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Abstract. In this study, we give some new properties of the Gottlieb polynomials in
several variables. The results obtained here include various families of multilinear and
multilateral generating functions, integral representation and recurrence relations for
these polynomials. In addition, we derive a theorem giving certain families of bilateral
generating functions for the multivariable Gottlieb polynomials and the generalized
Lauricella functions. Finally, we get several results of this theorem.
Keywords. Gottlieb polynomials; generalized Lauricella functions; generating func-
tions; integral representation; recurrence relation.

1. Introduction

The Gottlieb polynomials are defined as [6]

ϕn(x;λ) = e−nλ
n
∑

k=0

(

n

k

)(

x

k

)

(1− eλ)k(1.1)

= e−nλ 2F1

[

−n,−x; 1; 1− eλ
]

,

where 2F1 denotes the hypergeometric function.

Recently, Choi [4] defined an extension of the Gottlieb polynomials ϕn(x;λ) in
m variables by

ϕmn (x1, ..., xm;λ1, ..., λm) = exp(−nσm)
n
∑

r1=0

n−r1
∑

r2=0

n−r1−r2
∑

r3=0

...

n−r1−r2−...−rm−1
∑

rm=0

×

(−n)δm

m
∏

j=1

(−xj)rj

m
∏

j=1

(

1− eλj
)rj

m
∏

j=1

(rj)!δm !
(1.2)
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where n,m ∈ N and, for convenience,

(1.3) σm :=
m
∑

j=1

λj and δm =
m
∑

j=1

rj .

Here and in the following, let N be the set of positive integers and let N0 :=
N ∪ {0}.

It is noted that the special case m = 1 of (1.2) reduces immediately to the
Gottlieb polynomials in (1.1). The multivariable Gottlieb polynomials defined by
(1.2) have the following two generating functions [4]:

(1.4)

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)tn = (1−te−σm)
−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(1−teλj−σm)xj ,

where m ∈ N and σm is given in (1.3).

∞
∑

n=0

(µ)nϕ
m
n (x1, ..., xm;λ1, ..., λm)

tn

n!
= (1− te−σm)−µF

(m)
D [µ,−x1, ...,−xm; 1;

t(eλ1 − 1)e−σm

1− te−σm
, ...,

t(eλm − 1)e−σm

1− te−σm

]

,

where F
(m)
D [.] denotes one of the Lauricella series in m variables ([10], p. 33, Eq.

(4)) defined by

F
(m)
D [a, b1, ..., bm; c;x1, ..., xm] =

∞
∑

r1,r2,...,rm=0

(a)δm(b1)r1 ...(bm)rm
(c)δm

xr11
r1!

...
xrmm
rm!

(max {|x1| , ..., |xm|} < 1)

and σm, δm are given in (1.3).

The main object of this paper is to study different properties of multivariable
Gottlieb polynomials. Various families of multilinear and multilateral generating
functions are derived for these polynomials. Other miscellaneous properties of these
multivariable polynomials are also discussed. Some special cases of the results
presented here are also indicated.

2. Generating Functions

In this section, firstly, we prove a theorem which gives a generating function
relation for the multivariable Gottlieb polynomials ϕmn (x1, ..., xm;λ1, ..., λm). Sec-
ondly, we give a result about several families of bilinear and bilateral generating
functions for these polynomials using the similar method considered in (see [1], [2],
[3], [5], [8], [12]).
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Theorem 2.1. The following generating function holds true:

∞
∑

n=0

(

n+ k

n

)

ϕmn+k(x1, ..., xm;λ1, ..., λm)tn

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−k−1 m
∏

j=1

(

1− teλj−σm
)xj

×ϕmk

(

x1, ..., xm; ln

(

eλ1 − teλ1−σm

1− teλ1−σm

)

, ..., ln

(

eλm − teλm−σm

1− teλm−σm

))

.(2.1)

Proof. If we write t+ u instead of t in (1.4), we get

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)(t+ u)n

= (1 − te−σm − ue−σm)
−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(1 − teλj−σm − ueλj−σm)xj .

Here, using the binomial theorem on the left-hand side of the last equality, we have

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)

n
∑

k=0

(

n

k

)

tn−kuk

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−1
(

1−
ue−σm

1− te−σm

)−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(

1− teλj−σm
)xj

×

m
∏

j=1

(

1−
ueλj−σm

1− teλj−σm

)xj

.

Replacing n by n+ k and using relation (1.4), then we obtain

∞
∑

n=0

∞
∑

k=0

(

n+ k

k

)

ϕmn+k(x1, ..., xm;λ1, ..., λm)tnuk

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(

1− teλj−σm
)xj

∞
∑

k=0

(

1− te−σm
)−k

×ϕmk

(

x1, ..., xm; ln

(

eλ1 − teλ1−σm

1− teλ1−σm

)

, ..., ln

(

eλm − teλm−σm

1− teλm−σm

))

uk

Equating the coefficients of uk on the both sides of the last equality, we arrive at
the desired result.
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Theorem 2.2. Corresponding to an identically non-vanishing function

Ωµ(y1, ..., yr )

of r complex variables y1, ..., yr (r ∈ N) and of complex order µ, let

Λν,q [x1, ..., xm;λ1, ..., λm; y1, ..., yr; t]

: =

∞
∑

n=0

anϕ
m
ν+qn(x1, ..., xm;λ1, ..., λm)Ωµ+pn(y1, ..., yr)t

n

where an 6= 0 , µ ∈ C and

(2.2) θn,p,q(y1, ..., yr; z) :=

[n/q]
∑

k=0

(

n+ ν

n− qk

)

akΩµ+pk(y1, ..., yr)z
k.

Then, for p ∈ N, we have

∞
∑

n=0

ϕmn+ν(x1, ..., xm;λ1, ..., λm)θn,p,q(y1, ..., yr; z)t
n

=
(

1− te−σm
)

−

(

m
∑

j=1
xj

)

−ν−1 m
∏

j=1

(

1− teλj−σm
)xj

×Λν,q

(

x1, ..., xm; ln

(

eλ1 − teλ1−σm

1− teλ1−σm

)

, ..., ln

(

eλm − teλm−σm

1− teλm−σm

)

;

y1, ..., yr; z

(

t

1− te−σm

)q)

.(2.3)

Proof. For convenience, let T denote the left side of (2.3). Using (2.2), we have

T =

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)

[n/q]
∑

k=0

(

n+ ν

n− qk

)

akΩµ+pk(y1, ..., yr)z
ktn.
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Replacing n by n+ qk and using relation (2.1), we may write

T =

∞
∑

n=0

∞
∑

k=0

(

n+ ν + qk

n

)

ϕmn+ν+qk(x1, ..., xm;λ1, ..., λm)ak Ωµ+pk(y1, ..., yr)z
ktn+qk

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−ν−1 m
∏

j=1

(

1− teλj−σm
)xj

∞
∑

k=0

(

1− te−σm
)−qk

akΩµ+pk(y1, ..., yr)

×ϕmν+qk

(

x1, ..., xm; ln

(

eλ1 − teλ1−σm

1− teλ1−σm

)

, ..., ln

(

eλm − teλm−σm

1− teλm−σm

))

(ztq)k

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−ν−1 m
∏

j=1

(

1− teλj−σm
)xj

×Λν,q

(

x1, ..., xm; ln

(

eλ1 − teλ1−σm

1− teλ1−σm

)

, ..., ln

(

eλm − teλm−σm

1− teλm−σm

)

;

y1, ..., yr; z

(

t

1− te−σm

)q)

.

This completes the proof.

It is possible to give many applications of our theorems by making appropriate
choices of the multivariable functions Ωµ+pk(y1, ..., yr), k ∈ N0, r ∈ N. Further-
more, for every suitable choice of the coefficients ak (k ∈ N0), if the multivariable
functions Ωµ+ψk(y1, ..., yr), r ∈ N, are expressed as an appropriate product of sev-
eral simpler functions, the assertion of Theorem 2.2 can be applied in order to derive
various families of multilinear and multilateral generating functions for the family
of the multivariable Gottlieb polynomials.

3. Miscellaneous Properties

In this section, we give some properties for the multivariable Gottlieb polyno-
mials ϕmn (x1, ..., xm;λ1, ..., λm) given by (1.2).

Theorem 3.1. The multivariable Gottlieb polynomials have the following integral
representation:

ϕmn (x1, ..., xm;λ1, ..., λm) =
1

Γ(x1)...Γ(xm)

n
∑

rm+1=0

m
∏

j=1

(

eλj−σm
)rj

×

∞
∫

0

...

∞
∫

0

(−x1...− xm)n−rm+1e
−(u1+...+um+1)ux1−1

1 ...uxm−1
m

×
[exp(−σm)(u1 + ...+ um+1)]

rm+1

(n− rm+1)!rm+1!
du1...dum+1,
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where Re(xj) > 0 (j = 1, ...,m).

Proof. If we denote the left-hand side of (1.4) by S and use the identity

a−v =
1

Γ(v)

∞
∫

0

e−attv−1dt (Re(v) > 0) ,

we obtain

S = (1− te−σm)−x1−...−xm−1(1 − teλ1−σm)x1 ...(1 − teλm−σm)xm

=
1

Γ(x1)

∞
∫

0

e−(1−te−σm )u1ux1−1
1 du1...

1

Γ(xm)

∞
∫

0

e−(1−te−σm )umuxm−1
m dum

1

Γ(1)

×

∞
∫

0

e−(1−te−σm )um+1dum+1

∞
∑

r1=0

(−x1)r1
r1!

(

teλ1−σm
)r1

...

∞
∑

rm=0

(−xm)rm
rm!

(

teλm−σm
)rm

=
1

Γ(x1)...Γ(xm)

∞
∫

0

...

∞
∫

0

∞
∑

r1,...,rm=0

(−x1)r1 ...(−xm)rm
r1!...rm!

tr1+...+rm
m
∏

j=1

(

eλj−σm
)rj

×e−(u1+...+um+um+1)ete
−σm (u1+...+um+um+1)ux1−1

1 ...uxm−1
m du1...dumdum+1

=
1

Γ(x1)...Γ(xm)

∞
∫

0

...

∞
∫

0

∞
∑

r1,...,rm=0

(−x1)r1 ...(−xm)rm
r1!...rm!

tr1+...+rm
m
∏

j=1

(

eλj−σm
)rj

×e−(u1+...+um+1)
∞
∑

rm+1=0

[t exp(−σm)(u1 + ...+ um+1)]
rm+1

rm+1!
ux1−1
1 ...uxm−1

m du1...dum+1.

If we use the identity [11]

∞
∑

r1,...,rm=0

f(r1 + ....+ rm)(ν1)r1 ...(νm)rm
xr1+...+rm

r1!...rm!
=

∞
∑

n=0

f(n)(ν1 + ...+ νm)n
xn

n!

and replace n by n− k, we have

S =
1

Γ(x1)...Γ(xm)

∞
∑

n=0





n
∑

rm+1=0

m
∏

j=1

(

eλj−σm
)rj

×

∞
∫

0

...

∞
∫

0

(−x1...− xm)n−rm+1 [exp(−σm)(u1 + ...+ um+1)]
rm+1

(n− rm+1)!rm+1!

× e−(u1+...+um+1)ux1−1
1 ...uxm−1

m du1...dum+1

]

tn.

From the coefficients of tn on the both sides of the last equality, one can get the
desired result.
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We now discuss some miscellaneous recurrence relations of the multivariable
Gottlieb polynomials. By differentiating each member of the generating function
relation (1.4) with respect to xj (j = 1, 2, ...,m) and after some calculations, we
arrive at the following (differential) recurrence relation for the multivariable Gottlieb
polynomials:

∂

∂xj
ϕmn =

n−1
∑

r=0

1

r + 1

[

(

e−σm
)r+1

−
(

eλj−σm
)r+1

]

ϕmn−r−1.

Besides, by differentiating each member of the generating function relation (1.4)
with respect to t, we have the following another recurrence relation:

(n+ 1)ϕmn+1 = (1 +

m
∑

j=1

xj)

n
∑

p=0

(

e−σm
)p+1

ϕmn−p −

n
∑

r=0

m
∑

j=1

xj
(

eλj−σm
)r+1

ϕmn−r.

4. Bilateral Generating Functions for the Multivariable Gottlieb

Polynomials and the Generalized Lauricella Functions

In this section, we derive various families of bilateral generating functions for
the multivariable Gottlieb polynomials and the Srivastava-Daoust (or generalized
Lauricella) functions.

The Srivastava-Daoust (or generalized Lauricella) function is defined by [9]

F
A:B(1);...;B(n)

C:D(1);...;D(n)





[

(a) : θ(1), ..., θ(n)
]

:
[

(b(1)) : φ(1)
]

; ...;

[

(c) : ψ(1), ..., ψ(n)
]

:
[

(d(1)) : δ(1)
]

; ...;





[

(b(n)) : φ(n)
]

;
z1, ..., zn

[

(d(n)) : δ(n)
]

;





=

∞
∑

m1,...,mn=0

Ω(m1, ...,mn)
zm1
1

m1!
...
zmn
n

mn!
,

where for convenience

Ω(m1, ...,mn) :=

A
∏

j=1

(aj)m1θ
(1)
j

+...+mnθ
(n)
j

C
∏

j=1

(cj)m1ψ
(1)
j

+...+mnψ
(n)
j

B(1)
∏

j=1

(b
(1)
j )

m1φ
(1)
j

D(1)
∏

j=1

(d
(1)
j )

m1δ
(1)
j

...

B(n)
∏

j=1

(b
(n)
j )

mnφ
(n)
j

D(n)
∏

j=1

(d
(n)
j )

mnδ
(n)
j

,

the coefficients

θ
(k)
j (j = 1, ..., A; k = 1, ..., n), and φ

(k)
j (j = 1, ..., B(k); k = 1, ..., n),
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ψ
(k)
j (j = 1, ..., C; k = 1, ..., n), and δ

(k)
j (j = 1, ..., D(k); k = 1, ..., n)

are real constants and
(

b
(k)

B(k)

)

abbreviates the array of B(k) parameters b
(k)
j (j =

1, ..., B(k); k = 1, ..., n) with similar interpretations for other sets of parameters [7].

For a suitably bounded nonvanishing multiple sequence {Ω(m1, ...,mr)}m1,...,mr∈N0

of real or complex parameters, we define a function φn(u1;u2, ..., ur) of r (real or
complex) variables u1, u2, ..., ur by [7]

φn(u1;u2, ..., ur) : =

n
∑

m1=0

∞
∑

m2,...,mr=0

(−n)m1((b))m1φ

((d))m1δ

×Ω (f(m1, ...,mr),m2, ...,mr)
um1
1

m1!
...
umr
r

mr!

where, for convenience

((b))m1φ =
B
∏

j=1

(bj)m1φj
and ((d))m1δ =

D
∏

j=1

(dj)m1δj .

Theorem 4.1. The following bilateral generating function holds true:

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)φn(u1;u2, ..., ur)t
n

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(

1− teλj−σm
)xj

×

∞
∑

r1,....,rm,m1,...,mr=0

((b))(m1+r1+...+rm)φ

((d))(m1+r1+...+rm)δ
(r1 + ...+ rm + 1)m1

m
∏

j=1

(−xj)rj

×Ω (f(m1 + r1 + ...+ rm,m2, ...,mr),m2, ...,mr)

(

−u1t
1−te−σm

m
∏

j=1

1− teλj−σm

eλj − teλj−σm

)m1

m1!

×

(

u1t
1−te−σm

m
∏

j=1

1− eλ1

1− teλ1−σm

)r1

r1!
...

(

u1t
1−te−σm

m
∏

j=1

1− eλm

1− teλm−σm

)rm

rm!

um2
2

m2!
...
umr
r

mr!
.

Proof. For convenience, let S denote the first member of the assertion in Theorem
4.1 and use definition of φn. Then we have

S =

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)

n
∑

m1=0

∞
∑

m2,...,mr=0

(−n)m1((b))m1φ

((d))m1δ

×Ω (f(m1, ...,mr),m2, ...,mr)
um1
1

m1!
...
umr
r

mr!
tn
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=

∞
∑

m1,...,mr=0

(

∞
∑

n=0

(

n+m1

n

)

ϕmn+m1
(x1, ..., xm;λ1, ..., λm)tn

)

((b))m1φ

((d))m1δ

×Ω (f(m1, ...,mr),m2, ...,mr) (−u1t)
m1
um2
2

m2!
...
umr
r

mr!
.

By using the relationship (2.1), we get

S =
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(

1− teλj−σm
)xj

×

∞
∑

m1,,...,mr=0

ϕmm1

(

x1, ..., xm; ln

(

eλ1 − teλ1−σm

1− teλ1−σm

)

, ..., ln

(

eλm − teλm−σm

1− teλm−σm

))

×
((b))m1φ

((d))m1δ
Ω (f(m1, ...,mr),m2, ...,mr)

(

−u1t

1− te−σm

)m1 um2
2

m2!
...
umr
r

mr!
.

Now, if we use the definition (1.2) and after some calculation, we arrive at the
desired result.

By appropriately choosing the multiple sequence Ω(m1, ...,mr) in Theorem 4.1,
we obtain several interesting results including, for example, the following bilateral
generating functions.

I. By letting

Ω (f(m1, ...,mr);m2, ...,mr)

=

A
∏

j=1

(aj)m1θ
(1)
j +...+mrθ

(r)
j

E
∏

j=1

(cj)m1ψ
(1)
j

+...+mrψ
(r)
j

B(2)
∏

j=1

(b
(2)
j )

m2φ
(2)
j

D(2)
∏

j=1

(d
(2)
j )

m2δ
(2)
j

...

B(r)
∏

j=1

(b
(r)
j )

mrφ
(r)
j

D(r)
∏

j=1

(d
(r)
j )

mrδ
(r)
j

in Theorem 4.1,we obtain the following result:
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Corollary 4.1. The following bilateral generating function holds true:
∞
∑

n=0

ϕm
n (x1, ..., xm;λ1, ..., λm)

×FA:B+1;B(2);...;B(r)

E:D;D(2);...;D(r)





[

(a) : θ(1), ..., θ(r)
]

: [−n : 1], [(b) : φ];

[

(c) : ψ(1), ..., ψ(r)
]

: [(d) : δ];

[(b(2)) : φ(2)]; ...; [(b(r)) : φ(r)];
u1, u2, ..., ur

[(d(2)) : δ(2)]; ...; [(d(r)) : δ(r)];



 tn

=
(

1− te−σm
)

−

(

m
∑

j=1
xj

)

−1 m
∏

j=1

(

1− teλj−σm

)xj
F

A+B:1;1;B(2);...;B(r)

E+D:0;0;D(2);...;D(r)





[

(e) : ϕ(1), ..., ϕ(m+r)
]

: [r1 + ...+ rm + 1 : 1]; [−x1 : 1]; ...; [−xm : 1],

[

(f) : ξ(1), ..., ξ(m+r)
]

: −; −; ...; −;

[(b(2)) : φ(2)]; ...; [(b(r)) : φ(r)];
(

−u1t

1−te−σm

m
∏

j=1

1− teλj−σm

eλj − teλj−σm

)

,

[(d(2)) : δ(2)]; ...; [(d(r)) : δ(r)];

(

u1t

1−te−σm

m
∏

j=1

1− eλ1

1− teλ1−σm

)

, ...,

(

u1t

1−te−σm

m
∏

j=1

1− eλm

1− teλm−σm

)

, u2, ..., ur







where the coefficients ej , fj, ϕ
(k)
j and ξ

(k)
j are given by

ej =

{

aj , 1 ≤ j ≤ A

bj−A, A < j ≤ A+ B
, fj =

{

cj , 1 ≤ j ≤ E

dj−E , E < j ≤ E +D

ϕ
(s)
j =



















θ
(1)
j , 1 ≤ j ≤ A; 1 ≤ s ≤ m+ 1

θ
(s−k)
j , 1 ≤ j ≤ A; m+ 1 < s ≤ m+ r

φj−A, A < j ≤ A+B; 1 ≤ s ≤ m+ 1
0, A < j ≤ A+B; m+ 1 < s ≤ m+ r

and

ξ
(s)
j =



















ψ
(1)
j , 1 ≤ j ≤ E; 1 ≤ s ≤ m+ 1

ψ
(s−k)
j , 1 ≤ j ≤ E; m+ 1 < s ≤ m+ r

δj−E , E < j ≤ E +D; 1 ≤ s ≤ m+ 1
0, E < j ≤ E +D; m+ 1 < s ≤ m+ r

respectively.

II.Upon setting

Ω (f(m1, ...,mr);m2, ...,mr) =
(a)m1+...+mr

(b2)m2 ...(br)mr

(c1)m1 ...(cr)mr

and
φ = δ = 0 (that is, φ1 = ... = φB = δ1 = ... = δD = 0)
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in Theorem 4.1 we obtain the following result.

Corollary 4.2. The following bilateral generating function holds true:

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)F
(r)
A [a,−n, b2, ..., br; c1, ..., cr;u1, u2, ..., ur] t

n

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(

1− teλj−σm
)xj

F
1:1;1;...;1;1;...;1
1:0;0;...;0;1;...;1





[(a) : 1, ..., 1] : [r1 + ...+ rm + 1 : 1]; [−x1 : 1]; ...; [−xm : 1];

[

(c1) : ψ
(1), ..., ψ(m+r)

]

: −; −; ...; −;

[b2 : 1] ; ...; [br : 1] ;
(

−u1t
1−te−σm

m
∏

j=1

1− teλj−σm

eλj − teλj−σm

)

,

[c2 : 1] ; ...; [cr : 1] ;

(

u1t
1−te−σm

m
∏

j=1

1− eλ1

1− teλ1−σm

)

, ...,

(

u1t
1−te−σm

m
∏

j=1

1− eλm

1− teλm−σm

)

, u2, ..., ur






,

where the coefficients ψ(η) are given by

ψ(η) =

{

1, 1 ≤ η ≤ m+ 1
0, m+ 1 < η ≤ m+ r

and F
(r)
A [.] is the Lauricella function.

III. If we put

Ω (f(m1, ...,mr);m2, ...,mr) =
(a

(1)
1 )m2 ...(a

(r−1)
1 )mr

(a
(1)
2 )m2 ...(a

(r−1)
2 )mr

(c)m1+...+mr

and B = 1, b1 = b, φ1 = 1 and δ = 0 in Theorem 4.1,we obtain the following result:
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Corollary 4.3. The following bilateral generating function holds true:

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)

×F
(r)
B

[

−n, a
(1)
1 , ..., a

(r−1)
1 , b, a

(1)
2 , ..., a

(r−1)
2 ; c;u1, u2, ..., ur

]

tn

=
(

1− te−σm
)

−

(

m
∑

j=1
xj

)

−1 m
∏

j=1

(

1− teλj−σm
)xj

F
1:1;1;...;1;2;...;2
1:0;0;...;0;0;...;0





[

(b) : θ(1), ..., θ(k+r)
]

: [r1 + ...+ rm + 1 : 1]; [−x1 : 1]; ...; [−xm : 1];

[(c) : 1, ..., 1] : −; −; −;
[

a(1) : 1
]

; ...;
[

a(r−1) : 1
]

;
(

−u1t
1−te−σm

m
∏

j=1

1− teλj−σm

eλj − teλj−σm

)

,

−; ...; −;

(

u1t
1−te−σm

m
∏

j=1

1− eλ1

1− teλ1−σm

)

, ...,

(

u1t
1−te−σm

m
∏

j=1

1− eλm

1− teλm−σm

)

, u2, ..., ur






,

where the coefficients θ(η) are given by

θ(η) =

{

1, 1 ≤ η ≤ m+ 1
0, m+ 1 < η ≤ m+ r

.

and F
(r)
B [.] is the Lauricella function.

IV. By letting

Ω (f(m1,m2, ...,mr);m2, ...,mr) =
(a)m1+...+mr

(b2)m2 ...(br)mr

(c)m1+...+mr

and φ = δ = 0 in Theorem 4.1,we obtain the following result:
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Corollary 4.4. The following bilateral generating function holds true:

∞
∑

n=0

ϕmn (x1, ..., xm;λ1, ..., λm)F
(r)
D [a,−n, b2, ..., br; c;u1, u2, ..., ur] t

n

=
(

1− te−σm
)

−

(

m
∑

j=1

xj

)

−1 m
∏

j=1

(

1− teλj−σm
)xj

F
(m+r)
D



a, r1 + ...+ rm + 1,−x1, ...,−xm, b2, ..., br; c;





−u1t

1− te−σm

m
∏

j=1

1− teλj−σm

eλj − teλj−σm



 ,





u1t

1− te−σm

m
∏

j=1

1− eλ1

1− teλ1−σm



 , ...,





u1t

1− te−σm

m
∏

j=1

1− eλm

1− teλm−σm



 , u2, ..., ur



 ,

where F
(r)
D [.] is the Lauricella function.
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