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SOME CLASSES OF ANALYTIC FUNCTIONS ASSOCIATED WITH
¢-RUSCHEWEYH DIFFERENTIAL OPERATOR

Khalida Inayat Noor

Abstract. It is known that the g-analysis (g-calculus) has many applications in math-
ematics and physics. The notion of the g-derivative Dy of a function f, analytic in the
open unit disc, is defined as Dy f(2) = %, q € (0,1), (2 # 0) and Dy f(0) = f(0).
Using a g-analogue of the well-known Ruscheweyh differential operator Dy of order n,
we introduce certain classes STq(n) for n = 0, 1,2, ..., and investigate a number of in-
teresting properties such as inclusion and coefficient results. The ideas and techniques

in this paper may stimulate further research in this field.
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1. Introduction

Let A denote the class of functions f which are analytic in the open unit disc
E = {z:]z] <1} and are of the form

(1.1) fz)=z+ Z amz".

The class S C A consists of univalent functions. A function f € A is said to be
starlike of order (0 < a < 1) in E if it satisfies the condition

Re{zj:;i;)} >a, (z€E).

We denote this class by S*(«). For a = 0, we have S*(0) = S*, is the well-known
class of starlike functions. The class C(a), (0 < « < 1) consists of convex functions
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of order « and can be defined by the relation f € C(«), if and only if, zf' € S* ().

Let f1, f2 € A. If there exists a Schwartz function ¢(z) which is analytic in F
with ¢(0) = 0 and |¢(z)| < 1 such that f1(z) = fa(¢(z)), then we say that fi(z) is
subordinate to f2(z) and write f1(2) < f2(z), where < denote subordination symbol.

For f € A and given by (1.1), g : g(z) = z + Yo _5bp2™, convolution *
(Hadamard product) of f and g is defined by

(f*x9)(z) = Z mbmz™.
m=2

Recently, the use of g-calculus has attracted the attention of many researchers in
the field of geometric function theory. Ismail et al. [5] generalized the class S*
with the concept of g-derivative and called this class S; of g-starlike functions. For
recent developments, see [10, 11, 12, 13, 14, 17] and the references therein.

We first give some basic definitions and the concept of g-calculus, which we shall
use in this paper. For more details, see [3, §].

A set B C C is called g-geometric if, for ¢ € (0,1), gz € B, it contains all the
sequences {z¢™}3°. Jackson [6, 7] defined ¢-derivative and g-integral of f on the set
B as follows:

f(z) = f(zq)

(z#£0,z € (0,1)),
and

| rwot=20-a0 Y s, e o)
m=0

provided that the series converges.

It can easily be seen that, for m =1,2,3,..., and z € F,

(1.3) Bq{ Z amzm} = Z [m, qlamz™"1,
m=1 m=1
where
m—1 ] 1— qm
(1.4) gl =1+ ¢ = T [0, 4] = 0.
i=1

For any non-negative integer m, the g-number shift factorial is defined by
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1, m =0
W”“:{UMRQBAJW% m=1,

Also, the g-generalized Pochhamer symbol for z > 0 is given as

2,3, ...

i, gl = 1, m =10
»dhm = [2,q][z+1,q]...[x+m-1,q], m=1,2,3,...

Throughout this paper, we shall assume z € F, and ¢ € (0,1), unless stated
otherwise.

Using the g-derivative, we define certain new classes of analytic functions given
as below.

Definition 1.1. Let f € A. Then f is said to belong to the class STy, if

z
f(2)
where 9, f(z) is defined by (1.2) on ¢g-geometric set B.

0N - = | < 1o

Remark 1.1. We note that, as ¢ — 17, the disc [w(z) — 774z | < =%z becomes the right

half plane Re{w(z)} > a, a € (4, 1) and the class ST, reduces to S*(3).

Following the argument similar to the one used in [20], it is easily seen that f € ST,
if and only if,
204 f(2) - 1

fz)  1-gqz

From (1.5) it can be seen that the linear transformation

(1.5)

1jqz maps |z| = r onto the

circle with center C(r) = 1:1(1;;2 and the radius o(r) = and we can write

qT
1—q2r2)
1—qr+qr? { zaqf(z)} 14 qr + qr?
T ta) V76 J STt

Now, with d,(log f(2)) = a‘}i{z(;), Re a‘;c{z()z) = loilf(z” and some computation,

(1.6)

we have from (1.6)

1+ q <aq

1.7 - —
(1.7) r l4qr — dr

1 q
1 < - .
ogl|f(2)l < — + T

Taking the g-integral on both sides of (1.7) and simplifying, we get

1—¢q
-

, (h:bg?

1 /(2)
(1.8) A g g’ .

<
T (1 —gr)m
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Since lim, ;- Ly = 1, (1.8) gives us a distortion result for f € S*(3) as

logq
r r
< < 4
Ty S MG S e el
Forn € N, ={0,1,2,3,...}, the Ruscheweyh derivative D" of order n, is defined as
: O

D"f(z):m*f(z):T7

We now proceed to discuss the g-analogue of the Ruscheweyh derivative.
Let the function Fj 1 be defined as

= [m+n—1,q"' ,
(19) Fq,n-‘rl ZTLq]'Z 5

m=2

where the series converges absolutely in F.

Using (1.9), the ¢-Ruscheweyh differential operator of order n, Dy :A— Ais
defined for f(z) given by (1.1) as

Dgf(z) = Fynta(2)* f(2)
(1.10) = z—l—z%amzm, see [9].

We note that
Dgf(z) = f(z) and D;f(z) = 20,f(2).
Also (1.10) can be written as

205 (=" £(2))

, neN.
[, q]!

Dy f(z) =

As ¢ — 171 limy - Fyny1(2) = (1—2%’ and lim,_,;- Dy f(z) = D" f(z), that
is, the g-Ruscheweyh derivative reduces to the Ruscheweyh derivative as ¢ — 1.
See [18].

The following identity can easily be derived from (1.10).

[n.q]
q

(1.11) 204(D} f(2)) = (1+[ ])D"+1f()— =Dy f(2).

When ¢ — 17, (1.11) reduces to the well-known identity for the Ruscheweyh deriva-
tive as

2(D"f(2)) = (n+1)D"* f(2) = nD" f(2).
Using the g-operator Dy, we define the following.
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Definition 1.2. Let f € A and let the operator Dy : A — A be defined by (1.10).
Then f € ST,(n), if and only if, Dy f € ST, in E.

204(Dg F(2))

In other words —p5dis= < 1fqz implies f € ST,(n). We note that, if
q
(2) < ! th Rep(z) > ! €eE
p(z e en Rep(z i d z .

2. Main Results
Theorem 2.1. Forn € N, STy(n+ 1) C STy(n).

Proof. Let f € STy(n+1). Set

204(Dg f(2))
2.1 9T T~ p(z).
We note that p(z) is analytic in £ and p(0) = 1. We shall show that p(z) <

1—qz"

The ¢-logarithmic differentiation of (2.1) and the use of identity (1.11) yields

D) ) [
Let
(2.3) !

Pl=) == qp(z)

¢(z) is analytic in E and ¢(0) = 0. We shall show that |¢(z)| < 1, for all z € E.

Suppose, on the contrary, that there exists a zp € E such that |¢(z)| = 1.
Since f € ST,(n+ 1), it follows from (2.2) that

Zaqp(Z) } N 1 N [n=Q]

Re {p(2) + , = .
{() p(z)+ Ny J “1+q 1 g

Using (2.3), we have

(2.4)Re |:p(z)—|—zaq7p(z)] :Re[ LI 200,¢(20)

p(2) + N 1—qd(z0) = (1—q¢(20))[(1+Ng) —qNa(20)] |
Let ¢(z0) = €'®. Then

. 1 _ 1—qgcosf
1—q¢p(z0)  1—2qcosf+ g’

(2.5) R
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Also
(26) Z08Q¢(Z0) = k¢(Z0)7 k>1,

by using g-Jacks’s Lemma given in [1].
Using (2.5), (2.6), ¢(z0) = €'’ in (2.4), we have

204(Dyg ™ f(20)) } { 1 qke®® }
2.7) Req ———L -4 =R - - - .
(2.7) e{ Dg*lf(zo) ¢ 1— ge®® + (1 —qe?)(Ng + 1 — gNgei?)
In (2.7), we take 6 = 7, and this gives us
8 D7L+1
Re{z Q(nfl /(2)) - }<07 ze E,
Dg7 f(2) 1+gq

which is a contradiction. Thus, |¢(z)| < 1 for all z € E and this proves p(z) <

1—gz"
Consequently, f € STy(n) in E. O !

Using the identity (1.11) and the definition, the proof of the following result is
straightforward.

Theorem 2.2. Let f € STy(n) and let I, f : A — A be defined as

n+1,q

L. f(z) = ]/O t" L f(t)dgt, n € No.

qnzn
Then I, f(z) € STy(n+1).

This operator was introduced by Bernardi [2] for ¢ — 17. For n =1, I f(2) is the
g-analogue of the Libera integral operator, see [15, 16].

In [19], it has been proved that No<4<1S; () = S*(a), 0 < a < 1. From this we
can easily deduce that
(i). ﬁ0<q<ISTqZS*(%)-
(ii).  f € [Mo<qe15T,(n)] implies D™ f € S*(3).

We have the following.

Theorem 2.3. Ny ,ST,(n) = {id} where id is the identity function.
Proof. Let f(z) = z. Then it follows trivially that z € STy(n), for n € N,.
On the contrary, assume f € NS ,S5T,(n) with f(z) given by (1.1).

From (1.5) and (1.10), we deduce that f(z) =z. O

Theorem 2.4. Let f € ST,(n) and be given by (1.1). Then

o )= La) i 1-a
m = O + = Lal B Tyl

where O(1) is a constant depending on q.
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Proof. Let
o0
Dif(z) =2+ > Am(n)z".
m=2

Then, from (1.10), we have

A (n) = [m +n— 1,q]!! -

Since f € STy(n), Dy f € ST,, and we can write

1

204D} £(2)) = (D3 EN (), pl) < 7=

The Cauchy Theorem, (1.8) and the Schwartz inequality gives us

1 1—gq

[m, q]|Am ()] < Cl(Q)m, a1

“logg T

where ¢1(g) is a constant. Taking r = 1 — =, (m — 00), we obtain the desired
result. O

As a special case for n =0, D f € ST, and a,, = O(1) -mlan=2) m — 0.
We observe here that, lim,_,;- ST, = S*(3) and f(z) < 2. Using the Schwartz
inequality and subordination, we get

nl(m —1)!
m=0(1) ————.
“ (1) (m—+n-—1)!
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