FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 35, No 3 (2020), 549-559
https://doi.org/10.22190/FUMI2003549E

ON SOME TOPOLOGICAL PROPERTIES IN GRADUAL
NORMED SPACES *

Mina Ettefagh, Farnaz Y. Azari and Sina Etemad

(© by University of Ni§, Serbia | Creative Commons Licence: CC BY-NC-ND
Abstract. In this paper, we have investigated some topological properties of sets in
a given gradual normed space. We have stated gradual Hausdorff property and then,
we have studied the relationship between gradual closed sets and gradual compact sets.
Also, we have given a result about having the closure point for an infinite set in a
gradual normed space. In the end, we have provided some illustrative examples.
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1. Introduction

In 1965, Zadeh first introduced a new class of sets named fuzzy sets to quantify
some linguistic terms and stated these terms mathematically [12]. Indeed, fuzzy sets
are generalization of classical sets and also, under certain conditions, we consider
a fuzzy subset as a fuzzy number. But, when we study this notion in fuzzy metric
spaces, the term fuzzy number is used instead of fuzzy intervals.

From this point of view, fuzzy numbers are generalization of intervals, not num-
bers. On the other hand, some algebraic properties of numbers not hold for fuzzy
numbers. These problems have been implied to avoid confusion between the re-
searchers.

In this way, in 2006, Fortin, Dubois and Fargier introduced gradual numbers
as elements of fuzzy intervals [5]. In this new structure, gradual numbers are con-
sidered as an unique generalization of real numbers which are equipped with all
algebraic properties of classical real numbers [5]. Since then, gradual numbers have
been applied as a strong tool for computations and optimization problems.

In [7], Kasperski et al. investigated gradual numbers and applied this notion
to solving combinatorial optimization problems. Some years later, Fortin et al. [6]
suggested some methods for evaluating the optimality by using gradual numbers.
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For more details about other applications of gradual numbers, see ([1], [2], [8], [11],
[13], [14]).

Recently, Sadeqi and Azari [9] have studied some properties of gradual numbers
and introduced gradual normed linear space. In [4], Ettefagh et al. investigated
some properties of sequences in gradual normed spaces.

Motivated by above works, in this paper, we have investigated some topological
properties of sets in a given gradual normed space. We have stated gradual Haus-
dorff property and then, we have studied the relationship between gradual closed
sets and gradual compact sets. Also, we have given a result about having the closure
point for an infinite set in a gradual normed space. Finally, in the last section, we
have presented some illustrative examples.

2. Preliminaries

In this section, we recall some basic definitions and theorems on the gradual numbers
and gradual normed space. For more details, see ([3], [5], [9])-

Definition 2.1. ([5]) A gradual real number 7 is defined by an assignment function
Az from (0, 1] to the set of real numbers R. The set of all gradual real numbers is
denoted by G(R). We say that a gradual real number 7 is non-negative if for each
a € (0,1], A7(a) > 0. The set of all non-negative gradual real numbers is denoted

by G*(R).
The gradual operations on the elements of G(R) can be defined as follows.

Definition 2.2. ([5]) Assume that * is any operation in real numbers and 7 and
79 are two arbitrary gradual numbers with assignment functions Az, and As,, re-
spectively. Then 7 * 72 is the gradual number with an assignment function Az .7,
given by

Aﬁ*ﬁ (a) = Afl (a) * Afz (a)v (a € (07 1])

Then, the gradual addition 7 + 72 and the gradual scalar multiplication ¢7*(c € R)
are defined by

A771+7:2 (a) = Afl (a) + AF2 (a)a ACF(O‘) = CAF(Q)’
for each a € (0, 1].

For each real number ¢ € R, the constant gradual number ¢ is defined by
Az(a) =t for each a € (0,1]. In particular, 0 and 1 are constant gradual num-
bers defined by Aj(«) = 0 and Aj(a) = 1, respectively. It can be easily proved that
G(R) with the gradual addition and gradual scalar multiplication is a real linear
space [5].

Definition 2.3. ([7]) Let 7#,§ € G(R). The partial order relation < in G(R) is
defined by 7 < § if and only if Az(a) < Az(a) for all a € (0,1].
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Theorem 2.1. ([7]) Let 7,3, € G(R). We have

(i) if F <3, then? —t <5—1;

Definition 2.4. ([9]) Let X be a real vector space and x,y € X. The mapping
Il from X to G*(R) is called a gradual norm on X if for each « € (0, 1], we have

(Gl) AHZDHG(Q) = A@(a) iff x = O;
(G2) Ajpg)e (@) = k|Age(@);  (k€R)
(G3) Ajatylie (@) < Ajjajig (@) + Ajjy)ig ().

Then the pair (X, || - ||¢) is called a gradual normed space (GNS).

Example 2.1. ([9]) (i) Let X = R". For each a € (0,1] and z = (z1,...,2,) € R,
consider the function || - ||¢ : R" — G*(R) by

n

Az (@) =Y |zil.

=1

Then || - ||¢ is a gradual norm on R™ and (R", || - ||¢) is a gradual normed linear space.
(ii) Let X = C([0, 1]) be the space of all continuous real-valued functions on [0, 1]. Consider

1 1
two norms on C([0, 1]) by [|fllo = ( / £ dt)* and [f]: = max {|(t)[}. Now, the
0 >t
function || - ||¢ : C[0,1] — G*(R) defined by
1£llo,
HfH17

A<
AjpieA) =

0<
1
S <a<
2< -

is a gradual norm on X.

Definition 2.5. ([9]) Let X be a gradual normed space. A gradual neighborhood
of g € X with radius of € > 0 is defined by

zo+ N(a,e) ={x: Ajg_z,|s(a) <€}, a € (0,1).

In particular, if o = 0, then N(a,€) = {2z : Ajy),(a) < e}

Lemma 2.1. ([9]) Let X be a gradual normed space and « € (0,1] and € > 0. We
have



552 M. Ettefagh, F. Y. Azari and S. Etemad

(N1) N(a,¢) = eN(a,1);

(N2) if €1 < €2, then N(«,€1) C N(a,ez);

(N3) if for every x € X, the assignment function Ay, be decreasing and oy < aa,
then N(a1,€) C N(az,€).

Definition 2.6. ([9]) Let X be a gradual normed space and A C X. Then

(H1) the point zg € X is called a closure point of A if for each « € (0, 1], we have

(xo + N(a,)) N A # Q.

The set of all closure points of A is denoted by A.

(H2) The point z9p € X is called a limit point of A if for each o € (0,1],
(2o 4+ N(a,a)) N A contains at least one point of A different from zg itself, or

(zo + N(a, )" NA#Q,
where (20 + N(o, @))* = (2o + N(o, a))\{zo}-

(H3) the point xo € A is called an interior point of A if there exists N(ayp, €g) such
that xg + N(ap,e0) € A. The set of all interior points of A is denoted by
IntA.

(H4) the set A is said to be gradual closed set iff A = A.
(H5) the set A is said to be gradual open set iff IntA = A.

The following theorems state an effective relationship between gradual open sets
and gradual closed sets.

Theorem 2.2. Let (X, | - |lg) be a gradual normed space and for every x € X,
Azl be a decreasing function. If B is the gradual open subset of X, then X \ B
is gradual closed.

Proof. Let B be a gradual open set and xo be a closure point of X \ B. Then for
each a € (0,1], we have (zog + N(a, @) N (X \ B) # O and so (zg + N(o,a)) € B.
Now, for each € > 0 and « € (0,1], let agp = min{a, €}. Thus we have

(zo + N(ao, a0)) C (w0 + N(av, €))
and then (zo+ N(a,€)) € B. Hence ¢ ¢ IntB = B or 2y € X \ B and we conclude
that X \ B is gradual closed. [

Theorem 2.3. Let (X,| - |lg) be a gradual normed space. For every subset B of
X, if X \ B is the gradual closed set, then B is gradual open set.

Proof. Suppose that X \ B is a gradual closed set. Then X\ B = X \ B. Let
xog € B, thus 29 ¢ X \ B = X \ B. Hence for some « € (0,1],

(o + N(a,a)) N (X \ B) = 0,

or (zg + N(a,)) € B. We conclude that xg is an interior point for B and B is a
gradual open set. []
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3. Main Results

Now, in this section, we are ready to state main results.

Theorem 3.1. Let (X, | -]|l¢) be a gradual normed space and A and B be subsets
of X. Then

(i) (ANB) C ANB and (AUB) = AU B.
(i) if every assignment function is decreasing, we have
Int(A)UInt(B) C Int(AUB) and Int(AN B) = Int(A) N Int(B).
Proof. (i) Let = € (AN B). Then for every a € (0,1], we have
(r+ N(o,a)) N (AN B) # Q.

So for every a € (0, 1], we have (z + N(a,a))NA # @ and (x + N(o,)) N B # O.
This shows that z € AN B.
Also, z € (AU B) if and only if for every « € (0, 1], we have

(z+ N(a,a))N (AU B) # 0.

Thus, one can write (z + N(o,a)) N A # @ or (z+ N(o,a)) N B # . This means
that z € AU B.

(ii) Let # € Int(A) U Int(B). Then = € Int(A) or z € Int(B). So for some
ag, a9 € (0,1] and €1,€5 > 0, we have

(x4 N(a1,€e1)) CA or (z+ N(az,e2)) C B.

Now, let @ < min{ay, as} and € < min{ey, e2}. Since every assignment function is
decreasing, thus (z + N(a,¢€)) C (AU B) and we get x € Int(AU B).

One can similarly prove the equality Int(ANB) = Int(A)NInt(B) and we omit
this part of the proof. O

Theorem 3.2. Let (X, ] -|lg) be a gradual normed space. Then

(i) for any collection {G,}, of gradual open sets, Uv G., is a gradual open set.

(it) for any collection {F,}, of gradual closed sets, (), Fy is a gradual closed set.

Proof. (i) Let {G4}, be an arbitrary collection of gradual open sets and let
z € U, G,. Then, there is some 7 such that z € G,,. Since G,, is a gradual
open set, thus there exists a € (0,1] and € > 0 such that

('T"_N(a?E)) g G”fo g UG“/‘
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Consequently, Uv G, is a gradual open set.

(ii) Let {F,}, be an arbitrary collection of gradual closed sets and put
F=NF. Ifze F, then for each a € (0,1], we have (z + N(a,a)) N F # O.
Hence for every v, we have (z + N(a,)) N F, # @ and so « € F,. On the other
hand, since for each v, F is a gradual closed set, so z € Fi, implies that © € F,.
Therefore x € ﬂﬂf F, = F. This shows that FCFandso Fisa gradual closed
set. [

Now, for the finite number of gradual open (closed) sets, we have the following
theorem.

Theorem 3.3. Let (X, |- ||¢) be a gradual normed space. Hence

(i) if every assignment function is decreasing, then for any finite collection
G1,Ga,- -+, Gy of gradual open sets, (i, G; is a gradual open set.
i=1

(ii) for any finite collection Fy,Fs,---, F, of gradual closed sets, |J;_, F; is a
gradual closed set.

Proof. (i) Let G1,Gs,---,G, be a finite collection of gradual open sets and let
T € ﬂ:;l G; be an arbitrary element. Then for any 1 < i < n, x € G;. But
every (; is a gradual open set, thus for each 1 < ¢ < n, there are o; € (0,1]
and ¢; > 0 such that (z + N(a;,¢)) € Gi. Put o < min{ag, g, -+, a,} and
€ < min{ey, €2,---,€,}. Since for each 2 € X, the assignment function Ay, is
decreasing, so we have N(«,¢) C N(ay,¢€;), for all 1 <i <n. Thus

(x + N(a,€)) C (z+ N(as,€)) C G

Therefore, (2 + N(a,€)) € ;_; Gi. Hence (;_; G; is a gradual open set.
(ii) Since each F; is gradual closed, thus F; = F;. Now, suppose that
zo € Ui, F;, so for each a € (0, 1], we have

n

(xo+N(a,a))ﬁ(UFi) # Q.

i=1
This means that for each « € (0, 1], there exists 1 <4 < n with
(zo + N(a,a)) N F; # O,

and so g € F; = F;. Therefore, oy € U;L:l F;. Hence, we conclude that
Ui, F; CU;_, F; and the proof is completed. [J

Theorem 3.4. (Gradual Hausdorff property) Let (X,| - |lg) be a gradual
normed space and x,y € X with x # y. Then there exists two disjoint neighborhoods
of x and y.
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Proof. Since x # y, so for each a € (0,1], we have A),_, () # Ag(a). Thus,
there is ag € (0,1] such that Aj,_yj,(a0) > 0. Put g < FAj,_y|.(a0) and
we claim that (z + N(ag,€0)) N (y + N(a,€0)) = O. To prove this claim, let
z € (z + N(ao,e0)) N (y + N(ao,€0)). Then, we have Aj,_.|, () < € and
Ajjy—zc (@0) < €0. Now, one can write

Az—ylo(@0) < Apg_zyg (o) + Ajy—z) (a0)
< 260<A||1_y‘|c(050)

and this is a contradiction. [

Theorem 3.5. Let B be a subset of the gradual normed space (X, || - ||q) and for
each x € X, the assignment function A||, be decreasing. If xq is a limit point of
B, then every neighborhood of xog contains infinitely many points of B.

Proof. Suppose that there exists o € (0,1] and € > 0 such that the neighborhood
(xo + N(a,€e)) of xy contains only finite number of elements of B, i.e.
(xo + N(a,e)) N B ={y1,92,.-.,Yn} Put

€0 < min{A |z y, 16 (0); Ajzg—yalla (@) s AJzo—yn o (@)}

Since €y < €, hence (xg+ N(a,€9)) C (xo+ N(a,€)). Now, we claim that the neigh-
borhood (z¢g + N(a,€9)) contains no point of B.  Indeed, if for some
i(i=1,2,...,n), yi € (xo + N(e, €p)), then we have

Ajjzg—y; o (@) < €0 < Ajgg—y, (@)

and this is a contradiction. Therefore (zg + N(«,€))* N B = @. Now, put
ap < min{ep,a}. So, we have ap < ¢ and ap < «a. Since every assignment
function is decreasing, thus

((E(] + N(Oé(], ao)) C (.’ﬂo + N(a, 6(])).

Hence, it is followed that (xg+ N (o, ap))* N B = @, which contradicts to the being
limit point xg for B and the proof is completed. [

Now, we define the new concept ”gradual compact set” in a gradual normed
space.

Definition 3.1. Let (X, |- ||¢) be a gradual normed space and K be an arbitrary
nonempty subset of X. We say that K is a gradual compact set if for each cover
{Vi}ier of gradual open sets for K, there exists finite number V;(i = 1,---,n) such
that K C J;_, V.

Theorem 3.6. Let (X, || - |lg) be a gradual normed space and for each v € X,
the assignment function Aj,|. be decreasing. Then every gradual compact set is
gradual closed.



556 M. Ettefagh, F. Y. Azari and S. Etemad

Proof. Let K be a gradual compact subset of X. We will show that X \ K is a
gradual open set. For this, assume that p € (X \ K) and for each ¢ € K, consider
neighborhoods V, = (p+N(ap,€)) and W, = (¢+N(ao, €)) for p and ¢, respectively,
where ag € (0,1] is a fixed number and

1
€< §AHP*QHG (ao).

For each ¢ € K, we have V;, N W, = @; because if z € V, N W, then we get
AHZ—ZJHG(QO) < e and AHZ—QHG(QO) < €. So

Alp—qllc(@0) <26 < Ap_g)e (o)

which is a contradiction.
Now, the cover qu x Wy of gradual open sets for K has finite subcover as
follows:

Jq,q, qgn €K st KgUWi.
i=1
Let V =, V,,. Since V is a finite intersection of gradual open sets containing p
and each assignment function is decreasing, so by Theorem 3.3 (i), V is a gradual
open set containing p. Therefore VN K = (@ and so V C (X \ K). This proves that
X \ K is a gradual open set and by Theorem 2.2, K is a gradual closed set. [

Theorem 3.7. Let (X,| - |lg) be a gradual normed space and K be a gradual
compact subset of X. If F is a gradual closed subset of K, then F is gradual
compact.

Proof. Suppose that {V;}icr is a cover of gradual open subsets for F. By Theorem
2.3, X \ F is a gradual open subset and so {V;};cr U(X \ F) is a cover for K. Since
K is gradual compact, there exists a finite cover {V;}?_; U (X \ F) for K. This
implies that {V;}7_; is a finite cover for F. Hence F will be a gradual compact
set. [

Corollary 3.1. Let (X,| - |l¢) be a gradual normed space such that every assign-
ment function is decreasing. Suppose that F and K are gradual closed and gradual
compact subsets of X, respectively. Then F' N K is a gradual compact set.

Proof. This is a consequence of Theorems 3.6, 3.7 and 3.2(ii). O
Finally, we give the last result about having closure point for an infinite set in
a gradual normed space. This property is like to Bolzano-Weierstrass property in

metric spaces [10].

Theorem 3.8. Let (X,| - |l¢) be a gradual normed space and E be an infinite
subset of the gradual compact set K. Then E has the limit point in K.
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Proof. Suppose that every z € K is not a limit point of £. Then there exists
ay € (0,1] such that (z + N(ag,az))* N E = @. Hence, if x € E is arbitrary, then
(x + N(agz,a;)) N E = {z}. This shows that there is no finite collection of infinite
cover {z + N(ag, a;)}zep of gradual open sets for E which covers the set E.
Now, let {G;}icr be an arbitrary cover of gradual open sets for K \ E. Then

{x + N(aw, aw)}wEE U {Gi}iel

is a cover of gradual open sets for K which contains no finite subcover and this
contradicts to the gradual compactness of K. [

4. Examples

The following examples are generalizations of the Example 2.1. Also we have some
arguments about gradual interior and gradual closure points in each example.

Example 4.1. Let (X,| - |]) be a real normed space. ~We define the function
I lle : X = G"(R) by

Az (@) = fl@)lzll; (a€(0,1],z € X)

where f: (0,1] — R" is a nonzero function. One can easily verify that || - || is a gradual
norm on X. Also, if we denote the neighborhoods in (X, || - ||) by

Ne(z)={ae X: ||z —al| <€}, (e>0),
then in gradual normed space (X, | - ||¢), for € > 0 and « € (0, 1] we have
N(a,e) = N_(0)

and for z € X, (z + N(a,¢€)) = Nﬁ(x)
Hence we conclude that Int(A) = Intg(A), where Int(A) and Intg(A) denote the set of
all interior points of A in (X, |- ||) and (X, || - ||¢), respectively.

Now, suppose that A C X and = € X is a closure point of A in (X, || -||). Then for every

e >0, we have N (z) N A # @. Thus for every a € (0,1] and € = %, we can write
(x+N(a,a)) N A= N%(a@)ﬂA;ﬁ 0,
and we conclude that z is a closure point of A in (X, - |l¢) or A € A%, in which A and

AC denote the closure of A in (X, || -|) and (X, || - ||e), respectively.

Example 4.2. Let ||-||; and ||-]|2 be two norms on real vector space X such that they are
not equivalent norms. For € X and a € (0, 1], we define the function || ||¢ : X — G*(R)
by

Azl (@) =
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It is easy to check that (X, || - ||¢) will be a gradual normed space. This example can be
extended to a finite number of non-equivalent norms.
Now, for x € X and € > 0, let

iNe(z)={a€ X: |lz—al: <e€},

oN(z) ={a € X : ||z —a|2 <€}

Therefore in (X, | - ||¢), we can write for € > 0 and « € (0, 1],
1
1N€(O), 0<a< 5
N(a,e):{mEX: A”g;||c(a)<6}: 1
2N5(0), 5 <« S 1 i
and also for x € X,
1
1Ne(z), 0<a< 3
(o + Nioye)) = |
aNe(z), 3 <a<l .

Then we can conclude that
Intg(A) = Int1(A) U Inta(A),

where Intg(A), Inti1(A) and Intz(A) denote the set of all interior points of A in (X, ||-||a),
(X, |- ll1) and (X, | - [|2), respectively.
Now, suppose that € A®. So for every o € (0,1], (z + N(a,a)) N A # @; In particular,

it will be true for each « € (0, %] This shows that A9 C A', where A' denote the closure
of A in the space (X, || - ||1). Finally, suppose that = € A' N A%. Then for each a > 0, we
have 1 No(z) N A # @ and 2 No(z) N A # @. Consequently, for each o € (0, %], we have

(x+ N(o,a))NA= 1No(z)NAF#O,
and for each « € (%, 1], we have

(x+ N(o,a))NA= 2No(z)NA#O.

This shows that = € A9 and we conclude that (A* N A%) ¢ A€,
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