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BOUNDEDNESS FOR MULTILINEAR COMMUTATOR ASSOCIATED WITH
LITTLEWOOD-PALEY OPERATOR ON TWO SPACES *

Mingjun Zhang, Yanfeng Guo and Naixiong Li

Abstract. In this paper, the (H LP)and (HK K” ?) type boundedness for the multilinear

commutator associated with the thtlewood Paley operator on Hardy and Herz-Hardy
spaces are obtained, using some techniques for classical inequalities.
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1. Introduction and definition

Let T be the Calderén-Zygmund operator and b € BMO(R"). Then we can
define the commutator [b, T] generated by b and T as follows,

[b, TIF(x) = b()T f(x) — T(bf)(x).

In [2], Coifman, Rochberg and Weiss prove the boundedness of the commutator
[b,T] on LP(R") (1 < p < o). However, it is well known that the [b, T] is not
bounded, in general, from HP(R") to LP(R"). But if a suitable atomic space HE(R”) or

HK“"’(R”) substituted for HP(R"), then [b, T] maps continuously HP(R”) into LP(R")
and HK“ p(R”) into Ky ”. Moreover, it was observed that H” (R”) c HP(RM), K“ p(R”) c

HK“ p(R”) In this paper, we will establish the continuity of the multilinear commu-
tators related to the Littlewood-Paley operators and BMO(R") functions on certain
Hardy and Herz-Hardy spaces.

Atfirst, let us introduce some definitions (see [1], [3], [4], [5], [6], [ 71, [81. [9], [10],
[11], [13], [14], [17],). Suppose a positive integer mand 1 < j < m, we denote by C;“
the family of all finite subsets o = {o(1), - - -, o(j)} of {1, - - -, m} of j different elements.
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Foro € C;", seto® =1{1,---,m}\ o. For b= (by,---,bp)and o = {o(1), - -, a())} € CT‘,
seth, = (boy, -+ Bo(jy)s be = boqry - - - bygjy and lIbsllsmo = IIbszyllemo - - - 1bs(jllemo-
Definition 1. Letb; (i =1,---,m) be a locally integrable functionand 0 < p < 1. A

bounded measurable function a on R" is said to be a (p, 5) atom if it satisfies the
following condition,

(1) suppa c B = B(xo, ),

(2) llall= < B[P,

(3) yawdy = [ a(y) [T, bi(y)dy = 0 forany g e CT", 1 < j<m.

We say that a temperate distribution f belongs to HE‘,(R”) if in the Schwartz
distribution sense it can be written as

N@:XM@@)
=1

where a}s are (p,E) atoms, A € C and Z]’il AP < oo. Moreover, ||f||Hg(Rn) =
b

(X521 1AjIP)YP.

Definition 2. Let 0 < p,q < o0, @ € R. Fork € Z, set B, = {x € R" : |x| < 2} and

Ck = Bk \Bk_1. Denote by xi the characteristic function of C and y, the characteristic
function of Bj.

(1) The homogeneous Herz space is defined by

KSPR™ = {f € LLR™\ 0)) : [Ifller < o0),

loc

where
1/p

s = [Z 2] s, I,

k=—c0

(2) The nonhomogeneous Herz space is defined by

KaP(R™) = {f € LLR" < [Ifllee < oo,

loc

where
1/p

Ifllze = [Z 24P 2l + 11 ol
k=1

Definition 3. Let

1 .
aeR”,1<q<oo,azn(1—a), bi e BMO(R"), 1 <i<m.

A function a(x) is called a central («, q, 5)-atom (or a central («, q, 5)-atom of restrict
type) if
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(1) suppa € B = B(xq, r)(or for some r > 1),

() llalls < [B|7/™,

(3) Jya00xfdx =[5 a(x)x” [Tie, bi(X)dx = 0forany o € C", 1 < j<m.

We say that a temperate distribution f belongs to HK:’H(R“) (or HKZI’g(R“)) if it
can be writtenas f = Y2 Ajaj (or f = ¥.i25 Aja)), in the S'(R") sense, where aj isa

central (¢, q, 5)—atom(or acentral (¢, q, 5)—atom of restrict type) supported on B(0, 21)
and 1%, [P < oo(or X125 4] < o). Moreover,

1l (O [[fllpygar) = inf(Z PP,
ab qb ]

where the infimum is taken over all the decompositions of f as above.

Definition4. Lete > 0, u > 1 and ¢ be afixed function which satisfies the following
properties:

(1) Jow $09dx =0,
) [Pp(X)] < C(1 + [x])~C+D),

(3) lp(x +y) = ()| < Cly[*(L + [x))="*1+9) when 2]y| < [x];
The Littlewood-Paley multilinear commutator is defined by

dt
0=\ [ (ar ) F y)|2tny+1] ,

F(F)(x,y) = f [ Jei0- bj(z))] duly - 2)f(2)dz
RY |21

where

Whenm =1, set

1/2
dyd
son-| [ [ e w2

R(0Y) = [ (660 ~D@)y -T2

and y(x) = t™"P(x/t) for t > 0. Set F¢(f)(x) = f = (X), we also define that

ny dydt "2
g#(f)(X)Z[ffM(m) IFt(f)(y)IZtil] ,

which is the Littlewood-Paley function (see [16]).

where
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2. Theorems and Proofs

We shall prove the following theorems.
Theorem 1. Let

u>3+2/n+2¢/n, bjeBMO, 1<i<m, b=(by,...,bn), N/(N+e)<p<1l.

Then the multilinear commutator gE is bounded from HE(R”) to LP(RM).

Proof. It suffices to show that there exists a constant C > 0, such that for every (p, 5)
atom a,

g5 @l < C.

Letabea (p, 5) atom supported on a ball B = B(xg, r). When m = 1 see [8], and now
we assume m > 1. Write

‘Lw%www=f 2w%www+f | lg@oorax= 1+

For I, taking q > 1, by Holder’s inequality and the L9— boundedness of gb;, we see
that

. p/q
m(f %@mwﬁ'mmiwwq
[x—Xo|<2r

< Cllgh @)l - Bxo, 2r)[* /1
< Cllb|l%, o llall’ B

rIP
< Clbligyo-

For Il, denoting A = (Ay, -+, Ap) with A; = (bj)g, 1 <1< m, where

1
b)g = ——— bi(x)dx,
(bi)s ECRIE i(X)

by Hoélder’s inequality and the vanishing moment of a, we get

1= : y
kZl‘ fzk*lB\sz |‘l]#(a)(x)| X

o B p
< CZ |2k+1B|l—P (L o |gZ(a)(X)|dX)
k=1

k+1B\ 2k
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(o] - t n[,l
<C) eipp f ff(itﬂx— |)
k=1 y

k+1B\2kB RT—l
1/2 p

2
[ [wty-2- ¢t(y)|]"[|b 09 - b(z)na(z)wz] Y o

noting that z € B, y € 2<+1B\ 2B, then

2 1/2
t " " dydt
[ffRTl (m) (fBW}t(y— z) — Pu(y)l Q [bj(x) — bj(Z)IIa(z)|dz] e ‘
) 1/2
N (e T b (12l dydt
=¢C ff (t+|x—yl) [!t |a(z)|g|bj(x) b‘(z)|(1+|y|/t)n+1+sdy] o]

n+1
RY

1/
t M tendydt il ,
<C ff( ) : fﬂlb,—(x)—b,—(z)||z|*|a(z)|dz.
_ (n+1+¢)
. t+x—yl) (t+]y)aets J

Using the notation B” = B’(x, t), we have

t—ﬂf t A dy
re\UH+IX=Y[]  (t+|y)2n+1+o)

<t™" f t " dy
- t+x—yl) (t+]y)n+i+e)
+ Z f A dy
akprok-1p \T+ |X yl)  (t+ |y)n+i+o)

<orn 22(n+l+a)dy Z f ny 22(k+1)(n+l+e)dy
- (2t + |y|)2(n+1+s) kg t+ 2k 1t (2k+1t + |y|)2(n+1+s)

<ct™ [tn + Z 2—kny22k(n+l+s)(2kt)nJ 1

2(n+1+¢)
et (t+ |X|) n+1+e¢

- 1
k(Bn+2e—nu+2)
<C (1 + sz 2 } (t + |X|)2(n+l+e)

1
(t + |X|)2(n+1+s) 4
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it is easy to calculate that

0 tdt 2nte
= —2(n+¢)
]O‘ (t+ |X|)2n+1+s = Clx| o,

So

Il<C Z |2k+1p|L-P
k=1

X f le“”“’f bj(x) — bj(2)l|z*||la(z)|dz |dx
B j=1

k+1B\2kB J

<C Z |2k+lB|l—p
k=1

LY [ @) - Adox [ 16 - Dl
B

1=0 0€CTou1p\ kg
m p
<c) ¥ | [ 166)- vetetaez
j=0 aeC}“ B
- p
x Y g f X (B(x) — A)oldx
k=1 kH1B\2kB

m 00
<CY Y bl - Ballgyyo ) 124 BIC PO/ (tee/n-1/op
j=0 oeCP k=1

< CIBIL, 10 Z kP . okn(1-p(n+e)/n)

)
R
< ClIbllzmo-

This finish the proof of Theorem 1.
Theorem 2. Let

u>3+2/n+2e/n, 0<p<oo, 1<q<oo,nl-1/g)<a<nl-1/q)+¢

and
by € BMO(R"), 1 <i<m, b= (b, ,bp)

Then gE is bounded from HK“’E?(R“) to Ky "(R").
q
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Proof. Let f € HK“’g(R“) and f(x) = Z;":_m Ajaj(x) be the atomic decomposition for
q,
f as in Definition 3, so we write

1i/p

75 lee < C Z 2“’(2 Ailllgh @l

k_—oo J:—oo

1/D

<C Z zkap(z A |||gy(aj)Xk||Lq)p

k——oo Jj=—00
. . 1/p
| Y 2°( Y IAiligh apxile)®
K=—o0 j=k—2
=1+l

For 11, by the boundedness of gE on L% and the Holder’s inequality, we have

1/p

[ (e8] (e8] p
n=c|y 2“*"[2 IAjlllgﬁ(aj)lequ]

| k=—oo j=k—2

M o o p
<C szap(z |Aj|||8.j|||ﬁ]

j=k—2

pyi/p
<C Z 2k‘*p[2 |A,-|.2—i“”
] 2

k_—oo

1/p

(S AP i2 2the] 0 <ps<1
. 1
[Z}i_m AP T 2(k—1)p/2] P p < oo

. 1/p
< C[Z |A,-|P]

j:—oo

<C

< Cl[fllyges-
qb

For I, when m =1, let

Ck = Bi\Bk-1,

Y= Xas b} = |B,—|-1f bi0)dx, L <i<m, b = (b}, b
B

i
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Similar to the proof of Il in Theorem 1, we have

1/2
nu
by _ t _ _ _ Zdydt
@) (%)= f ﬂt+|x—y|) 100Dy = Do)l
RTl
2 1/2
t\" dydt
<C Ty [Py —2) = ¢(Y)lIb1(X) — b1(2)llaj(z)|dz o
R+ B,
2 1/2
t A\ (o (I12I/)¢ dydt
<C f(t+|x—y|) ft IaJ(Z)IIbl(X)—bl(Z)I(1+|y|/t)n+mdz el
R Bj
1/
<C f S f Ibs ()~ by @)lIzIa;(2)ld
SV \eyl) erypEesa) | 1(X)=b1(2)l[z["[a;(z)ldz
Ry i

oo 1/2
Sc[fﬁ] f|b1(x)—bl(z)llzlfla(Z)IdZ
0 Bj

SCIXI‘””flzlglaj(z)llbl(x)—bl(Z)IdZ

Bj
<O [ i@t - bidz + 0 [ @)lba@) - bl
Bj Bj

< CIX| ) oy (x) — b 211D 4 IEnA-L/D-0),[Jgyy).

So

b
llg, @) x«lle,
1/q 1/q

< Cplen(i1/ara) f x|~ by () ~bj|%dx + f Ix|~*Mdx | [1b1]lemo
By By

< N1/ [-H0v) . By 9y fapgo + 27 - By o
< CJ|by||gmo 2l +nA-1/a)-a)—k(n+e)+kn/q]

Thus
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pyl/p
2 2”*’[2 Aillg? (aj)xknm] ]

J:—oo J=—0

k=3 P1HP
< Cllbsllemo Z 2kap[Z 1A |2Li(e+n(-1/g)-a)- k(n+e)+kn/q]] ‘

k=—o00 j=—o0

1/p
oo k-3
¥ okp Y], |p2[1(e+n(1—1/q)—a)—k(n+s)+kn/q]p] 0<p<1

k=—0c0 Jj=—00

0 k-3
< Clibllsmo 4| X 2kap( Y |/\j|p2p/2[J'(e+n(1—1/q)—a)—k(n+s)+kn/q]

k=—c0 j:-oo

3 p/pH/P
Z 2p//2[j(s+n(l—l/q)—a)—k(n+e)+kn/q]) l , l<p<OO

j:—oo

1/p
[ Y Mj|p Zﬁij+3 2(j—k)(e+n(1—1/q)—a)p] ,0<p<1
i

j=—00

< Cllbs|lemo N 1/p

[ Y APE 2(J—k)(s+n(1—1/q>—a)p/2] 1<p<oo

Jj=—00

. 1p

< Clibsllsmo [ Y |A,—|p]
j=—o0
< ClIfllygee-
qb

When m > 1, similarly to the proof of gZ(aj)(X), we have

(@) x)
1/2

ny m
IHIX i H(b(x) b(Z))¢t(y—2)a1(2)d2|2tn+1

Rn+1

< Cix-0+0 f 2@ H Ibi(x) — bi(2)\dz

<Y Y () - ), f 22y 500 — Bl

i=0 oeC"
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m
<C™I Y Y I(0() - )pf2) - 271 2D g

i=0 geCl"
: i - - -
< Cl+) . 21§ ° N7 [(5(x) - )b lgwo-
i=0 oeC"

So

IIyﬁ(aj)Xklqu

m 1/g
< 2B ol [ |1x*Y" Y 1660 - 5
B i=0 geC"
< C||EUC||BM02j(s+n(l—l/q)—a) . o—k(n+e)+kn/g
S

< ClIbllemo,

then

o k-3 pyi/p
I=c Z 21 Z M””.’]ﬁ(aj)XkHLq
j=—o0 j=—c0
= k=3 pyL/p
< Cllbllemo Zz"ap Z | |2Lie 4L/ ke +kn/d
k=—00 i——oco

1/p
0 k-3
DALY |/\j|p2[J'(e+n(1—1/q)—a)—k(n+s)+kn/q]p] ,0<p<1

k=—c0 j=—00

oo k-3
< Cliflovod = zkap( v Mj|pzp[J(s+n(l—l/q)—a)—k(n+s)+kn/q]/ZJ

k=—c0 j=—00

j=—o0

s p/p7L/P
Z 2!3'[j(5+“(1—1/Q)—a)—k(n+€)+k“/<ﬂ] l ,l<p<oo

. . 1/p
[Z AP Y 2(J—k)(s+n(1—1/q)—a)p] ,0<p<1

> j=—oo k=j+3
< ClIbllzmo

. - 1/p
[ Z |/\j|p Z 2(J'—k)(€+ﬂ(1—1/Q)—a)P/2] ,l<p<oo
j:—oo k=j+3

1/p

< Clibllsmo | Y, 1A
< ClIfllggee-
qb

Remark. Theorem 2 also holds for nonhomogeneous Herz-type spaces, so we
omitted the details.
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