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STUDY OF A HYPERBOLIC KAEHLERIAN MANIFOLDS EQUIPPED WITH
A QUARTER-SYMMETRIC METRIC CONNECTION

B. B. Chaturvedi and B. K. Gupta

Abstract. This paper contains the study of a hyperbolic Kaehlerian manifold with different
approaches. We consider a hyperbolic Kaehlerian manifold with a quarter-symmetric
metric connection and obtained expressions for holomorphic conharmonic curvature
tensor, conformal curvature tensor with respect to a quarter-symmetric metric connection.
We have also studied holomorphic conharmonic recurrent, conformal recurrent and Weyl
projective recurrent with respect to a quarter-symmetric metric connection.
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1. Introduction

Let (M", g), (n > 2), be an even dimensional differentiable manifold with the struc-
ture FP'. If F! satisfies the relation

i =h _ <h
(1.1) FiFi =0},
(1.2) Fij = ~Fii, (Fij=gixF),
and
(1.3) Fij=0,

then the manifold is called hyperbolic Kaehlerian (space) manifold i.e. in a hyper-
bolic Kaehlerian manifold, equations (1.1), (1.2) and (1.3) hold. There, F:‘ is atensor
field of type (1.1) and F:“j is a covariant derivative of F:‘ with respect to Riemannian

connection. Yano and Imai [3] considered a quarter-symmetric metric connection V
and Riemannian connection D with coefficients 1"2‘1. and {i'}}, respectively. According

to them, if the torsion tensor T of the connection V on (M", g), (n > 2), satisfies

(1.4) i\ = PiA, — Pk A,
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the relation between the coefficients of quarter-symmetric metric connection V and
Riemannian connection D is given by

(L5) T =i = U +p3 Vi — ' Vi
where

1 1
(1.6) Uij = 5(Aij = Aji), Vij = 5(Ai + Aji),

Vg = 0 and p; are the components of a 1-form . Also, A‘j denotes the components of
the tensor of the type (1,1). Equation (1.6) implies

(1.7) Aij = Uij +Vij.

In [4] a quarter-symmetric metric connection in a hyperbolic Kaehlerian manifold
by taking Vi = gij and U;; = F;; in (1.5) was constructed as the form

(L8) = U = PRy +pjof - p' gk

Also, it is shown [4] that the relation between the curvature tensor with respect to
a quarter-symmetric metric connection and a Riemannian connection is given by

ﬁijkh = Rjjkh = FinPkj + Jik Pnj — Jjk Phi

+  gnj Pxi + PjPn Fik + Pi Pk Fjn
(1.9) = PjpxFin — pipn Fjx,
where
1
(1.10) Pik = Vipk — pj pk+pkqj+§pspsg,-k.

Additionally, the Ricci tensor and the scalar curvature are found as, [4], respectively

(1.11) Rjk = Rjk — (N = 2)pxj — gjkPM — pj Gk + Pk dj — P° Ps Fxj,
and
(1.12) R=R-2(n-1)pm.

We know that in a Kaehler manifold
(1.13) @pj =p"gjn, O =Fip', € p =4"pi

2. Holomorphic conharmonic curvature tensor

We know that the holomorphic conharmonic curvature tensor in a Riemannian
manifold is defined as

1
2.1) Tijkn :Rijkh+m(gikth_9ijih)~
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Therefore the holomorphic conharmonic curvature tensor with respect to a quarter-
symmetric metric connection is given by

_ _ 1 _ _
(2.2) Tijkn :Rijkh"‘m(gikth_gijih)/

where ﬁijkh and R;,, denote the curvature tensor and the Ricci tensor with respect
to a quarter-symmetric metric connection, respectively.

Using (1.9), (1.11) in (2.2), we get

Tijkn = Rijkn = ginDkj + ik Pnj = gik Phi + gnj Pri
+ PjPn Fik + Pi Pk Fjn — Pj Pk Fin — Pi Pn Fjk
* ﬁ(%k@ih = (N =2)pnj = gjn P~ Pj th
+ PnGj—PsP°Faj)
- _l]jk(Rih = (N = 2)phi — gin Pm — PiGh
(23) + Pni—Psp°Fni))-
Using [(1.13(a, b))] in (2.3), we find

Tijkn

1
Rijkh+m(gikth_gijih)
n
- _n_z(pjkaih_pikajh)
n-1
+ —n_z(phijik_piphij)
Pm
(2.4) =m0k gnj = gikgni) + (G Pui = FinPk)-

From (2.1) and (2.4), we obtain

- n
Tijkh = Tijkn — m(pj Pk Fih — Pi Pk Fjn)
n-1
Al 2(F’h Pj Fik — pi Pn Fjk)
Pm
(2.5) = 55 Wkignj = gikgni) + (Fnj Pii = FinPj)-
In this case, if
(2.6) PiFin = PiFjn, Pkignj = Pxjgni, and gki gnj = Jjk Ini,
then from (2.5), we get
(2.7) Tijkn = Tijkn-

Thus, we conclude:
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Theorem 2.1. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, the holomorphic conharmonic curvature tensor with respect to a quarter-
symmetric metric connection will be equal to the holomorphic conharmonic curvature tensor
with respect to a Riemannian connection if the following conditions hold:

(1) pjFin = piFjn, (2) Pxignj = Pxj gni, (3) gxi gnj = ik Ini-
Now, we propose:

Theorem 2.2. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, the holomorphic conharmonic curvature tensor with respect to a quarter-
symmetric metric connection satisfies the first Bianchi identity if

PiFik + PiFkj + Pk Fji = 0, and pij gkn = Pik gjn,
Tijkh + Tikin + Tkijh = 0,
piFik + PiFkj + P« Fji = 0, and pij gkn = Pik Jjn-
Proof. Interchanging i, j and k in a cyclic order in (2.5), we get
Tijkh = Tijkn
n
- —n_z(pjkaih_pikajh)
n-1
+ _n_z(phijik_piphij)

m

p
(2.8) - n—_mz(gkighj—gjkghi)‘*'(pki_l]hj—pkjghi),
Tikin = Tjkin
n
= =5 (PxPiFjn = pjPi Fin)

n-1
+ 5 (PnPkFji — pjpa Fii)

pm
(2.9) - n—_mz(gijghk—gkighj)+(pijghk—pikghj),
and
Twijh = Tkijn

n
- m(Pi Pj Ficn — Pk P; Fin)

n-1
+ _n_z(phpiij_pkphFij)
m

p
(2.10) - n—_mz(gjkghi—gijghk)+(pjkghi—pjighk)-
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Adding equation (2.8), (2.9) and (2.10), we have

Tijkh + Tikin + Tkijn = Tijkn + Tjkin + Tkijn

2(n-1

(n—2) Ph(PjFik + PiFkj + Pk Fji)
(Pxi gnj — Px;j ghi)

(Pij gnk — Pik gnj)

(Pik gni — Pji Gkn)-

+ + + o+

(2.11)

Since in a Riemannian manifold the holomorphic conharmonic curvature tensor
satisfies the first Bianchi identity;, i.e.

(2.12) Tijkn + Tjkin + Tkijn = 0.
Using (2.12) in (2.11), we have
Tijkh + Tikin + Tkijn = % Ph(PjFik + PiFk;j + Pk Fji)

+(Pki ghj — Pxj Ini)
+(Pij gnk — Pik ghj)

(2.13) +(Pjk ghi — Pji Gkn)-

Now, assuming that

(2.14) Pj Fik + pi Fkj + P« Fji = 0, and pij gnk = Pik Inj,

then from (2.13), we get

(2.15) Tijkh + Tjkin + Tkijh = 0.

This completes the proof. O

Now, we propose:

Theorem 2.3. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, the holomorphic conharmonic curvature tensor with respect to a quarter-
symmetric metric connection satisfies

Tijkn = —Tjikn-
Proof. Interchangingiand jin (2.5), we have
Tiikh = Tjikn
- %(Pi Pk Fin — Pj Pk Fin)
+ E—j(Phpi Fik —PjpnFik)

m

p
(2.16) - n—_mz(gkjghi = gikgnj) + (9ni Pkj — gjnPxi)-
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Adding (2.5) and (2.16), we have
(2.17) Tijkn + Tjikh = Tijkn + Tjikh-

Since in a Riemannian manifold the holomorphic conharmonic curvature tensor
satisfies

(2.18) Tijkn + Tjiknh = 0.

Then by using (2.18) in (2.17) , we get

(2.19) Tijkh = _Tjikh-
O

3. Conformal curvature tensor
In the Riemannian manifold (M", g), (n > 2), the conformal curvature tensor of the
type (0,4) is defined as
Cijkn = Rijkn
1
- m(Rjk Jin — Rik gjn + Rin gjx — Rjn gxi)
R

3.1 + —————(7inh Jik — Jjh Iki)-
(3.1) m_Dm_D@m%kgm%J
The conformal curvature tensor with respect to a quarter-symmetric metric con-
nection is given by

Eijkh = ﬁijkh

1 — _ _ _
- m(Rjk Jin — Rik gjn + Rin gjk — Rjn gki)

R
(3.2) + m(!]ih gik = gjn gki)-
Using (1.9), (1.11) and (1.12) in (3.2), we have
Eijkh = Rjjn
— JinPkj + Jik Pnj — Jjk Phi + gnj Pki
+ Pj Pn Fik + Pi Pk Fjn — Pj Px Fin — Pi pn Fjk
1
- ﬁ(!]ih(Rjk_(n_Z)pkj—!]jkpm_pj Ok + P 0 —P° Ps Fij)
— gin(Rik — (N = 2)pxi — FikPm — Pi Ok + Pk di — P° Ps Fii)
+ gkj(Rin — (N = 2)Phi — GinPm — PiGh + Pn i — P° Ps Fni)

= gik(Rjn = (N = 2)pnj — gjnPm — Pj dn + Pn dj — P°Ps th))

R—2(n—1)p"
+jﬁi%ﬁ;g§r@mgw—gmgw)

(3.3)
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Now using [(1.13(a, b))] in (3.3), we have
— 1
Cijknh = Rijkn — E(Rjk Jin — Rik gjn + Rin gjk — Rjn gki)

+L( i . )
(3.4) (n—1)(n-2) gih Jik = Jjh Gki

n+1
+ -5 PiPnFik = PP Fin)
n+1
+ —— (i PcFjn = Pipn Fji)-
Using (3.1) in (3.4), we have
= n+1
Cijkh = GCijkn+ P _2(pj Pn Fik — Pj Pk Fin)

n+1

(Pi Pk Fjn — pi pn Fjk)-

If we take pp Fix = pk Fin then (3.5) reduces to the form

(3.6) Cijkn = Cijkn-

Thus, we conclude:

Theorem 3.1. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, the conformal curvature tensor with respect to a quarter-symmetric met-

ric connection will be equal to the conformal curvature tensor with respect to a Riemannian
connection if and only if

(3.7) Ph Fik = Pk Fin.
Now, we propose:

Theorem 3.2. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, the conformal curvature tensor with respect to a quarter-symmetric
metric connection satisfies the first Bianchi identity if

(3.8) pj Fik + pi Fj + pc Fji = 0.
Proof. Interchanging i, j and k in a cyclic order in (3.5), we find

Cijkn = Cijkn
n+

1
+ =5 PiPnFik = pjPFin)

n+1
(3.9) + =5 PiPkFjn = Pipn Fi),
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Cikih = Cjxin
+ :t;(pkphFji_pkpith)
(310) LR
and
Ciijn = Ckijn
+ :—t;(pipthj_piijkh)
(3.11) + :t;(pkijih_pkphFii)-
Adding (3.9), (3.10) and (3.11), we get
Cijkh + Cjkin + Ckijh = Cijkn + Cikin + Ckijh
(3.12) + 2n+1ph(ijik+piij+kaji)~

n-2
Since in a Riemannian manifold the conformal curvature tensor satisfies the condi-
tion

(3.13) Cijkn + Cjkin + Ckijh =0,
by using (3.13) in (3.12), we find

= = = n+1
(3.14) Cijkn + Cjkin + Ckijh = Zmph(ijik+piij+kaji)~
If we take pj Fix + pi Fxj + pcFji = 0 then from (3.14), we get
(3.15) Cijkh + Cjkin + Cxijh = 0.
O

Now, we propose:

Theorem 3.3. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, the conformal curvature tensor with respect to a quarter-symmetric
metric connection satisfies the following properties:
(1) §ijkh = _§jikh/
(2) Cijkn = —Cijnk-
Proof. Interchangingiand j in (3.5), we find
Ciikn = Cjikn
n+

1
+ 5 (iPn Fik = PipkFjn)

n+1
(3.16) + =5 PiPcFin —pipaFik).
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Adding (3.5) and (3.16), we obtain
(3.17) Cijkh + Cjikh = Cijkn + Cjikn-
Since in a Riemannian manifold the conformal curvature tensor satisfies
(3.18) Cijkn + Cjikh = 0,

then by using (3.18) in (3.17), we get the expression (1). Now interchanging k and
hin (3.5), we have

Cijhk = Cijnk
n+1
+ =5 (PiPxFin = pjpn Fik)
n+1
(3.19) + 5 (PiPn Fjik = Pi Pk Fjn)-

Adding (3.5) and (3.19), we have

(3.20) Cijkn + Cijnk = Cijn + Cijnk.

Since in a Riemannian manifold the conformal curvature tensor satisfies
(3.21) Cijkn +Cijhk =0,

by using (3.21) in (3.20), we get expression (2). O

Taking the covariant derivative of the conformal curvature tensor with respect to
the Riemannian connection and quarter-symmetric metric connection, respectively,
we get

DmCijkh = 9mCijkn = Crjkn {mi} = Cirkn {p;}
(3.22) = Cijrn {mi) = Cijikr {mn )
and

VmCijkn = Im Cijkn = Crijkn Iy = Cirkn Ty
(3.23) — Cijrn If = Cijikr Th -

Subtracting (3.22) from (3.23), we get

Vi Cijkh = DmCijkn = Crjkn (i} = TT1:)

+ Cirkn (lnjt = Thyy)

(3.24) + Cijrn ({r:]k}_r:nk)
+ Cijkr (pp) =Thp)
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Now using (1.8) in (3.24), we find

Vi Cijkh = Dm Cijknh = Crjkn (Pi Ffly = Pm 0} + P' gmi)
+ Cirkn (pj F:n = Pm 55 + prgmj)
+ Cijrn(pk Fiy = Pm Of + P gmk)
+ Cijkr (Pn Fiy = Pm O, + D" gmh)-

(3.25)

Using [1.13(c)] in (3.25), we get

VinCijkh = Dm Cijkh = (Crjkn Pi + Cirknpj
(3.26) +  CijrnPk + CijkrPn)Fh-

Considering that the expression

(3.27) Crikn Pi +CirknPj +Cijrnpk +Cijkrpn =0
is satisfied, then it is finally obtained that

(3.28) Vi Cijkn = Dm Cjjkn.

Thus, we conclude:

Theorem 3.4. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, if the conformal curvature tensor with respect to a Riemannian connec-
tion is recurrent with respect to the Riemannian connection then it is also recurrent with

respect to the quarter-symmetric metric connection if and only if

Criknbi + CirknPj + CijrnpPk + CijkrPn = 0.

Taking the covariant derivative of the holomorphic conharmonic curvature tensor
with respect to the Riemannian connection and quarter-symmetric metric connec-

tion, respectively, we have

DmTijkh = ImTijkh = Trjkh (i)
(3.29) = Tirkn dmjt = Tijrn {nied = Tijir {qnls
and

Vi Tijkh = ImTijkh = Trjkn Ty
(3.30) = Tirkn Ty = Tijen Ty = Tijier T

Subtracting (3.29) from (3.30), we get

Vi Tijkn =Dm Tijkn = Trjkn (i) = Thyi)

+  Tirkn ({nr”-}— r,rnj)

+ Tijrn (i = Tk

(3.31) + Tijkr Uit = Thon)
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Now, using (1.8) in (3.31), we find

Vin Tijkh = Dm Tijkn Trjkn (i Fiy = Pm 6] +P" gmi)
Tirkh (Pj Fin = Pm 0} + " gm )
Tijrn(Px Fiy = Pm O + P gmk)
Tijkr (Pn Fiy = Pm O, + P" gmn)-

+ + +

(3.32)
Using [1.13(c)] in (3.32), we obtain

Vi Tijkh = Dm Tijkn (Trjkn Pi + Tirkn Pj
(3.33) + TijrnPx + Tijkr Ph)Fp-

If we take the condition

(3.34) TriknPi + TirknPj + TijenPx + TijkrPn =0,
then
(3.35) Vin Tijkh = Dm Tijkn-

Thus, we conclude:

Theorem 3.5. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, if the holomorphic conharmonic curvature tensore with respect to a
Riemannian connection is recurrent with respect to the Riemannian connection then it is
also recurrent with respect to the quarter-symmetric metric connection if and only if the
following condition holds

TriknPi + TirknPj + TijraPk + TijkrPn = 0.

Taking the covariant derivative of the Weyl projective curvature tensor with
respect to a Riemannian connection and quarter-symmetric metric connection, re-
spectively, we can write

DinWijkh = ImWijkn = Wrjkn {mi} = Wirkn {
(3.36) = Wijrn i = Wijkr {mn)s

and

p
mj}

Vi Wijkh = ImWijkn = Wrjin Tii = Wirkn I
(3.37) — Wijrn T = Wi T
Subtracting (3.36) from (3.37), we get
Vi Wijkh = DmWijkn = Wrjkn ({5} = Tii) + Wirkn ()
Ih i) + Wigen (nid = T
Wijkr ({nnt = Trn)-

(3.38)

+
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Now, using (1.8) in (3.38), we find

Vin Wi jkh = Dim Wi jkn Wrjkh (i Fiy = Pm O + ' gmi)

+ Wirkn (pj Fiy = Pm 65 + p" gm))
+ Wijrn(pk Fiy = Pm 0f + P' gm)
(3.39) + Wijkr (Pn Fiy = Pm Of + P" gmn)-
Using [1.13(c)] in (3.39), it is obtained that
VinWijkh = DmWijkn = (Wrjkn Bi + Wirkn Pj
(3.40) + Wijrn Pk + Wijkr Pn)Fh-
If we consider that the expression
(3.41) Wi iknPi + Wirkn Pj + Wijrn Pk + Wijkrpn =0
holds, then we find
(3.42) Vin Wijkh = Dm Wi jkn.

Thus, we conclude:

Theorem 3.6. In a hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection, if the Weyl projective curvature tensor with respect to a Riemannian
connection is recurrent with respect to the Riemannian connection then it is also recurrent
with respect to a quarter-symmetric metric connection if and only if

WeiknPi + WirknPj + Wijrnpx + WijkrPn = 0.
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