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SOME GEOMETRIC PROPERTIES OF WEIGHTED LEBESGUE
SPACES L2 (G)

Oguz Ogur

Abstract. In this paper, we deal with some geometric properties of weighted Lebesgue
spaces L%, (G), where G is locally compact Abelian group and w is a Beurling weight.
Also, we study the uniformly convexity of the space LP(G) N L"(G) with 1 < p,r < oco.
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1. Introduction

Throughout this paper, G is a locally compact Abelian group and dz is a Haar
measure on G. If 1 < p < oo, then LP(G) will denote the space of functions f such
that | f|” is integrable [2]. A Beurling weight on G is a measurable, locally bounded
function w satisfying for each z,y € G the following two properties: w(z) > 1 and
w(z +y) < w(z).w(y). By the definition of wit is deduced easily that wdz is a
positive measure on G. We denote by L (G), 1 < p < oo, the Banach spaces of
equivalence classes of real valued measurable functions on G with the system of
following norm

=

110 = /|f <.

The conjugate space of L? (G) is the qu, (@), where w' = w'P and % + p—l, =1.Tt
can be easily seen that L2 (G) is a reflexive Banach space [3], [4], [8], [9].

A Banach space X is said to be strictly convez if x,y € X with ||z| = |ly|| =1
and x # y, then [(1 — Nz + Ay| < 1 for all A € (0,1).

A Banach space X is said to be uniformly convex if for all € > 0, there exists a
positive number ¢ > 0 such that the conditions

lz]] <1, Jly]l <1 and ||z — y|| > e imply H H <1-6.
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for all z,y € X.

The number

5(c) = inf {1 -

r+y
o HEE N

is called the modulus of convezity. Note that if £; < e2, then d(e1) < d(e2) and
§(0) = 0 since x =y if e = 0 [1],[7].

We will need some auxiliary lemmas to prove that the spaces L (G) are uni-
formly convex whenever 1 < p < oc.

Let us first remind that the Minkowski inequality for the space L? (G), p > 1;
If f,g € L? (G), then

1 1
P P P

J1r@+ g wwis | < | [P + | [lg@l v
G

Lemma 1.1. Let 0 < p < 1, we have (a + b)’ < aP +bP for all a > 0 and b > 0.

Lemma 1.2. Ifp > 1, then (a+b)" < 2P~ (aP + bP) for all positive numbers a
and b.

2. Main Results

Theorem 2.1. The space L? (G) is conver whenever 0 < p < co.

Proof. Let f,g € LE(G). We need to show that tf + (1 —t)g € LE,(G) for 0 <t < 1.
Let us consider this in two cases; p > 1 and 0 < p < 1.
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Case p > 1. By lemma 2 and the Minkowski inequality, we have
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IN

IN

<

/\tf (1 = t)g(2)) (w(a)?

(/\tf (1 = 1)g(2)) (w(a)?

(/](tﬂx»( ())?

L G

+(/}<<1—t>g< ) (w(a)
G

or—1

o/

or—1

p
dx

pdx)
r

"=

r

1
P
p
dzr
1|p
r| dx

p
dzr

8=

[ s et
LG

1

(1= t)g(@)) (w(z))* | dx]

17 [ 1@ wiz)ds
L G

N / |g<x>|Pw<x>dx]
G

27 (It 115, + 11— 7 lgls,)

o0

which shows that ¢f + (1 —t)g € L2 (G) for p > 1.
Case 0 <p < 1. Let f,g € L (G) and t € [0,1]. By lemma 1, we get

/|tf (1 —t)g(x)|” w(z)dx

This completes the proof. O
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Theorem 2.2. The space LE,(G), 1 < p < o0, is strictly convex.

Proof. Let f,g € L1,(G) with f # g, [|fll,., =1.l9ll,., =1and 0 <t <1. Then,
by strictly convexity of LP(G) we have

p

10 =0f +tgll,,, = | ] =076 + ty(@) (w)? | do
G

= |a-vr+tgw
< 1.

p

O

Lemma 2.1. Let 2 <p < oo and a,b € R, then we have
ja+ " +[a— b < 2" (jaf” + [b]") .
[5]-
Lemma 2.2. Let2 <p < oo. For any f,g € L,, we have
1+ gl2 4117 = gltp < 270 (711 + gl
[6].
We will also need the following inequality.

Lemma 2.3. For2 <p< oo and any f,g € L? (G), we have
1+ gl + 11 = gl <270 (U112, + gl ) -

Proof. Let f,g € LY (G). Then fw%,gw% € L,. By lemma 4, we get

P

1 1
1+ ol +1f =gl = [fwF +gud
or1 (wa%

20 (I715,., + gl ) -

p 1 1
+wap _gwp
p

)

p

IN

p 1
+ngp
P

O

Theorem 2.3. L2 (G) is uniformly convez for 2 < p < co.
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Proof. Let f,g € L%,(G) with | f[|, ., <1, [lgll,,, <1 and [f—g|
we have

1+ 9150 < 27 (1515 0+ 0E0) = 17 = g1,

which implies that

> ¢. Then,

p,w —

If+glp, < 2°7t2-—¢”
- ().
2
p
- (5)"
p,w 2

1
That is, 6(e) =1 — (1 — (%)p) ? and this is known to be exact. O

Therefore, we get
H f+y

Lemma 2.4. (The Minkowski inequality for p € (0,1)) Let 0 < p < 1 and let f
and g be positive functions in Ly(G), then f + g € L,(G) and

If +gll, = 171, + llgll, -
Lemma 2.5. Ifl1<p<2andq= ﬁ, then
Ja+b|" +Ja—b]" < 2(laf” + [b]")*"
for all real numbers a and b [6].

Lemma 2.6. Let1 <p<2andq= ﬁ. For any f, g € LP(G), we have

qg—1
1+ gld+ 1 = glld < 2 (U712 + glly)

Theorem 2.4. Let 1< p <2 and let g = ﬁ. For any f, g € L? (G), we have

q—1
q q p p
1+ 918 0+ 1 = gl <2 (I£15, + I91E)
Proof. First notice that
1 q
1915, = | | [ 1@ e
G
1
p—1

- l/umwmex
G

= | 1@ wia)ds
G

= A1 -
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Let f,g € LP (G). By the Minkowski inequality for 0 < r < 1, we have

(/|F )+ Glo |d:1c) </|F |d:c) +<G/G(gc)%zx)i

Since 1 <p <2, wehave0 < £ < 1. Let us define F'(z) = }(f(ac) + g(z)) w(x)%
and G(2) = |(/(@) - g(x)) w(a)?

[]@ + gt wie)
G
L/qun+gw»wuﬁ

q

q
. By lemma 7, we get
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Thus, we obtain

g
17+ 90+ 1 = gl <2 (U1 + 1)

O
Theorem 2.5. The space LP (G) is uniformly convex for 1 < p < 2.

<1 lgll, ., <1 and |[f - g

pw — pw — pw—

Proof. Let f,g € LE(G), 1 < p < 2, with || f||
€. Then, by the theorem 4, we have

qg—1
1+l < 2 (11 +9,)" =17 =gl
<

22071 _ g4

»(1-(3))
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Hence, we get

Hf+g
2

p,w

IN
—
I
(o9

where 8(s) = 1— (1— (£)")". O

Let us define By, = LP(G) N L"(G) with 1 < p,r < co. It is known that B, , is
a normed space with the norm

£, = max { £, 171l }
[7]-
Theorem 2.6. The space By, , is uniformly convex space for 1 < p,r < 00.

Proof. Let f,g € By, with [|f|, . <1, |lgl[,, < 1and [ f —gl|,, > e. By definition
of the space By, we have f,g € LP(G) and f,g € L"(G). Assume that

1 + 9l = max {17 + gl 1 + 1L, } = 11 + gl

By assumption, we have [|f + gl < [|f + g,
Let 1 < p,r < 2. By lemma 8, we have

qg—1
1F+alg <2 (W1 +glin)™ =15 = gl

where ¢ = ﬁ. Then, we get

q—1
1F+gls, = IF+als <2 (1715 +1gl) =11 = gl
< 22071 gt
e\ 4
= 2(1-(3))
2
f+g

5 < (1 — (%)q)% By choosing

which gives H L34
pr

1
de)=1- (1 — (%)q) 7, the proof is completed for 1 < p,r < 2.
If 2 < p,r < 0o, then we have, by lemma 4,

1+ gllp <27 (U715 + Ngll2) = 11F = gl
> (1-(3))

< (1 — (%)p)%. If we choose §(e) = 1— (1 - (%)p)

p,r

I1f +gll5.

IN

=

f% , the proof

and we get H
is completed. [
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