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1. Introduction

The Banach contraction principle [2] is a basic tool in studying the existence
of solutions to many problems in mathematics and many different fields. In re-
cent times, the contraction principle has been extended in many various directions.
Geraghty’s theorem [7] is one of the generalized result. In 2013, Cho et al. [5]
introduced the notion of a-Geraghty contraction type maps and proved some fixed
point theorems for such maps in complete metric spaces. In 2014, Popescu [14]
extended the results in [5] by proving certain fixed point theorems for generalized
a-Geraghty contraction type maps. Later, Karapina [12] introduced the notion
of a-1y-Geraghty contraction type maps and proved the existence and uniqueness
of fixed points for such maps in metric spaces. In 2016, Chuadchawna et al. [6]
improved and generalized the results in [12, 14] by proving some fixed point the-
orems for a-n-y-Greraghty contraction type maps in a-7 complete metric spaces.
Recently, Ansari and Kaewcharoen [1] extended the results in [12] and proved the
fixed point theorems for a-n-iy-¢-F contraction type maps in a-n complete metric
spaces by using the C-class function.

In 1977, Jaggi [11] also extended the Banach contraction principle by prov-
ing some fixed point theorems for a contractive condition of rational type in metric
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spaces. After that, some authors extended the main results in [11] by many different
ways. Furthermore, certain fixed point results for rational contractions were estab-
lished in metric spaces and generalized metric spaces (see, for example, [4, 8, 9, 13]
and the references therein).

In this paper, we state some common fixed point theorems for rational con-
traction type via the C-class functions on metric spaces. The obtained results are
generalizations of the main results in [1, 12, 14]. In addition, we study the existence
of solutions to the system of nonlinear integral equations.

2. Preliminaries

First, we recall some symbols that

1. C is the family of all functions F : [0,00) x [0,00) — R such that for all
s,t € [0, 00),

(a) F is continuous.
(b) F(s,t) <s
(¢) F(s,t) = s implies that either s =0 or ¢t = 0.

2. U is the family of all functions 1) : [0, 00) — [0, 00) such that

(a) v is nondecreasing and continuous.
(b) ¥(t) =0 if and only if t = 0.

3. ® the family of all functions ¢ : [0, 00) — [0, 00) such that

(a) ¢ is continuous.
(b) ¢(t) > 0 for all ¢ > 0.

In [1], the authors gave some functions which are elements in C.

Example 2.1. ([1], Example 1.12) The following functions F : [0, c0) X [0,00) — R are
elements in C.

1. F(s,t) =s—tfor all s,t € [0, 00).

2. F(s,t) = msforallste[Ooo)whereO<m<1.

3. F(s,t) = s for all s,t € [0,00) where r € (0, c0).

4. F(s,t) = sB(s) for all s,t € [0,00) where 8 : [0,00) — [0,1) is a continuous func-
tion.

5. F(s,t) = s — ¢(s) for all s,t € [0,00) where ¢ : [0,00) — [0, 00) is a continuous
function such that ¢(t) = 0 iff t = 0.

In 2014, Popescu [14] introduced the notion of a-orbital admissible mappings
and triangular a-orbital admissible mappings as follows.
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Definition 2.1. ([14], Definition 5) Let X be a non-empty set and f: X — X,
a: X x X — [0,00) be two mappings. Then f is called an a-orbital admissible
mapping if for all x € X,

a(z, fr) > 1 implies o fz, f2x) > 1.

Definition 2.2. ([14], Definition 6) Let X be a non-empty set and f: X — X,
a: X x X — [0,00) be two mappings. Then f is called a triangular a-orbital
admissible mapping if

1. f is an a-orbital admissible.
2. For all z,y € X, a(x,y) > 1,a(y, fy) > 1 imply a(z, fy) > 1.
In 2016, Chuadchawna et al [6] introduced the notion of a-orbital admissible

mappings respect to 1 and triangular a-orbital admissible mappings respect to n
as follows.

Definition 2.3. ([6], Definition 2.1) Let X be a non-empty set and f: X — X,
a: X x X — [0,00) be two mappings. Then f is called an «a-orbital admissible
mapping respect to n if for all z € X

a(z, fx) > n(x, fz) implies o fz, f2x) > n(fz, f2r).

Definition 2.4. ([6], Definition 2.2) Let X be a non-empty set and f: X — X,
a: X xX — [0,00) be mappings. Then f is called a triangular a-orbital admissible
mapping respect to n if

1. f is an a-orbital admissible respect to 7.

2. For all z,y € X, a(z,y) > n(z,y),ay, fy) > nly, fy) imply oz, fy) >
n(z, fy).

In 2014, Hussain et al. [10] introduced the notion of a-n-complete metric spaces
and a-n-continuous functions.

Definition 2.5. ([10], Definition 4) Let (X, d) be a metric space, a,n: X x X —
[0,00) be mappings. Then

1. (X,d) is called a-n-complete if every Cauchy sequence {z,} in X with
a(zy, Tnt1) > Nz, Tpt1) for all n € N is a convergent sequence in (X, d).

2. (X,d) is called a-complete if X is a-n-complete with n(z,y) = 1 for all
z,y € X.

Remark 2.1. Every complete metric space is an a-n-complete metric space. However,
[6, Example 1.12] proves that there exists an a-n-complete metric space which is not a
complete metric space.
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Definition 2.6. ([10], Definition 7) Let (X, d) be a metric space, f : X — X and

a,n: X x X — [0,00) be mappings. Then f is called an a-n-continuous mapping

n (X,d) if for all x € X, lim x, = 2, 0(n,Tpnt1) = N(Tp, Tpt1) for all n € N
n—oo

imply nll)rrgo fr, = fx.

Remark 2.2. 1. Every continuous mapping is an a-n-continuous mapping. How-
ever, there exists an a-7-continuous mapping is not a continuous mapping, (see [6,
Example 1.14]).

2. T is called a-continuous if T' is a-n-continuous with n(z,y) =1 for all z,y € X.

In 2016, Ansari and Kaewcharoen [1] introduced the notion of a generalized a-
n-1-p-F-contraction type and stated some fixed point results for such contraction
type in metric spaces as follows.

Definition 2.7. ([1], Definition 2.1) Let (X, d) be a metric space, a,n: X x X —
[0,00) and f : X — X be mappings. Then f is called a generalized a-n-1)-o-F'-
contraction type if there exist ¢ € ¥, € ® and F € C such that for all z,y € X
with a(z,y) = n(z,y), we have

Y(d(fz, fy)) < F(W(M(z,y)),o(M(z,y)))

where

M(a,y) = max{d(z,y), d(z, fo), d(y, fy)}.

Theorem 2.1. ([1], Theorem 2.3, Theorem 2.4, Theorem 2.5) Let (X,d) be a
metric space, f : X — X and a,n: X x X — [0,00) be mappings such that

1. (X,d) is an a-n-complete metric space.

2. f is triangular a-orbital admissible respect to n.

o

. [ is an a-n-y-p-F-contraction type.

+~

There exists xg € X such that o(xo, fxo) > n(xo, fxo).

N

(a) Either f is a-n-continuous or

(b) If {z,} is a sequence in X and lim xz, = x such that a(xn,Tpi1) =
n—00

N(Zn, Tny1) for all n € N, then there ervists a subsequence {Zn)} of
{zn} such that a(z, ), ) = N(Tyw), ) for all k € N.

Then f has a fized point. Moreover, if for all x,y € X, x # y there exists z € X
such that a(z, fz) > n(z, fz),a(x, 2) > n(z, z) and aly, z) > n(y, z), then [ has a
unique fized point.
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3. Main results

First, we generalize the notion of triangular a-orbital admissible mappings to a
pair of mappings as follows.

Definition 3.1. Let X be a non-empty set, f,g: X — X and a: X x X —
[0, 00) be mappings. Then the pair (f, g) is called triangular a-orbital admissible if
for all z,y,z € X,

1. (L1) a(z, fx) > 1 implies a(fx,gfz) > 1.
2. (L2) a(z,y) > 1 and a(y, fy) > 1 imply a(x, fy) > 1.
3. (L3) a(x,gz) > 1 implies a(gz, fgx) > 1.

4. (L4) a(z,y) > 1 and a(y, gy) > 1 imply «a(z, gy) > 1.

Lemma 3.1. Let X be a non-empty set, f,g: X — X anda: X x X — [0,00)
be mappings such that

1. The pair (f,g) is triangular a-orbital admissible.

2. There exists xg € X such that a(zg, fzg) > 1.

Then the sequence {x,} defined by xon11 = fran and Tapia = gxany1 Satisfies
(T, zn) > 1 for all m,n € N with m # n.

Proof. Since a(xg, 1) = a(xo, fzg) > 1 and the property (L1) of the pair (f,g),
we obtain «a(z1,22) = a(fxo,gfxe) > 1. Since a(z1,22) > 1 and z3 = g1,
we get a(x1,921) > 1. By using the property (L3) of the pair (f,g), we ob-
tain a(gz1, fgx1) > 1. This implies that a(x2,x3) > 1. Since x3 = fxa, we
obtain a(xsa, fza) > 1. By using the property (L1) of the pair (f,g), we obtain
a(fxa,gfxe) > 1. This implies a(zs,z4) > 1. By continuing the process as above,
we obtain a(zy,,zp41) > 1 for all n € N.

Now, suppose that a(x,, Z;,) > 1 for m > n. We will prove that a(x,,, me1) > 1
for m > n. If m is odd, a(xm, gxm) = a(Tm, Tmt1) > 1. Note that a(x,, xm,) > 1.
From the property (L4) of the pair (f,g), we have a(zy, Tmi1) = a(zn, gTm) > 1.
If m is even, a(@m, fom) = a(Tm,Tm+1) > 1. Note that a(z,,xm) > 1. From the
property (L2) of the pair (f,g), we get a(Tn, Tm+y1) = @(Tn, fm) > 1. Therefore,
a(Tp,Tm) > 1forallm>n. O

Next, we introduce the notion of a pair of 1-p-F-rational contraction type map-
pings in metric space.
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Definition 3.2. Let (X,d) be a metric space, a : X x X — [0,00) and f,g :
X — X be mappings. Then the pair (f,g) is called a 1-¢-F-rational contraction
type if there exist ¥ € U, p € ® and F € C such that for all z,y € X,z # y with
a(z,y) > 1, we have

3.1) v(d(fz,9y)) < F((H(@,y)), o(H(z,y)))

where

d(z,gy) +d(y, fz) d(z, fz)d(y, gy) }

H(z,y) = max {d(z,y). d(x, fz),d(y, ). > )

Definition 3.3. Let (X,d) be a metric space, a : X x X — [0,00) and f,g :
X — X be mappings. Then the pair (f, g) is called a 1)-¢-Fy-rational contraction
type if there exist k > 0, ¢ € U, p € ® and F € C such that for all z,y € X with
alz,y) = 1, we have

(3.2) Y(d(fz,gy)) < F(Y(He(2,y)), o(Hi(z,y)))

where

d(z,gy) +d(y, fx) d(z, fz)d(y, gy) }

Hi(e,y) = max {d(z,y), d(e, fx). d(y, 9v). . e

The first main result is a sufficient condition for the existence of a common
fixed point of a pair of mappings satisfying -p-F-rational contraction type in
metric spaces.

Theorem 3.1. Let (X,d) be a metric space, f,g: X — X and a : X x X —
[0,00) be mappings such that

1. (X,d) is an a-complete metric space.

2. The pair (f,g) is triangular a-orbital admissible.

3. The pair (f,g) is a Y-@-F-rational contraction type.
4. There exists xo € X such that a(xg, fxg) > 1.

5. f and g are a-continuous.

Then f or g has a fized point, or f and g have a common fized point.

Proof. We define a sequence {x,} in X by zo,+1 = fxe, and xo,4+2 = gray41 for
all n € N, where a(xo, frg) > 1. If there exists n € N such that x2, = zont1,
then xo, = fxo,, that is, xa, is a fixed point of f. Similarly, if there exists n € N
such that xo,411 = Tont2, then zo,11 = gron41, that is, xo,41 is a fixed point of
g. Therefore, we assume that x, # x,41 for all n € N. Since the pair (f,g) is
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triangular a-orbital admissible, by using Lemma 3.1, we obtain the following for all
m,n € Nym > n,

(3.3) o(Tn, xm) > 1.

Since (f, g) is a 1)-¢-F-rational contraction type and using (3.3), we have

U(d(zans1, Tons2)) = V(d(fron, 9T2nt1))
F(¢(H (220, T2n11)), (H (220, Z2n11)))

IN

(3.4)
where
H(22n, T2n41)

= max {d($2n7 Tont1), d(T2n, [Ton), d(Tont1, 9T2n11),

d(xon, gTant+1) + d(Tant1, fTon) d(@on, fran)d(Tant1, 9T2n+1) }
2 ’ d(xon, Tant1)
d(T2n, Tan+2)
Sy
d(Ton, Tant1) + d(Tant1, Tant2) }
2

= max {d(ﬂfzn, $2n+1), d(l“2n+1 ) I2n+2),

< max {d(xgn, Zon+t1), A(Tan+1, Tant2),
= max {d(;vzn, Ton+t1), A(Tan+1, T2nt2) }
If there exists n € N such that
max {d(z2n, T2nt1), d(T2nt1, Tans2) } = d(T2n41, Tantz) > 0,
then (3.4) becomes
Y(d(@2ni1, T2nt2)) < F((d(@ont1, Tont2)), @(d(@2n11, T2nt2)))
< Y(d(@on+t1, Tant2)).
It is a contradiction. Therefore,
max {d(z2n, T2n41), d(T2n41, Tant2) } = d(22n, Tong1) >0
for all n € N. Then (3.4) becomes
(35)  Y(d(zani1,Toms2)) < F(Y(d(22n, T2nt1)), (d(Ton, Toni1)))
< Y(d(won, T2nt1))
for all n € N. Moreover, since 1 is nondecreasing, we have
(3.6) d(x2n41, Tont2) < d(@2n, Tant1)

for all n € N. Also, from (3.3) and(f,g) is a -p-F-rational contraction type,
we have

U(d(zans1,720)) = Y(d(fr2n, gr2n-1))
< F(Y(H(w2n,22n-1)), o(H (T2n, T2n-1))).
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Similar to the above arguments, we also have

(3.7) d(Zon+1,T2n) < d(Ton, Tan—1)

for all n € N;n > 1. Therefore, from (3.6) and (3.7), we obtain {d(zn,zn+1)}
is a decreasing sequence of positive numbers. Hence, there exists » > 0 such that
lim d(xy,zp+1) = r. Then, taking the limit as n — oo in (3.5), we obtain
n—oo

P(r) < F(w(r), go(r)). This implies that F(¢(T), cp(r)) = 9(r). Then, ¥(r) = 0 or
©(r) = 0. So, we have r = 0. Therefore,

(3.8) lim d(z,,zn+1) =0.

n—oo

Next, we will prove that {z,,} is a Cauchy sequence. It is sufficient to show that
{xan} is a Cauchy sequence. On the contrary, suppose that {z2,} is not a Cauchy
sequence. Then, there exist € > 0 and two sequences of positive integers {m(k)}
and {n(k)} where n(k) is the smallest index for which n(k) > m(k) > k and

(3.9) (T2 (k) > T2n(k)) = €-
It implies that

(3.10) (T2 (k) Tan(k)—2) < E.
Then, from (3.9) and (3.10), we have

(3.11)e A(Zom k) Toan(k))

<
< d(Zami) Tan(k)—2) F A(Tonk)—2, Tank)—1) + A(Zonk)—1, Tan(k))
< e+ d(@ank)-25 Tank)—1) + AT2n(k)—1, Tan(k))-

Taking the limit as kK — oo in (3.11) and using (3.8), we get
(3.12) . d(Zomk), Tan) = €

Moreover, we have

(3.13) |d(T2m(k)> T2n(k)—1) = A(Tamk)> Tank))] < ATonk)y—15 Tan(k))-
(3.14) |d(T2m(k)s Tan(k)—1) = ATank)y—15 Tamk)+1)| < A(@2m (k) Tam(k)+1)-
(3.15) |d(T2m(k)+15 Tan(k)) = ATam@)+1> Tank)—1)| < d(@an(k)s Tank)—1)-

Taking the limit as £ — oo in (3.13), (3.14), (3.15) and using (3.8), (3.12) we obtain

(3.16) m d(Tom k) Tan(k)—1) = €-

k—o0
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(3.17) i d(@an k)15 Tam(ky1) = €-
(3.18) 0 d(Zom k)1, Tan(r)) = €

Since lim d(Tom k), Tonk)—1) = € > 0, we have d(Zam k), Tank)—1) > 0 for all
k—o0

k > ko with some ko € N. For all k > ko, since 2m(k) < 2n(k) — 1 and using (3.3),
we obtain a(Tom k), Tan(k)—1) > 1. By using (3.1), we have

Y(d(@2mm) 11> T2n) = V(A Tamm)s 9T2n(m)-1))
(3.19) F(p(H (Zamr) Zank)—1)) » ©(H (Zam(k) s Lank)—1)) )

IN

where

(3.20) H (Zom(k)s Toan(k)—1)
= max {d(ﬂfzm(k) s Ton(k)—1)s AT2m(k)> T2m(k)+1)> AT2n (k) — 15> Tan(k) )
d(Zam(k)> Tan(k)) + A Z2n(k)—15 T2m(k)+1)
2 b
d(Z2m (k) > T2m(k)+1) A L20(k)—15 T2n(k)) }
d(T2m(k)s Tan(k)—1) '

Taking the limit as k¥ — oo in (3.20) and using (3.8), (3.12), (3.16), (3.17),
we obtain

. E+e
(3.21) khﬁrglo H (Zom, (k) Ton(k)—1) = max {5, 0,0, 5 0} =ec.
Taking the limit as k — oo in (3.19), using the continuity of F) 1, and (3.18),
(3.21), we have

U(e) < F(9(e), p(e))-

It follows from the property of F' that ¢(e) = 0 or ¢(¢) = 0. This implies that
¢ = 0 which is a contradiction. Therefore, {x,} is a Cauchy sequence. Since X is
an a-complete metric space and «(zy,, p41) > 1 for all n € N, there exists © € X
such that lim z, = x. Since f and g are a-continuous mappings, we have

n—oo

x = lim Zop41 = lim fao, = f( lim z9,) = fx
n—oo n—oo n—00

and

= lim Zop4o = lim gzo,y1 = g( lim x9,41) = gz.
n— o0 n— o0 n— o0

This implies that x is a common fixed point of f and g. O

The second main result is a sufficient condition for the existence of a common
fixed point of a pair of mappings satisfying -p-F}-rational contraction type in
metric spaces.
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Theorem 3.2. Let (X,d) be a metric space, f,g: X — X and o : X x X —
[0,00) be mappings such that

1. (X,d) is an a-complete metric space.

2. The pair (f,g) is triangular a-orbital admissible.

3. The pair (f,g) is a Y-p-Fy-rational contraction type.
4. There exists xog € X such that a(xg, fxg) > 1.
5

. If{xn} is a sequence in X such that lim z, =z and a(xy,, Tny1) > 1 for all
n— o0

n € N, then a(xan,x) > 1 and a(x, x2,41) > 1 for alln € N.
Then f or g has a fized point, or f and g have a common fized point.

Proof. As in the proof of Theorem 3.1, we conclude that either f or g has a fixed
point or the sequence {x,} defined by za,41 = fx2, and xo, 2 = gran4q for all
n € N satisfies

(3.22) (T, Tm) > 1,
(3.23) ILm d(xp, Tpt1) =0

for all n,m € N with n > m and there exists £ € X such that

(3.24) lim z, = z.

n—roo

Then, from the assumption (5), we obtain a(za,,z) > 1 and a(z, z9,+1) > 1 for
all n € N. Since a(zan,x) > 1, (f, g) is triangular a-orbital admissible, we have

(3.25) ¥(d(z2n11,97)) = Y (d(fron, gz)) < F(Y(H (220, 2), 0H (220, 7))
where

H(wzn,o) = max {d(w2n,2), d(@2n, 22041), d(w, g2),

d(Ton, 9x) + d(z, Tont1) d(T2n, Tony1)d(x, gz) }

(3.26) 5 Tkt (. 2a)

Taking the limit as n — oo in (3.26) and using (3.23), (3.24), we get
(3.27) lim H(xo,,z) = d(z, gz).

n—oo
Taking the limit as n — oo in (3.25), using the continuity of F,, ¢ and (3.27),
we obtain

Y (d(z, gz)) < F(¢(d(z, gz), p(d(z, gz)).

By using the property of F, we have z/J(d(x, g:b)) =0or cp(d(:t, gx)) = 0. This implies
that d(x, gz) = 0. Hence, gz = x. Similarly, we also have fz = x. Therefore, x is a
common fixed point of f and g. O
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The following theorems are the sufficient conditions for the existence of a unique
common fixed point of the pair of mappings satisfying -y-F-rational contraction
type and ¥-p-Fj-rational contraction type in metric spaces.

Theorem 3.3. Suppose all assumptions of Theorem 3.1 hold. Assume that for
all z,y € X,x # y, there exists z € X such that a(z, fz) > 1, a(z,z) > 1 and
aly,z) > 1. Then [ or g has a fized point or f and g have a unique common
fixed point.

Proof. By Theorem 3.1, f or g has a fixed point or f and g have a common fixed
point. Suppose that z,y are two common fixed point of f, g such that x # y. By the
assumption, there exists z € X such that a(z, fz) > 1,a(x,z) > 1. Since (f,g) is
triangular a-orbital admissible, we have a(z, fz) > 1. Since a(z, fz) > 1 and using
Theorem 3.1, we deduce that

(3.28) lim z, = z*

n—oo
where z* € X and {z,} is defined by 2o = z, 20n41 = f22, and 22,42 = gzap41 for
all n € N.

Moreover, a(x,z1) = a(z, fz) > 1, and (f,g) is triangular a-orbital admissi-
ble, we have a(z, z2) = a(fz, gz1) > 1. This implies that a(x, z3) = a(gz, fz2) > 1.
Continue this process, we have a(z, z,) > 1 for all n € N. We consider two follow-
ing cases.

Case 1. If there exists z,, € X such that z,, = z, then

(3.29) lim z, = .

n—r oo

By using (3.28) and (3.29), we obtain x = z*.
Case 2. If z, # z for all n € N, then using (3.1), we obtain

P (d(x, 22n12)) Y(d(fz,g22n11))

(3.30) < F(Y(H (2, 22041)), 9(H (2, 22041)))
where
H(x722n+1) — max{d(;v,zzn+1),d(x,fx),d(22n+1,922n+1),
d(z, gzan+1) + d(22n11, f2) d(z, fr)d(22n+1, 922n+1) }
2 ’ d(z, zon+1)
d(x, zon + d(zon41, T
(331) = max{d(z,22n+1),d(22n+1,z2n+2), ( 2 +2) 5 ( Zntl )}
Taking the limit as n — oo in (3.31), we have
(3.32) lim H(x,zp41) = d(z, 2%).

n—r oo
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Taking the limit as n — oo in (3.30) and (3.32), we have

(3.33) b(d(x, %) < F(v(d(z, =), p(d(z, 2")).

By using the property of F, we have ¢ (d(z,2*)) = 0 or p(d(x, z*)) = 0. This implies
that d(z,z*) = 0. This means z = z*.

From the above cases, we conclude that = z*. Similar, we also obtain y = z*.
Therefore, x = y and hence the common fixed point of f and ¢ is unique. O

Theorem 3.4. Suppose all assumptions of Theorem 3.2 hold. Assume that for
all z,y € X,z # y, there exists z € X such that a(z, fz) > 1, a(z,z) > 1 and
a(y,z) > 1. Then [ or g has a fized point or f and g have a unique common
fixed point.

Proof. The proof is similar to the proof of Theorem 3.3. O

By choosing f = g in Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4,
we get the following results.

Corollary 3.1. Let (X,d) be a metric space, f: X — X and a : X x X —
[0,00) be mappings such that

1. (X,d) is an a-complete metric space.
2. f is a triangular a-orbital admissible mapping.

3. Forall z,y € X,z # y with a(x,y) > 1, there exist Y € ¥V, o € ® and F € C
such that

a(z, y)v(d(fz, fy)) < F(V(H (2,9)), o(H' (2,y)))
where

d(z, fy) +d(y, fx) d(z, fx)d(y, fy)

1 (2.y) = max {d(z,y). d(a. fo), d(y. Fy). ; e

4. There exists xog € X such that a(xg, fzg) > 1.
5. f is a-continuous.

Then f has a fixed point. Moreover, if for all x,y € X, x # vy, there exists z € X
such that a(z, fz) > 1,a(z,z) > 1 and a(y, z) > 1, then f has a unique fived point.

Corollary 3.2. Let (X,d) be a metric space, f: X — X and a : X x X —
[0,00) be mappings such that

1. (X,d) is an a-complete metric space.

3
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2. f is a triangular a-orbital admissible mapping.

3. For all x,y € X with a(x,y) > 1, there exist k >0, € U, p € ® and F € C
such that

a(z, y)(d(fz, fy)) < F(OHL (2,v)), o(H] (x,v)))

where

d(z, fy) +d(y, fx) d(z, fx)d(y, fy) }

i (a,y) = max {d(z,y).d(x, fz),d(y, fy). . R T

4. There exists xo € X such that a(xg, fxg) > 1.

5. If {xn} is a sequence in X such that lim x, =z and a(xy, Tp1) > 1 for all
n— o0

n € N, then a(xy,x) > 1 for all n € N.

Then f has a fized point. Moreover, if for all z,y € X, x # vy, there erists z € X
such that oz, fz) > 1, a(x,2) > 1 and oy, z) > 1, then f has a unique fized point.

By using the arguments as in the proof of [3, Theorem 2.2], from Corollary 3.1
and Corollary 3.2, we obtain the following results. These can be viewed as extending
analogues of Theorem 2.1.

Corollary 3.3. Let (X,d) be a metric space, f: X — X and a,n: X x X —
[0,00) be mappings such that

1. (X,d) is an a-n-complete metric space.
2. f is a triangular a-orbital admissible mapping respect to 1.

3. For dll z,y € X,z # y with a(x,y) > n(zx,y), there exist p € U, € ® and
F € C such that

G(d(fz, fy)) < F(O(H (2,9)), 0(H (2,y)))

where

(z, fy) +d(y, fx) d(z, fr)d(y, fy) }

1 (a.y) = ma {d(a,). do. f).d(y. ), LA ST

4. There exists xg € X such that a(xg, fzo) > n(xo, fzo).

5. f is a-n-continuous.

Then f has a fixed point. Moreover, if for all x,y € X, x # vy, there exists z € X
such that a(z, fz) > n(z, f2),a(z,z) > n(z, z) and aly,z) > 1y, z), then [ has a
unique fized point.
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Corollary 3.4. Let (X,d) be a metric space, f: X — X and o, : X x X —
[0,00) be mappings such that

1. (X,d) is an a-n-complete metric space.
2. f is a triangular a-orbital admissible mapping respect to 1.

3. For all z,y € X with a(x,y) > n(z,y), there exist k > 0, ¥ € ¥V, p € ® and
F € C such that

G(d(fz, fy)) < F(O(H] (2,y)), o(H] (1))

where

d(z, fy) +d(y, fx) d(z, fx)d(y, fy) }

Hf (2, y) = max {d(x. ). d(x, fx),d(y. f9), . R T

4. There exists xg € X such that a(xg, fzo) > n(xo, fzo).

5. If{x,} is a sequence in X such that lim x, =z and a(xn, Tni1) > (T, Tnt1)
n—oo

for all n € N, then axy,x) > n(zy,x) for alln € N.

Then f has a fived point. Moreover, if for all x,y € X, x # y, there exists z € X
such that a(z, fz) > n(z, fz),a(z,z) > n(z, z) and aly,z) > 0y, z), then f has a
unique fized point.

In Corollary 3.1 and Corollary 3.2, by choosing F(s,t) = s8(s) for all s,t €
[0,00) where 8 : [0,00) — [0, 1) is a continuous function, we obtain the following
corollaries. These results can be viewed as the extending analogues of [12, 14]
with the condition ” lim A(t,) = 0 implying that lim ¢, = 1” replaced by 7 is

n—oo n—r oo
continuous”.

Corollary 3.5. Let (X,d) be a complete metric space, f: X — X and a : X x
X — [0,00) be mappings such that

1. f s a triangular a-orbital admissible mapping.

2. For all z,y € X,x # y with a(x,y) > 1, there exist v € ¥, o € ® and
B :1]0,00) — [0,1) is a continuous function such that

a(z,y)v(d(fz, fy) < @(H (2,y)).8(L(H (z,y))

where

d(z, fy) +d(y, fx) d(z, fx)d(y, fy) }

1 (2.y) = max {d(z,y). d(a. f2), d(y. Fy). ; O

3. There exists xg € X such that a(xg, fzo) > 1.
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4. f is continuous.

Then f has a fived point. Moreover, if for all x,y € X, x # y, there exists z € X
such that a(z, fz) > 1,a(z,2) > 1 and a(y, z) > 1, then f has a unique fived point.

Corollary 3.6. Let (X,d) be a complete metric space, f: X — X and a: X X
X — [0,00) be mappings such that

1. f is a triangular a-orbital admissible mapping.

2. For all z,y € X with a(z,y) > 1, there exist k > 0, v € V,p € & and
B :1]0,00) — [0,1) is a continuous function such that

ale, y)(d(fz, fy)) < Y(H{ (x,9)).8(0(H] (z,y))

where

d(z, fy) +d(y, fx) d(z, fr)d(y, fy) }

H () = max {d(x. ). d(x, o), d(y. 4), ; R

3. There exists xg € X such that a(xg, fzo) > 1.

4. If {x,} is a sequence in X such that lim xz, =z and a(zy, Tny1) > 1 for all
n—oo

n € N, then a(x,,z) > 1 for all n € N.

Then f has a fived point. Moreover, if for all x,y € X, x # y, there exists z € X
such that oz, fz) > 1,a(x,2) > 1 and a(y, z) > 1, then f has a unique fized point.

In Corollary 3.3 and Corollary 3.4, by choosing F(s,t) = sf(s) for all s,t €
[0,00) where 8 : [0,00) — [0, 1) is a continuous function, we obtain the following
corollaries. These results can be viewed as extending analogues of [6, Theorem 2.7,
Theorem 2.8, Theorem 2.9] with the condition ” nlirrgo B(t,) = 0 implies nhﬁrr;o t, =17

replaced by ” 3 is continuous” .

Corollary 3.7. Let (X,d) be a complete metric space, f: X — X and a,n :
X x X — [0,00) be mappings such that

1. f s a triangular a-orbital admissible mapping respect to n.

2. For dall x,y € X,z # y with a(x,y) > n(zx,y), there exist p € U, p € ® and
B :]0,00) — [0,1) is a continuous function such that

V(d(fz, fy)) < O(H (z,y)).8(0(H (z,y))

where

d(z, fy) +d(y, fx) d(z, fx)d(y, fy) }

1 (2, y) = max {d(x. ), d(x, fx),d(y. f9), . )
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3. There exists xo € X such that a(xg, fxo) > n(xo, fxo).

4. f is continuous.

Then f has a fized point. Moreover, if for all x,y € X, x # vy, there exists z € X
such that a(z, fz) > n(z, f2),a(z,z) > n(z,2) and aly,z) > n(y,z) then f has a
unique fized point.

Corollary 3.8. Let (X,d) be a complete metric space, f: X — X and a,n :
X x X — [0,00) be mappings such that

1. f is a triangular a-orbital admissible mapping respect to 1.

2. For dall z,y € X with a(x,y) > n(z,y), there exist k > 0, ¥ € ¥V, p € ® and
B :1]0,00) — [0,1) is a continuous function such that

(d(fz, fy)) < O(HL(z,y)).8(0(H] (x,y))
where

d(z, fy) +d(y, fz) d(z, fz)d(y, fy) }
2 T k+d(z,y) '

H{ (2, y) = wax {d(z, ), d(x, fz),d(y, [y).

3. There exists xo € X such that a(xg, fxo) > n(xo, fxo).

4. If{x,} is a sequence in X such that lim x, = x and a(xy,, Tpi1) > N(Tn, Tny1)
n— o0

for all n € N, then a(xy, ) > n(x,,x) for alln € N.

Then f has a fixed point. Moreover, if for all x,y € X, x # vy, there exists z € X
such that oz, fz) > n(z, fz),a(z,z) > n(z, z) and aly, z) > n(y, z), then f has a
unique fized point.

The following example shows that there exist f, F,a,n,1, ¢ such that Corol-
lary 3.3 can be applied.

Example 3.1. Let X ={1,2,3,4,5} and metric d on X as follows.

i if (z,y) € {(2,4);(3,4); (3,5); (4,2); (4,3); (4,5); (5;3); (5,4)}
dz,y) =<0 ifz =y

1
— otherwise.
2

Define f : X — X, a,n: XxX — [0,00), F : [0,00) x[0,00) — Rand ¢, ¢ : [0,00) —
[0, 00) by
M=f4=1f2=3f3=f5=2,
1
OL(LE,y) — {5 if (xvy) € {(171)7(375)a(47 1)7(472)7(473)’(475)7(573)}

0 otherwise,



Some Common Fixed Point Results for Rational Contraction Type

1
n(z,y) = 3 for all z,y € X,

F(s,t) =s—t for all s,t € [0, 00),
2
P(t) =t,0(t) = T for all ¢ € [0, c0).

Then Corollary 3.3 can be applied to f, F, «,n, ¥, p.

Proof. For all z,y € X, x # y with a(z,y) = n(z,y), we obtain

(z,y) € {(3,5); (4,1); (4,2); (4,3); (4,5); (5,3) }.

We consider the following cases.

Case 1. (z,y) € {(3,5); (4,1);(5,3)}. Then ¢ (d(f(z), f(y))) = 0 and

247

H'(3,5) = max {d(3, 5),d(3, £3),d(5, [5),

B 1111
- maX{Z’§’§’§’ }

(3,f5) +d(5, £3) d(3,f3)d(5,f5)}
2 " d(3,5)

5

- 1,
A1) = max{d(a,1),d(4, f4),d(1, /1), 44, /1) - dL, /) 4, Z?idg’ fl)}
- 11 1
= max{55.0.3.0f
1
- 3
H/(5,3) — max {d(s, 3),d(5, £5), d(3, £3), 20 3) ;r d(3, f5) d(s, {lfgdg’ f?’)}

B 1111,
- max{i’ﬁ”ﬁ”i’ }

= 1

Therefore, F(y(H' (x,y)), o(H (z,y))) = H! (=, y)—(hﬂs%))2 >0=
Case 2. (z,y) € {(4,2);(4,3); (4,5)}. Then

Y (d(f4, £2)) = ¥(d(1,3)) =

N = N =

Y(d(f4,£3)) =¥ (d(1,2)) =
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w(d(F4,£5)) = b(d(1.2)) = .

d(4, £2) +d(2, f4) d(4, f4)d(2, f2)}

HI(4,2) = max{d(4,2),d(4,f4),d(2,f2), . )

1}

3

ool w

1
727

W] =
DO =

= maXx {

= 1

H'(4,3) = max{d(4,3),d(4, £4),d(3, £3),

1}

d(4, £3) + d(3, f4) d(4, f4)d(3, £3)
2 T d(4,3) }

| w

1
727

DN | =

)

> =

= maXx {

= 1

H!(4,5) = max{d(4,5),d(4,f4),d(5,f5),

1}

d(4, f5) + d(5, f4) d(4, f4)d(5, f5)
2 T d(4,5) }

)

| w

1
727

=~ =
DN | =

= mnaX {

= 1.
Therefore

(H wy)? 3

F6(H (@), o(H (2,9))) = H (2,y)—— _4§

Hence, the inequality (3.1) is satisfied for all z,y € X,z # y with a(z,y) > n(z,y).

Next, we claim that f is a triangular a-orbital admissible respect to 7. Indeed,
since a(z, fr) > n(z, fx), we have x =1 or © = 4. Then

a(f1,£21) = a(1,1) = n(1,1) = 0(f1, f°1), a(f4, f74) = a(1,1) > (1, 1) = n(f4, f*4).

Hence, f is an a-orbital admissible respect to 7. Since a(z,y) > n(z,y), a(y, fy) =
n(y, fy) implies (z,y) = (1,1) or (z,y) = (4,1). Then,

a(4vfl) = a(47 1) > 77(47 1) = 77(47 fl)va(17f4) = O‘(lv 1) 2 77(17 1) = 77(17f1)-

Hence, f is a triangular a-orbital admissible respect to 7. Furthermore, all as-
sumptions in Corollary 3.3 are satisfied. Then Corollary 3.3 can be applied to

fiFya,m, ¥, ¢ given. [0

Finally, we apply Theorem 3.2 to study the existence of solutions to the system
of nonlinear integral equations.
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Theorem 3.5. Let Cla,b] be a set of all continuous functions on [a,b] and d be a
metric defined by

d(u,v) = sup |u(t) —v(t)|
t€la,b]

for all u,v € Cla,b]. Consider the system of nonlinear integral equations

/ Kq(t,s,u(s))ds
(3.34)

/thsu ))ds

where t € [a,bl, ¢ : [a,b] — R, K1, K3 : [a,b] X [a,b] X [a,b] — R. Suppose that
the following statements hold.

1. Kq(t,s,u(s)) and Ka(t,s,u(s)) are integrable with respect to s on [a,b].

2. fu,gu € Cla,b] for all u € Cla,b], where

/Kltsu ))ds,

gu(t) = p(t) —|—/ Ks(t,s,u(s))ds
for all t € [a,b].

3. For all u € Cla,b] such that u(t) > 0 for all t € [a,b], we have fu(t) >0 and
gu(t) > 0 for all t € [a,b].

4. For all s,t € [a,b] and u,v € Cla,b] such that u(t) # v(t) and u(t),v(t) €
[0,00), we have

|K1(t, s,u(s)) — Ka(t,s,v(s))|

< o(t,s)max {fu(s) = v(s)],lu(s) = fu(s)], fo(s) - go(s)]
u(6) = ge(s) + o) = fulo) )~ Fulolioe) —vls)y
2 ’ 1+ |u(s) —v(s)|

where ¢ : [a,b] X [a,b] — [0,00) is a continuous function satisfying

b
0< sup (/ ¢(t,s)ds) <1.
t€la,b]

5. There exists ug € Cla,b] such that ug(t) > 0 for all t € [a,b].

Then the system of nonlinear integral equations (3.34) has a solution u € Cl|a,b).
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Proof. Consider f,g: Cla,b] — Cla, b] defined by

fu(t) = / Ky(t,s,u(s))ds and gu(t / Ks(t, s,u(s))ds

for all u € Cla,b] and t € [a, b]. It follows from assumptions (1) and (2) that f and
g are well-defined. Notice that the existence of a solution to (3.34) is equivalent to
the existence of the common fixed point of f and g. Now, we shall prove that all
assumptions of Theorem 3.2 are satisfied.

Define a mapping « : Cl[a, b] x Cla,b] — R by

alu, v 0 otherwise.

)= { 1 if u(t),v(t) € [0,00) forall ¢ € [a,b]

(1) Since (Cla, b],d) is a complete metric space, (Cla, b],d) is a a-complete met-
ric space.

(2) We claim that the pair (f, g) is triangular c-orbital admissible. Indeed,

(L1) For all u € Cla,b] such that a(u, fu) > 1, we have u(t), fu(t) € [0,00) for
all t € [a,b]. Tt follows from assumption (3), we conclude that gfu(t) > 0 for all
t € [a,b]. Therefore, a(fu,gfu) > 1.

(L2) For all u,v € C[a,b] such that a(u,v) > 1 and a(v, fv) > 1, we obtain
u(t), fo(t) € [0,00). Thus, a(u, fv) > 1.

(L3) For all u € Cla,b] such that a(u,gu) > 1, we have u(t), gu(t) € [0,00) for
all t € [a,b]. It follows from assumption (3), we conclude that fgu(t) > 0 for all
t € [a,b]. Therefore, a(gu, fgu) > 1.

(L4) For all u,v € Cla,b] such that a(u,v) > 1 and a(v,gv) > 1, we obtain
u(t), gv(t) € [0, 00). Thus, a(u, gv) > 1.

From the above, we conclude that the pair (f, g) is triangular a-orbital admis-
sible.

(3) We claim that the pair (f, g) is a 1-¢-F-rational contraction mapping with
F(s,t) = Xs for all s,t € [a,b] and 0 < A < 1. Indeed, let u,v € Cl[a,b] with
u # v and a(u,v) > 1. Then u(t),v(t) € [0,00) for all ¢ € [a,b]. Therefore, from
assumption (4), we have

b
fu®) - o0 < [ Kaltsu) - Kalt,so(s)lds

b
< [ (ottsymas {juts) = (o)L ) = Fuls)] ofs) — (s,
u(s) = gv(s)| + [v(s) = fu(s)| |uls) — fu(s)[[v(s) — gu(s)|
2 ’ 1+ |u(s) —v(s)] })ds
b
< H(u,v)/ o(t,s)ds

< AH(u,v)
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b
where A = sup (/ a(t, s)ds) and H(u,v) defined by (3.1). It implies that
t€la,b] a

d(fu, fv) < AH(u,v).

Therefore, the pair (f,g) is a 1-p-F-rational contraction mapping with ¥ (¢) = ¢,
F(s,t) = As for all s,t € [0,00), 0 <X < 1.

(4) We claim that there exists ug € Cla,b] such that a(uo, fug) > 1. Indeed,
from assumption (5), there exists ug € C|a, b] such that ug(t) > 0 for all ¢ € [a, b].
By using assumption (3), we see that fug(t) > 0 for all ¢ € [a,b]. Therefore,

a(uo, fug) > 1.

(5) We claim that assumption (5) in Theorem 3.2 holds. Indeed, let {u,} be a
sequence in Cla,b] such that lim wu, = u and a(uy, ust1) > 1. Then u(t) > 0 and
n—00

un(t) > 0 for all t € [a,b] and n € N. Therefore, a(uz,,u) > 1 and a(u, uzny1) > 1.

By the above, all assumptions of Theorem 3.2 are satisfied. Then, f and g have
a common fixed point u € C[a, b] and the system of integral equations (3.34) has a
solution u € Cla,b]. O
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