained.
Keywords: p-convex function, Hermite-Hadamard type inequalities, Katugampola
fractional integrals.

1. Introduction

Definition 1.1. The function f: I C R — R, is said to be convex, if the following
inequality holds

fle+A-t)y) <tf(z)+ A —-1)f(y)

for all ,y € I and t € [0, 1]. We say f is concave if (—f) is convex.

Now we will give a useful inequality for convex functions as below.

Let f: I C— R be a convex function defined on an interval I of real numbers
and a,b € I with a < b. The following inequality

(1.1) f((Hb)g ! /bf(x)dxgw

2 b—a 2

holds. This double inequality is known in the literature as Hermite-Hadamard
integral inequality for convex functions. Both inequalities hold in the reserved
direction, when f is concave. Hermite-Hadamard inequality for convex functions has
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received renewed attention in recent years and a remarkable variety of refinements
and generalizations have been found; for example, see [1, 6, 7, 8, 10, 18, 11] and the
references cited therein.

In [28], Zhang and Wan gave a definition of the p-convex function as follows.

Definition 1.2. Let I be a p-convex set. A function f : I — R is said to be a
p-convex function or belongs to class PC (I), if

7 (It + (1= )y")7 ) <tf @)+ (1-)f (1)

forall z,y € I and ¢ € [0,1].

Remark 1.1. [28] An interval I is said to be a p — convex set, if [tz? + (1 — t)yp]% el
forall z,y € I and t € [0,1] ,where p =2k +1orp=n/m,n=2r+1, m =2s+ 1 and
k,r,s € N.

Remark 1.2. [9] If I C (0,00) be a real interval and p € R\{0}, then for all z,y € I
and ¢ € [0, 1], [t2? + (1 — t)yp]% el

According to Remark 1.2, we can give a different version of the definition of the
p-convex function as below.

Definition 1.3. [9] Let I C (0,00) be a real interval and p € R\{0}. A function
f:I — Ris said to be a p-convex function, if

(1.2) 7 (It? + (U= 0)g7)7) < tf @)+ (1= 1) f ()

for all 2,y € I and t € [0,1]. If the inequality is reserved, then f is said to be
p-concave.

According to the definition above, it can easily be seen that for p = 1 and
p = —1, p-convexity reduces to ordinary convexity and harmonically convexity [12]
of functions defined on I C (0, 00) respectively.

In [3, Theorem 5], if we take I C (0,00), p € R\{0} and h(t) = ¢, then we have
the following inequalities for p — convex functions.

f: I — R be a p-convex function and a,b € I with a < b. If f € L[a, ], then we
have

i b
(13) f<[ap+bpr>< b [10),, S@ I

2 b —qp | P
a

For some results related to p-convex functions and its generalizations, we refer the
reader to see now [3, 9, 22, 21, 28].

In [22, Lemma 2.4], if we take I C (0,00) and p € R\{0}, then we have the
following Lemma.
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Lemma 1.1. Let f : I — R be a differentiable function on I° and a,b € I with
a<b. If f' € L[a,b], then we have,

f(a) + f(b) p f(@)
2 S bp—qgp / xlfpdx
b

(1.4)

1

P 1-—2¢ ’ 1
. taP + (1 — t)bP]? ) dt.
bp_apo/[m”(l_t)bp]l;f (fta” + (1 = Hyp7)7)

We recall the following special functions and inequality.(see [16, 27] )
(1) The Gamma Function:
The Gamma I" function is defined by

['(z)=T(a) = /000 e o at

for all complex numbers z with Re(z) > 0, respectively. The gamma function is a
natural extension of the factorial from integers n to real (and complex) numbers z.

(2) The Beta Function:

1
ﬂ(x,y)_%_/tzl(l—t)y‘ldt, x,y > 0,
0

(3) The Hypergeometric Function

1
1 _p _
2F1(a,b;C7Z)—/B(T_b)/tbl(1—t)c b 1(1—Zt) adt,C>b>O,|Z|<1

0
Lemma 1.2. [24, 29] For0 < a <1 and 0 < a < b, we have
l[a® — b < (b—a)”

Definition 1.4. Let [a, ] be a finite interval on the real axis R and f € L[a, b]. The
Riemann-Liouville fractional integrals J&, f and Ji* f of order a > 0 are defined by

J f(z) = ﬁ/(m—t)a_lf(t)dt, x> a,
1 ab
Jf(x) = m/(t )N f)dt, x<b

respectively.(see [16])
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In [26] Sarikaya et al. proved the following theorem for Riemann-Liouville frac-
tional integrals.

Theorem 1.1. Let f : [a,b] — R be a positive function with 0 < a < b and f €
Li[a,b]. If f is convex function on [a,b], then the following inequality for fractional
integrals holds:

0 () < F D e s+ g ) <

fla) + f(b)
2

with o > 0.

Definition 1.5. [17] Let the space X?(a,b) (c € R, 1 < p < c0) of those complex-
valued Lebesque measurable functions f on [a, b] for which || f|| 22 < oo, where the

norm is defined by,
1/p

b
. dt
(16) itz = | [rerors) <o
for 1 <p < o0, ¢ € R and for the case p = oo,
(L.7) [fllzf = ess sup [t°[f(¥)]] (c€E€R).
a<t<b

Katugampola introduced a new fractional which generalizes the Riemann-Liouville
and the Hadamard fractional integrals into a single form as follows.(see [13, 14, 15])

Definition 1.6. Let [a,b] C R be a finite interval. Then, the left-and right-side
Katugampola fractional integrals of order (o > 0) of f € X?(a,b) are defined by

x

b
o B plfa tpfl
PI f(z) = (@) / (@ —tp) —f(t)dt and PI;" f @) /

F(t)dt

tp_p @

with a < x < b and p > 0, if the integral exists.

For more detailed information about fractional integrals and their applications,
we refer the reader to see [4, 5, 2, 20, 23, 25, 19]

The aim of this paper is to establish some new Hermite-Hadamard type inequal-
ities for p — convex function via Katugampola fractional integral.

2. Main Results

Let f : 1 C (0,00) — R be a differentiable function on I°, the interior of I,
throughout this section,

fla+f®)  pTlat1)
2 2 (b» — ar)”

will be taken, where a,b € I, > 0 and I" is Euler Gamma function.

Kr(a,a,b) =

P12 £ () +P I f(a)]
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Theorem 2.1. Let f : I C (0,00) — R be a p-convez function, p > 0, « > 0
and a,b € T with a < b. If f € La,b], then the following inequality for fractional
integrals holds:

2.1 5 <[%”] ;> < P v 4 g () < L0,

Proof. Since f is p-convex function on [a,b], we have for all z,y € [a,b] (with ¢ = 3

in 1.2)
; ([;yw GRS U

By choosing x = [ta? + (1 — t)bp]% and y = [(1 —t)aP + tbp]%, then we get

(2.2) 2f <[a1’42rbpr> <f ([tap+ (1 —t)bp]%) +f ([(1 —t)ap+tbp]%).

Multiplying both sides of the inequality of (2.2) by t*~! and then integrating the
resulting inequality with respect to ¢ over [0, 1], then we obtain,

2 ([a? +bP]%
af({ 5 }) <

oLy ([tap +(1- t)bp]%) dt

o—__

+/t°"1f ([(1 _t)ap+tbp]%) dt

0

Frpp— g\ O paP1
/(bp_ap) f(x)ap—bpdx
b

: 2P _gp\ ! paP~1
+/<bp—ap> f(ac)bp_apd:v

p°I'(a)
(P — ar)”

[P f(b) +7 I~ f(a)] .
Thus we have

f <[ +bp]p> < PLO L) g 56y +7 1 (@)

2 (bP — aP)

which completes the proof of the the first inequality. For the proof of the second
inequality in (2.1), by using p-convexity of a function f, we can write,

7 (Ita? + (1 = W]7) < tf(a) + (1= )£ (b),
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and
7 (100=t)a? + 177 ) < (1= 6)f(a) + t£(b):
By adding these inequalities, then we have,
23) f ([ta” +(1- t)bp]%) +f ([(1 — t)aP + tbp]%) < f(a) + f(b).

Multiplying both sides of the equation (2.3) by t*~! a > 0 and then integrating
the resulting inequality with ¢ over [0, 1], we similarly obtain,

pT(a+1) pra P T M
2 — ) | Lar SO+ I fla)] < i)

So the proof is completed. [

Remark 2.1. In Theorem 2.1, if we take p = 1, then the inequality reduces to the
inequality (1.5).

Remark 2.2. In Theorem 2.1, if we take o = 1, then the inequality reduces to the
inequality (1.3).

Lemma 2.1. Let f : I C (0,00) = R be a differentiable function mapping with
0<a<b. If f' is differentiable on [a,b], then the following inequality holds:

_P—a? /1 [(1—t)> =t f ([tap +(1— t)bp]%)

dt.
2p [tar + (1 — t)be]' ">

(2.4) K(a,a,b)

Proof. Let M, = taP + (1 — t)bP. It suffices to note that
Ky(aya,b)
1 a al g z
W =t =t f ([mp +( —t)bp]P)
2p /

— dt
[tar + (1 — t)br]" ">

e fA-0F ([taP +(1- t)bp]%)
(25) 2 0/ [tar + (1 — t)be]' " o

)

1

o / g f7 ([mp (1= )b
2p [ta? + (1 — t)bp]' ">

o=

= I+ 1.

By integrating the part, we have,

) o (1—0)*"f ([mp +(1- t)bp]%)

1

0
to [(1—t)* 7ty ([mp +(1- t)bp]%) dt
0
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if we take x = [ta? + (1 — t)bp]%

b a—1

5 |10+ / @

f®)  pT(a+1)
2 2 (bP — ar)”

"Iy~ f(a)]
and similarly we get Is,

(2.7)

I, =

DN =

" ([mp +a- t)bp]%) ‘(1) * o‘/ta_lf ([tap +(1- t)b”]%) dt
0

b a—1
—f) - e | O =) )i

zl-p

_ f@ o /I’;ﬂ)—ww“

2 2(bP —ar)” 21

f(x)dx

_ flo) _ pTlatl) o0
- 2 - 2 (bp — ap)oc [ Ia+f(b)] .

By adding the results of (2.6) and (2.7) side by side in the equation (2.6), we obtain
the inequality (2.4). This completes the proof. O

Remark 2.3. Also in the equation (2.4) of Lemma (2.1), if we take specially oo = 1, then
the inequality reduces to the equation (1.4).

By using Lemma 2.1, we can have the following fractional inequality.

Theorem 2.2. Let f: 1 C (0,00) = R be a differentiable function on I°,a,b € I
with a < b, p > 0, and f' € Lla,b]. If |f'|* is p-convex on [a,b] for ¢ > 1 then the
following inequality for fractional integrals holds:

(2.8)
WP —aP . 1-1/q TN’ 7y 1a11/a
|Kf(o"a7b)| < TMl (avaab) [MQ(aaavb) |f (CL)| +M3(avaab)|f (b)| }
where
aP
v - 82 [ (e

a+1 +2F1(1—— a+lia+2 1——)
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[ 2 1 aP
pl-p 1.0 (1— = 200+ 3;1 — b—p)
M2(a7aub) = a+2 +F21—l : 2. 31—
21471 p,Oé+ ,Oé+, P
pl-p 2F1(1—%,1;a+3;1—‘;—5)
Mlowwb) = o33 + L r(1-fa+la+31-2
L at+1o 1 p,OZ ,O[—l—, bP

Proof. From Lemma 2.1 by using the property of the modulus, the power mean
inequality and the p-convexity of |f’|?, then we have,

|Kf(o‘aa7b)|
I /1 (1=t = 2] |57 (ftar + (1= yp2]7 ) |
2p [tar + (1 — t)be]' ">

1-1/q

dt

IN

1
b’ — aP 1— ) —t>
o ([ oo,

20 \J [tar + (1 - t)or]'

1 1/q

7' (e + (1 = 7)) }q

y /I(l—t)a—tQI u
) [tar + (1 — t)br)'~»

1
bP —a? / (-t +t]
20 \J [tar + (1 - t)or]'

1 1/q

| s @ 0o

1-1/q

IN

taP + (1 — t)bp]' "%
(2.10) = fifoﬂammmm@mﬂmmm@F+MammwmeT“,

where, by simple computation, we obtain,

1—t)o o
Ml(avaab) = / [( ) - 1] 1dt
J [tar + (1 - t)bw]' ">
pl-p o Fy (1—%,1;a+2;1—g—§)

(2.11) =

a+1 +2F1(1—%,04+1;04+2;1—Z—:)

(1 —t)> +t°]

- tdt
tap + (1 — t)bv]' "

Ms(aya,b) = /1[
0
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por [ 2R (- Lza+31-5)

(2.12) -
a+2 +2F1(1—%,04+2;04+3;1—b—p)

[(1— ) + 9]
[taP + ( l—tbp] ~»

1
Ms(a,a,b) = / (1 —t)dt
0

pl-p 2F1(1—%,1;04+3;1—Z—§
1 . . a?
atl| 4+ L R(1-Latlatsl-%)

(2.13) =

Then by using the results from the equations (2.11)-(2.13) in the equation (2.10),
we have desired result (2.9). This completes the proof. [

Remark 2.4. If we specially take @ = 1, in inequality 2.9, then the inequality reduces
to [22, Theorem 3.2].

When 0 < a < 1 by using Lemma 1.2 and Lemma 2.1, we have another fractional
integral inequality for p convex functions as follows.

Theorem 2.3. Let f: 1 C (0,00) = R be a differentiable function on I°,a,b € I
with a < b, p > 0, and f' € La,b]. If |f'|? is p-convex on [a,b] for ¢ > 1, then the
following inequality for fractional integrals holds:

(2.14)
K p(e0,0)] < Z522 My (0, a,0) [Ms(a,a,0) | £/(0)|* + Mo(a, a,6) | £/(5)]*]*
where
] en (1—%,&—!—1;04—!—2;1—‘;—:)
My(a,a,b) = olj—l—l —2F1(1—§,1;a+2-1—a—p)
+oFy (1— LLa+2 % (1— ‘g—ﬁ))

2Fl(l——a+2a+3 1——)
pl-p
Ms(a,a.b) = ~— a+12F1( —5,2;a+3;1—b—p)
1 . .1 a?
+m2F1 (1—;,2,0&"‘3,5( —b—p))

a+12Fl( —%,a—i—l;a—i—?);l—‘g—ﬁ)

pLl-p —aF (1— 1—17,1§04+3§1_ Z_;?)
MG(Oé’(L’b) o a+2 +2F1 (1— L 10&+2l( - ﬁ))
pr ' 2 bp
1 1 o. At a?
~rem, P (1= Be+ 35 (1-5)) |

and 0 < o < 1.
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Proof. From Lemma 2.1 using the property of the modulus, the power mean in-
equality and the p-convexity of |f’|?, we have,

|Kf(o‘aa7b)|
p_ oo (L= —te||f ([ta? + 1— HpPl?
(2.15) < ° a/K =] (e 1(1 )])‘dt
2p A [taP + (1 — t)br] ~»
I 1-1/q
< o2 / a=nr =t
2p taP + (1 —t)bP]" ">
L= tye — o | # tp-i-l—tbp% q 1/q
X/I( ) =t |1 (Ita (1)])‘dt
3 [taP + (1 —t)br] ~»
(2.16)
1 1-1/q
¢ vow(f oo,
S [taP + (1 —t)bp]" " »
1 | | 1/q
(1—-t)> -t~ PN - (1 — DL ()19 dt
’ /[tap+(1—t)bp]1‘; [t @F + @ =0l f O]
(217 = TR a,0,b) [Kafasab) [£/@1" + Kol a0) 70",

where by using Lemma 1.2 and by simple calculations of integrals, we obtain,

Ky = /[ E) el P

1—1
tap + (1 — t)or] ">

1/2 1
(1—1)* —t* t—(1—t)°
[taP + (1 — t)br]' "7 g P+ (1= t)b] 77

1 1/
l—t l—t —t*
:/ = ( : / _dt
; [tap—i-(l—tbp 5 [taP + ( l—tbp] T
1
t 1-—t¢
< / . 1cht—/ 1-9 —dt
J [taP + (1 —t)bP] P J [taP 4+ (1 —t)bP] "7

1/2

(1 —20)°
+2/ [ta? + (1 — t)br) 7 “
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2o Fy (1— %,a+1;o¢+2;1— ‘Z—;) —
1 9. . aP
2Fl(1_§717a+271_b_p) )
2R (1- 4 ha+21(1- %))

pl-r
a+1

(2.18) = My(a,a,b) =

57

1
Ks — / (=07 =g
[tar + (1 — t)or) >

1 1
ottt 1—t)”
/ - 1ildt—/ Sl —tdt
) [tar + (1= t)br]' 7 ) [tar + (1 —t)pr]'

1/2

+2 / (1—2t)° tdt
) [tar + (1 —t)br]' 77

IN

o F) (1—%,a+2;a+3;1—‘g—:)

pl-r ;
(2.19) = M5(a,a,b) = a+2 _%HQFI (1—1—1),2;01—{-3;1—‘;—17) ,
tra, B (- b 2a+ 33 (1- )
1 — ) — @
P (TR
J ftar + (1 =ty
i : 1 +1
t* — )
< 1_1(1—t)dt—/ Sl ts—
S ftar + (1 - t)br] J [tar + (1 — t)br] 7
1/2

(1-2t) -
+2/ [mp+(1_t)bp]1*%(1 t)dt

1R (1—%,a+1;a+3;1—‘;—z)

a+l9
pl-p LR (1—1,1;a+3;1—a—p)
(2.20) = Ms(a,a,b) = —— ! L
o+ +2F1(1—5,1,0é+2,§( —b—p))
1 1 9. .1 aP
_W2F1 (1 — E,2,0&+3,§ ( — b—p))

Then by using the results from the equations (2.18)-(2.20), we have the desired
inequality (2.15). This completes the proof. [
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Theorem 2.4. Let f: 1 C (0,00) = R be a differentiable function on I°,a,b € I
with a < b, p > 0, and f' € Lla,b]. If | f'|? is p-convex on [a,b] for ¢ > 1, then the
following inequality for fractional integrals holds:

v —a LY@ o)
20 a0 < E 0 ) (L) (0D

where

pl-r P
Mr7(a,a,b) = I (r—f,1;2;1—a—>
2 2 D
and 1/r+1/q=1.

Proof. From Lemma 1.2 and Lemma 2.1, by using the property of the modulus, the
Hélder inequality and the p-convexity of |f’|?, we obtain,

|Kf(o‘aa7b)|

p 1 1_ o _ o / ap _ bp%

v a /|< e = | (1 -] )\
2p [tap + (1 — t)be]' "%

0

1 1/r

b — aP / 1
—dt
2p ) [taP + (1 — t)br]" " »

1
/|<1—t>°‘—ta|q I
0

b — 1
(2.22) < a / —_dt
p tap + (1 — t)bp]" %
2 \J ftar+ (=]

1/4q

([tap +(1- t)bp]%) ’q dt

1/r

/|1 — 2| [t (@) + (1 — B £ (B)|") dt
0

b — P ,
(2.23) = 2p“ MY (a,a,b)(

L)l/q (If’(a)lq + |f’(b)|q>1/q7

ag+1 2

after calculations of integrals in the inequality (2.21) as follows,

1

pl—p p
(224M7aab=/ —dt = Fl<7~_f,1;2;1_a_)
taP + ( 1_tbp] P 2 2 P

0
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1 1/2 1 .
2.25 1—2taqtdt:/ 1—2t aqtdt+/ 2t — 1) tdt = ———
25) [l (1 -21) (2= 1)t = s
0 0 1/2
(2.26) /|1—2t|aq (- tydt = —
2(ag+1)

Then by using the results from the equations (2.24)-(2.26) in the equation (2.23),
then we have the desired result (2.21). This the completes the proof. [

Theorem 2.5. Let f:1 C (0,00) = R be a differentiable function on I°,a,b € I
with a < b, p > 0, and f' € Lla,b]. If | f'|? is p-convex on [a,b] for ¢ > 1, then the
following inequality for fractional integrals holds:

(2.27)

1/q
Pa? (/T 1/r @)+ ®)]
|Kf(a,a,b)| < 5= (Mg/ (o, a,b) + My (a, 7(,)) (%)

where
pd—p)r P
Mg(a,a,b) = Alr-Ltart+2.1-2
ap—+1, P b
pd—p)r P
My(a,a,b) = F(r— rozr—i—l ar+2;1— a
Ofp+ 12 p bp

and 1/r+1/q=1.

Proof. From Lemma 2.1, by using the property of the modulus, the Hélder inequal-
ity and the p-convexity of |f’|?, then we obtain,

|K ¢ (e, a,b)
. bp_ap/ll—t — f'([tau(l—t)bp]i)’dt
J [tap + (1 — t)ov]' >

1
q q
)
1
i)

. b
(M (@ 0,b) + My (0,0,0) /f F @)+ (L= 1) |f' ()| at

0

1 1/r
__a=p ’ ! p _ \pPlE
o (0f [mp+(1t>bpr%dt> (f f (ta + (1 —t)b7] )

2p 1 o r 4 )
o f— ’(tp+1—tb1’5)
<{ [taP+(1—t)b?] " P > <0 [ta ( iId

P — gP

2p

(2.28)

(2.29)

b? — aP T T
- 2p" (M (ay,0) + 21! (a,a,b))(

1/ ()] + If’(b)lq)l/q
2 b
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after calculations of integrals in the inequality (2.28) as follows,

(2.30)

_ p-pr

1 ar
Mg(a,a,b) — J"[ (1-t)
0

ro1. .1 _ aP
tar+(1—tyor)" " »  oPtl o (T —pLiar 2l b”)

(2.31)

1
_ ter . b(lfp)r _r . . . a_p
My(ea,b) = of [tar+(1—t)br]" " P dt = "5 2F1 (T pror +Liar+2;1 bp) '
Then by using the results from the equations (2.31)-(2.32) in the equation (2.29),

then we have the desired inequality (2.28). This completes the proof. O
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