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Abstract. In this study, we give some new properties of the Gottlieb polynomials in
several variables. The results obtained here include various families of multilinear and
multilateral generating functions, integral representation and recurrence relations for
these polynomials. In addition, we derive a theorem giving certain families of bilateral
generating functions for the multivariable Gottlieb polynomials and the generalized
Lauricella functions. Finally, we get several results of this theorem.
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1. Introduction

The Gottlieb polynomials are defined as [6]

(1.1) pnlz;)) = e ™ kZ:J (Z) (;:) (1— M

= e ™ LR [—n, —x;1;1 — e)‘} ,

where 9 F} denotes the hypergeometric function.

Recently, Choi [4] defined an extension of the Gottlieb polynomials ¢, (z; A) in
m variables by
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where n,m € N and, for convenience,
(1.3) O 1= Z Aj and Om = er.
j=1

Here and in the following, let N be the set of positive integers and let Ny :=
Nu {0}.

It is noted that the special case m = 1 of (1.2) reduces immediately to the
Gottlieb polynomials in (1.1). The multivariable Gottlieb polynomials defined by
(1.2) have the following two generating functions [4]:

s _ iw)—l m
(14) @ (@1, ooy T3 Aty ooy A " = (1—te™™) (le ’ [T —tes=om)m,
n=0 j=1
where m € N and o, is given in (1.3).
- m tn —Om \— M (m)
Z(u)n@n (xlv"'vxm;)\lv'"v)\m)ﬁ = (1—t6 ) FD [:uv _Ilv'-'v_xm;l;
n=0 ’

tleM —1)e=om t(ern —1)e=om
1—te=om 777 1 —te=om

)

where F gn) [.] denotes one of the Lauricella series in m variables ([10], p. 33, Eq.
(4)) defined by

Fém)[a,bl,...,bm;c;:vl,...,xm] = Z

(max {|z1], ..., |zm|} < 1)
and oy, 0y, are given in (1.3).

The main object of this paper is to study different properties of multivariable
Gottlieb polynomials. Various families of multilinear and multilateral generating
functions are derived for these polynomials. Other miscellaneous properties of these
multivariable polynomials are also discussed. Some special cases of the results
presented here are also indicated.

2. Generating Functions

In this section, firstly, we prove a theorem which gives a generating function
relation for the multivariable Gottlieb polynomials ¢ (21, ..., Zm; A1, ..oy Am). Sec-
ondly, we give a result about several families of bilinear and bilateral generating
functions for these polynomials using the similar method considered in (see [1], [2],

3], 5], 8], [12]).
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Theorem 2.1. The following generating function holds true:

=~ (n+k\ ., n
Z ( )(pn+k(£v1,...,xm;)\l,...,)\m)t

n
n=0
— f:w:)—k—l m .
= (l—tefgm) (le ’ H (l—teAjf"’") ’
j=1
eM — e —om erm — term—om
2.1 ) (g, zmn [ ) () ).
( ) Pk (Ilv y L n< 1—t€)‘1_0m > n< 1—t€)‘m_am >)

Proof. If we write ¢t + u instead of ¢ in (1.4), we get

Z <P:zn(x17 ooy Tms Alv ad) )\m)(t + u)n
n=0

3

m

— ) — m

_ _ —Om __ —Om (j:lx]> ! _ Aj—Om __ Aj—Om \T;j

= (1-te ue” ™) ||(1 te ue ).
j=1

Here, using the binomial theorem on the left-hand side of the last equality, we have

;wﬁ(xl, s T ALy ooy An) Z (Z) ok

k=0

m

= (1- te“’m)_<lemj>_l (1 _ ﬂ>_(lewj>_l ﬁ (1 — tehi—om)™

Replacing n by n + k and using relation (1.4), then we obtain

oo 00 k
Zz<nz )w:zn-',-k(xla"'axm;Ala"'aAm)tnuk

n=0 k=0
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Equating the coefficients of u* on the both sides of the last equality, we arrive at
the desired result. O

= (1 — te_”m)_ <j

E
Il
=]
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Theorem 2.2. Corresponding to an identically non-vanishing function
Qu(yrs - ur)
of v complex variables y1, ...,y (r € N) and of complex order u, let

A gz, s T AL, oo A Y1y o, Y 8]

o0
Co= Z Py qn (T15 ooy Ty ALy oy M) Qi pn (Y1, o5 Y )T
n=0
where a, 0, p € C and

[n/q]
n—+v
(22) 977,7107‘1(3/17 (RS ] yT7 Z) = Z (TL _ Qk) akQLH-pk(yla "'7y7‘)2k'

k=0

Then, for p € N, we have

o0
Z Ot (X1 s Ty ALy ooy A ) Orpq (Y15 oy s 2)E7
n=0

N

x]‘>7v71 m s
H (1- te’\f_"m) !

Jj=1
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R R R e v vl RS L (e pays wemrmanl)

t q
2. iz [ ————) ).
( 3) Y1, Y Z(l—t6_0m> )

= (1 —te_"m)(

Proof. For convenience, let T' denote the left side of (2.3). Using (2.2), we have

00 [n/dl

m n+v n

T= E On (T1, s T3 ALy ey Am) E (n_qk>akQ#+pk(y1,...,yT)zkt .
n=0 k=0
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Replacing n by n + gk and using relation (2.1), we may write

= (n v+ gk, "
T = ZZ( >¢n+y+qk(:v1,...,:vm;/\l,...,)\m)akﬂuﬂk(yl,...,yT)zkt rak

n
n=0 k=0

s z; | —v—1 m 0
= (1 - te_am) (j:1 ) H (1 —teM '_Um i Z 1 — te_am akQ#erk(yl, .

j=1 k=0
A1 A1 —0Om Am m—O0m
m ) et —te e'm —te ok
Xg0y+qk (l’l,...,.’[]m,ln (m) ,...,ln (W (Zt )

—(im])—u—l mn s
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J=1
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+ q
Y1, - Yry 2 (m) ) .

This completes the proof. O

It is possible to give many applications of our theorems by making appropriate
choices of the multivariable functions Q4 pk(y1,...,¥r), k € No, 7 € N. Further-
more, for every suitable choice of the coefficients ay (k € Np), if the multivariable
functions Q,44k (Y1, ..., yr), 7 € N, are expressed as an appropriate product of sev-
eral simpler functions, the assertion of Theorem 2.2 can be applied in order to derive
various families of multilinear and multilateral generating functions for the family
of the multivariable Gottlieb polynomials.

3. Miscellaneous Properties

In this section, we give some properties for the multivariable Gottlieb polyno-
mials (21, ..y T A1y ooy A ) given by (1.2).

Theorem 3.1. The multivariable Gottlieb polynomials have the following integral
representation:

n m

D Y | [

Tm+1_0 Jj=1

[eS) [eS)
—(ur+...4u x1—1 Ty —1
X/ / _:I:m n—rmy1€ (w1 m+1)’u11 U
0

Tm+1

O Ty ooy T ALy ey An) =

y [eXp —om) (U1 + oo+ Umt1)]

(n = Tmt1) rmt1!

du1 ...dum+1,

'7y"“)
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where Re(z;) >0 (j=1,..,m).

Proof. If we denote the left-hand side of (1.4) by S and use the identity

a”? = e—atv—l elv
F(”>o/ £-1dt  (Re(v) > 0),

we obtain

S = (1 — teigm)lef“'fszl(l _ teAlfﬂm)Ilm(l _ te)\mfom)zm
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e (1—te )“1ugfl ldul
,Tl)
0

oo
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_ 1 I 7 — (_xl)"'l' ( wm)Tm Ty Tm . X—am E
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o] Tm
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T7n+1:0

If we use the identity [11]

> Pttt "

Z fri+ o +rm) W) - (Vim)r, Zf V1+...—|—I/m)nm

and replace n by n — k, we have

1 = T (Ao
S e & |, 2 )

n=0 T7n+1:0j:1

X /OO 7 (=21 = Ty n—rss [€XP(—0m) (U1 + oo 4 Upg1)] ™

(n = Tmt1)rmgr!

% e—(u1+...+um+1)uf1*1,.,uﬁgn_ldul...dum+1} .

From the coefficients of t"™ on the both sides of the last equality, one can get the
desired result. [
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We now discuss some miscellaneous recurrence relations of the multivariable
Gottlieb polynomials. By differentiating each member of the generating function
relation (1.4) with respect to z; (j = 1,2,...,m) and after some calculations, we
arrive at the following (differential) recurrence relation for the multivariable Gottlieb
polynomials:

9 m _"_1 1 —om 71 Nj—om\TTH]  m
50 = i (7)™ = (X)L

Besides, by differentiating each member of the generating function relation (1.4)
with respect to t, we have the following another recurrence relation:

(Dl =1+ 2) Y () om, =SS ey (o) e
j=1

p=0 r=0j5=1

4. Bilateral Generating Functions for the Multivariable Gottlieb
Polynomials and the Generalized Lauricella Functions

In this section, we derive various families of bilateral generating functions for
the multivariable Gottlieb polynomials and the Srivastava-Daoust (or generalized
Lauricella) functions.

The Srivastava-Daoust (or generalized Lauricella) function is defined by [9]

[(a) : 60, ..,6m] = [D): ¢M];

[(e) : W, ™) [(@):6M];
[(b(n)) : ¢(n)} :

Z1yeeey Rn

[(d™): 6]

A:BM; ;B
FC:D(l);...;D(")

Zml zZMn
= Z Q(mlu 7mn) 1 P n 1
MLyenny m,=0 miy: My,
where for convenience
A B 1) B(M™ )
jl;ll(aj)m19§1)+~~+mn0§”) jl;[l (bj )m1¢§1) jl;[l (bj )mn¢§-n)
Qoo min) = C DY 1) Dl (n) )
| KCORETSSEE ) £ 00 WIS | {0 M
=t J=1 J j=1 J

the coefficients

(k) (s _ A ®) (; — (k). 1. —
0,7 G=1,...4 k=1,..,n), and ¢, (j =1,...B"; k=1,..,n),
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v (j=1,..C k=1,.,n), and 6 (j=1,..,D®; k=1,..,n)

are real constants and (bg()k)

1,..,B®; k =1,...,n) with similar interpretations for other sets of parameters [7].

) abbreviates the array of B(*) parameters b§k) (j=

For a suitably bounded nonvanishing multiple sequence {Q(m1, ...,m.)},, . oy
of real or complex parameters, we define a function ¢, (u1;us,...,u,) of r (real or
complex) variables uq,ug, ..., u, by [7]

n oo —1)m, b mi
On(ur;ug, oy uy) @ = Z Z - w

xQ(f(m,..cymy), ma, ...,m;.) ZZ: 1;;—“;
where, for convenience
B D
(O)mis = [[®)mie,  and  (()mys = [J(d)mrs;-
j=1 j=1

Theorem 4.1. The following bilateral generating function holds true:

[eS)
Z <P:ln(xla vy T3 )\15 ceey Am)(bn(ul, Uz, ..., u'r)tn
n=0

m
2T

= (1—te_‘7m)(il >1ﬁ(1_t6,\j_gm)wj

N ((0)) (st +otrm) m
X Z @ +rit..+ (r1+...+rm+1)m1H(—xj)Tj

(mi+ri+...4rm)d

Py T P11 e =0 j=1
mi
Aj—o
gt 7 L —tetTom
l1—te—om =1 eXi — teNi—om
XQ(f(my+ 71+ ..+ 1m, ma, ..., my), Ma, .oy my) —
1-
T1 Tm
m _ o1 m _ oAm
uit l1—e wit 1—e
l—te—om . _ A1—0o 1—te—om . _ Am —0O
j=1 1 —tetr=om j=11—tetm=om uy”®
711 T mo!  m,!

Proof. For convenience, let S denote the first member of the assertion in Theorem
4.1 and use definition of ¢,. Then we have

0o n 00 )y b .
S:gwﬁ(xl,...,xm;)\l,...,/\m) Z Z %

m1=0maz,...,m,=0
mi m

! ’U,T_’”tn

mi! m,!

xQ(f(ma,...,myp),ma, ..., my)
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I A W W) @)y
. <Z( g )%ml( - m,)\l,...,)\m)t>((d))m16

mi,...,mr,=0 \n=0

umz ’U/mT
XQ(f(m,...,my), May ooy my) (—ugt)™ 7;2! mrr!

By using the relationship (2.1), we get

S = (l—te"’")_<f 1 (1—te)‘j7‘7m)zj

1

iw-)—l m
j=

oo A1 A—0Om Am Am—0m
m ) e —te e — te
x> e <$1’---’Imaln (W) o In (W))

mi,,...,my=0

XMQ(;‘(W, ey M)y My ey M) (

)
(@)

T
1—te=om mo!  m,!

Now, if we use the definition (1.2) and after some calculation, we arrive at the
desired result. [

By appropriately choosing the multiple sequence (my, ..., m,) in Theorem 4.1,
we obtain several interesting results including, for example, the following bilateral
generating functions.

I. By letting

Q(f(my,...,mp);ma, ...ymy)

A B® @) B(M ")
_ jgl(aj)m19§1)+"'+mT9§T) jl;ll(bj )m2¢§2) jl;[1(bj )mr¢§'7‘)
= FE D(2) ...D(T)
i (2) ()
j131<c])m1w5_1>+,..+mrw;r> }31 (@) 152 }31 (@) 50

in Theorem 4.1,we obtain the following result:
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Corollary 4.1. The following bilateral generating function holds true:

oo
> e (@1, e Tms AL, s Am)
n=0

« pAB+1B@ B (@) : 6, ...00]  [=n:1], [(b):g];
E:D;D(®2);..;D() [(C) . w(l)’7w(7‘)] . [(d) . 5]7
[(63) = ¢®)]; s [0 = )
UL, U,y oevy U t"
() : 5

(@) : 63

—0o 7(;';1%]‘)71 1 Aji—o
(1-te ) l_[l (1 —te™ ) FE+D:O;O;D(2);W;D(T)
i

( [(e): @(1)7~~~7%0(m+7")] oA Frm + 101 [—xy s 1 i[—xm i 1],
[(f) : 5(1)7 .“7§(m+7‘)] : ] - ) -
[(63) 6@ s [(00) ¢
—ujt an[ 1 _teAjiam
1—te=om J=1 e)\j _ te)\j,o.m )

(@) : 6]

1—eM upt m 1—erm
YU 1—te—om H 1 —terAm—0om U2 ey Ur

uyt U
S 11
1—te=9m j 1 —ter1—om =1

(@) : 6

=1

where the coefficients e;, f;, <p§k) and §§k) are given by
0 — aj, 1<j<A fi= cj, 1<j<E
’ bj_a, A<j<A+B ’ 7 dji—g, E<j<E+D

%Q 1<j<A 1<s<m+1
(P(s): 95_5—19)7 1<j<A m+l<s<m-+r
J A<j<A+B; 1<s<m+1

Gj-a,
0, A<j<A+B, m+1<s<m-+r

and
Y, 1<j<BE 1<s<m+1
£ — PP 1< i<E mtl<s<m+r
J 6j_E, E<]§E+D,1§s§m+1
0, E<j<E+4+Dim+l1<s<m+r
respectively.
IT1.Upon setting
(a)m “+...4+m (b2)m (br)m
Q(f(my,...,mp);ma,...,m,) = ! a 2 r
(¢)my - (Cr)m,

and
¢:5=O (thatis,¢1=...=(b3=61:...25[):0)
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in Theorem 4.1 we obtain the following result.

Corollary 4.2. The following bilateral generating function holds true:

oo

) (r) ) )
E Ty oy Ty ALy ooy A ) F) 7 [, =1, b2y o bps €y oy Gy U, U, oy U | 27
n=0

o _(,ile>_l m Ni—or x;j 1:1:1:..:1:1:...01
= (1 —te m) = H (1 —te™ m) Fl:O;y(J;in;b;’l;’...;yl

[(a):1,..,1]: [ri4 .o+ rm+1:1); [—21: 1] s [—2m s 15

—ugt m 1-— teAjigm
1—te—om i eNi —teri—om |’

A1 Am
uit i l—e uit I 1-e U2 (7 ’
— = — ———om — ceey Up
1—te i 1— t€>‘1 Om 7 1—te e 1— te)\m Om ’ [

where the coefficients 1 are given by

w(n)_ 1, 1§n§m+1
10, m+l<n<m+r

and F,E{) [.] is the Lauricella function.

III. If we put

1 r—1 1 r—1
(ag ))mz"'(ag ))mr (aé ))mz"'(aé ))mT

()it tm,

Q (f(mlu "'7m7‘);m2, "'7m7‘) =

and B=1,bp =b,¢1 =1 and § =0 in Theorem 4.1,we obtain the following result:
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Corollary 4.3. The following bilateral generating function holds true:

o0
Z O X1y eeey Ty ALy ooy A)
n=0

xF](;) {—n, agl), e agr_l), b, aél), vy agT_l); C UL, Uy vy ur} t"

m
- Em])—l m .
_ P PR 1:151;5...5152;...52
_ 1 —te m (171 1—t€>\] Tm JF“7‘7 35S
1:0;05...;0;0;...;0
=1

[(0) : 0W), 0] [+ b+ 101 [—ay 1]y [y o 1

_ oM — e
urt ﬁ 1-e urt ﬁ 1—etm "
1—te=om | 1 1 —teM—om | 77777 | 1=temom . 1 1 —term—0om |’ 2
J= J=

where the coefficients 6 are given by

e(n)_ 1, 1§n§m+1
10, m+l<np<m+r’

and F](;) [[] is the Lauricella function.

IV. By letting

(@)mi+...4m (02)ms - (br ),
()mit...tm,

Q(f(my,ma, ...y );ma, eymy) =

and ¢ = 6 = 0 in Theorem 4.1,we obtain the following result:
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Corollary 4.4. The following bilateral generating function holds true:

oo
Z OPU(ELy eey T ALy oony )\m)Fg) [@, =1, bay .y by €5 U1, Uy oy Uy ] T
n=0

—(i %')—1 ML -
= (1—te ) = H (1 —te’\f_“m) ’
j=1
—uqt 1 —teti—m
FOn) g p + it rm+1,—21, ..., — T, ba, ..., b
D s 11 m ) 1 ) my V2, s Ury Gy 1 — te—0om = €>‘j — t@kj—am
ut O 1—eM uyt o 1—e*m
1—te=om H 1—ter—om [777 | 1 —te—om H 1 —term—om R

where Fg) [.] is the Lauricella function.
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