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Abstract. In this study, it is specified the sequence space | (F (r,s),p), (where p = (px)
is any bounded sequence of positive real numbers) and researched some algebraic and
topological features of this space. Further, a—, 8—, y— duals and its Schauder Basis
are given. The classes of matriz transformations from the space I (F (r,s),p) to the
spaces l«, ¢, and ¢ are qualified. Additionally, acquiring qualifications of some other
matriz transformations from the space [ (F (r, s) ,p) to the Euler, Riesz, difference, etc.,
sequence spaces is the other result of the paper.
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1. Introduction

In the first instance, let’s remember some basic concept definitions in summability
theory. The symbol w denotes the space of all real or complex valued sequences. A
subspace of w is entitled sequence space. Some of the most known sequence spaces
are loo,c,co and I, (1 <p < oo) known as classical sequence spaces. The spaces
which represented by these symbols are all bounded, convergent, null sequences
and absolutely p—summable sequences, respectively. The spaces |, ¢, ¢y are Banach
spaces with the norm

(1.1) [2]loe = sup |zr|,
reN

and the space [, (1 < p < 00) is Banach space with the norm

(1.2) Iz, = <Z |zr|P> Ny

T
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The spaces bs and cs are the space of the sequences that constitute the bounded
and convergent series, respectively. The space cgys is defined

(1.3) cOS—{y—(yT)Gw:ZyT—O},

the sequence space bv defined by

(1.4) {z:(zT)Ew:ZLzr—zr_ﬂ <oo}.

r=1
The space bvy denotes bvy = bv N ¢g.

To straightforwardness in representation, the symbol ) will be used instead
of the symbol Z;fozothroughout this study. Also, the representations e and e(™
denote (1,1, ...) and the sequence n-th unit vector, respectively; where n € N and
N=1{0,1,2,...}.

A sequence space ¥ with a linear topology is entitled a K-space ensured that
each of the maps p; : ¢ — C defined by p; (2) = z; is continuous for all ¢ € N, where
C demonstrates the complex field. A K-space 1 is entitled an F'K-space ensured
¥ is a complete linear metric space. An F K-space whose topology is normable
is entitled a BK-space (see [1]) which comprises ®, the set of all finitely nonzero
sequences. [12]

If algebraic operations are continuous in a linear 1" space fitted with a p metric,
then (T, p) is entitled linear metric space. (see [27]). That is, when (¢,) and (z,) are
any two sequences in T and (k) is a sequence of scalars, then provision of conditions
limy, 00 p (tn,t) =0, lim, o0 p (20, 2) = 0 and lim,,—, o p (k,) = k means provision
of results lim, 00 p (tn + 2n,t + 2) = 0 and lim, o0 p (kntn, kt) = 0. If T linear
metric space is complete, it is named Frechet sequence space [28].

Let v and n be a sequence space and A = (a;;) an infinite matrix of real or
complex numbers and where 4,5 € N. If for each sequence z = (z;) in v, the
A—transform of z is in 7, then A— is called a matrix transformation from v into n
and we demonstrate it by writing A : v — 7, where for all 4 € N,

(15) (Az)l = Zaiij

The class of all matrices specified A : v — 7 is denoted by the notation (v : 7).
The infinite matrix A belongs to the class (v : n) iff for each ¢ € N, and every z € v,
> aijz;j series are convergent and (Az); € n.

The matrix domain v4 of an infinite matrix A in a sequence space v is specified
by

(1.6) va={z=(z) Ew: Az € v}.

Let U is an infinite matrix. If the constituents on the principal diagonal of U are
non- zero and the constituents on the top of the principal diagonal are zero, U



On Generalized Fibonacci Difference Space... 905

is entitled the triangular matrix. To study with triangular matrix domains has a
special significance because of the features that these matrices have. Here are some
of them: It is trivial that Z(Ty) = (ZT)y holds for the triangle matrices Z, T, and
a sequence y. Further, a triangular matrix U has an inverse matrix U ! = V that
is only one and triangular. Then, y = U(Vy) = V(Uy) holds for all y € w. If Z is
triangle and v is a BK-space, then vz is also a BK-space with the norm given by
Iyll,, = 1Zyll, for all y € vs.

If a function h : T' — R fulfills the the undermentioned conditions, for all y, z € T

D) h(y) =0ify =0,

i) h(y) =h(-y),

iii) h(y+2) < h(y) +h(z)

iv) |8 — B = 0 and A (y, —y) — 0 imply h (Bryn — By) — 0, for all f’s in R
and all y’s in T', where 6 is the zero vector in the linear space 7.

Then, a linear topological space T defined on the real field R is entitled a para-
normed space.

Let (p,) be a bounded sequence of exactly positive real numbers with sup,. p, =
H and M = max {1, H}. Then, absolutely p—summable sequences space [ (p) was
specified by Maddox [13] (see also [14] and [15]) such as

(L.7) l(p)={y=(yr)€w:2|yrl’” <00},

T

where 0 < p, < H < oo. It is the complete space paranormed by

1/M
(1.8) h(y) = <Z|yr|’”> :

Throughout this study, F symbolizes the collection of all finite subsets of N and
any constituent with a negative index is considered to be zero.

Let us bring to mind the sequence (f,) of Fibonacci numbers given by the
linear iteration correlates: The first two constituents are taken as 1 and other index
constituent are found by summing up the last two constituent that preceded it.
Fibonacci numbers have many quirky features and practices in sciences, arts, and
architecture. For instance, the ratio sequences of Fibonacci numbers converges to
the golden ratio which is significant in sciences and arts. Also, some fundamental
features of Fibonacci numbers (f,,) are given as below:

(1.9) lim Jr L4V

n—oo  fp 2

¢ (Golden Ratio),

(1.10) ka = fpao—1, foreach n €N,
k=0
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1
(1.11) zk: <o

(1.12) footfor1 — f2=(=1)""" foreach n>1 (Cassini Formula).

The practice forming a new sequence space through the medium of the matrix
domain of a special triangle has latterly been utilized by several authors in many
exploratory papers. One of them is Fibonacci matrix defined Kara [4]. Now, let us
familiarize aforementioned Fibonacci matrix F' = (fnr)

Stk =n 1),

fn ’
(1.13) fae=14 = (k=m),
0 , (0<k<n-—1 ork>n).

It can be demonstrated readily that the matrix F is conservative, but it is neither
regular nor coercive.

Let us acquaint some sequence spaces defined by the domain of a matrix and
will be named in this work:

(1.14) bvso ={y = (yr) €w: (Yr —yr—1) € lo},
was introduced by Bagar and Altay [1].

(1.15) e ={y= (k) €w: E"y €l},
was introduced by Altay, Bagar and Mursaleen [6].

(1.16) er={y=(yx) Ew: E"y € c},

(1.17) eo={y=(yr) €w: E"y € e},
were introduced by Altay, Bagar [8]

(1-18) Xoo:{y:(yr) szclyeloo},

was introduced by Ng and Lee [2]

(1.19) c={y=(y,) ew:Cry € c},

(1.20) co=1{y=(yr) €w:Cry € co},

were introduced by Sengoniil and Bagar [9]

(1.21) réoz{yz(yk)Ew:Rtyeloo},



On Generalized Fibonacci Difference Space... 907

was introduced by Altay and Bagar [7].

(1.22) rt={y=(yx) €w: Ry ec},

(1.23) ro={y= () eEw:Ryecy},
was introduced by Altay and Basar [10].
(1.24) loo (ﬁ):{y:(yr)ew:Fyeloo},

was introduced by Kara [4].

(1.25) c(ﬁ):{y:(yT)Ew:FyEC},

(1.26) co(ﬁ)z{yz(yr)EM:FyEC},
were introduced by Basarir et all [11].

(1.27) c(A)={y=(v) ew:(Yr —yr1) €¢},

(1.28) co(A) ={y = (yr) €w: (yr —yr1) € co},

was introduced by Kizmaz [5] where E", Oy, R!, F denote Euler mean of order
r, arithmetic, Riesz means and Fibonacci matriz, respectively. Now, let us give
aforementioned matriz methods:

<n)(1—r)"krk, 0<k<n,

(1.29) enr, = k L
0, k>n,
()R, n—1<k<n,
(1.30) 5nk—{ 0, 0<k<n—1 or k>n,

(1.31) rt =

Ng and Lee specified the Cesaro sequence spaces X, and X, of non-absolute
type by the set of the sequences whose C-transforms are in [, and o, respectively.

The matrix C' = () is specified as follow:

L 0<k<n
— n+1’ =N =15
(1.32) Cnk { ‘. k>,



908 G. Kiling

Now, let us present the matrix method which will be used to specify the sequence
space which is subject of this work. It is entitled the generalized Fibonacci band
matriz F (r,s) specified by Candan at first [3]. It is formed by using Fibonacci
sequence and non-zero real numbers r and s.

SM, k=n-—1,
P f’n —
(133) f’n,k (T,S) - rfn+17 k_n7
0, in other cases.

It can be seen that, the matrix F(r, s) is degraded to the matrix F, for r = 1 and
s = —1. Therefore, the data acquired from the matrix F(r,s) is more general than
the data acquired from the F' matrix. The inverse F~! (r, s) of the matrix F (r, s)
is calculated as

_ s n—k f721+1
( ;) Jre-frg1? O<k<m,

0, k> n.

3=

(1.34) f;kl (r,s) = {

The other significant principal paper are here: [3], [16], [6], [17], [18], [26], [19], [20],
[21], [22], [23], [24], [25], [31], [32], [34] .

This paper is organized as follow: In first chapter, it is familiarized generalized
Fibonacci difference space [ (F (r,s),p) and is given its some algebraic and topo-
logical features. In second chapter, its a—, S—, y— duals and Schauder Basis are
determined. In third chapter, the qualifications of some other matriz transforma-
tions from the space [ (F (r,s),p) to the Euler, Riesz, difference, etc., sequence
spaces are acquired.

2. Some properties of the sequence space [ (F (r,s),p)

In this chapter, firstly, we familiarize the Fibonacci difference sequence spaces
L(F (r,s),p), 1, (F (r,s)) as the set of all sequences whose F' (r, s)-transforms are in
the spaces £(p) and [, respectively. Later, some algebraic and topological particular-
ity of aforenamed these new spaces will be proved and a Schauder basis constructed.
Let p = (px) be any bounded sequence of positive real numbers. Then,

Pk
< 00 g,

where 0 < pr, < H < co. In the case, p;, = p for all k& € N, the space [ (F (r,s),p)
is degraded to space I, (F (r,s)), i.e., for (p > 1)
P
<00,

fn Un + an-i—l
Jnt1 fn

r Yn—1

(21)  I(F(rs),p) = {y = (yn) €w: Yy

r I Y +sfn+1y
-— ——Yn—1
fn-i—l " fn "

(2.2) I, (F(r,s)) = {y =) ew:
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By means of the notation of (1.6), the spaces [ (F (r,s),p) and I, (F (r,s)) can be
redescribed as follows:

(23) Z(F (’f‘, 8) 7p) = (l (p))F(r,s) and lp (F (’f‘, 8)) = (ZP)F(T)S) .

Define the sequence y = (yi) by the F (r,s) —transform of a sequence x = (zy),
ie.,

forn =20, yo = rzg and forn >1

(2.4) Yn = (F (r,8)x), =7 In ZTn + sfr}Jrlxn,l,

N fn+1

for all kK € N. So, It can be acquired by a simplistic calculation that
(2.5) g; fznjl(_f)"*j @y_
' " =0 r r fj.fj+1 J

Throughout the text, we assume that the sequences © = (z3) and y = (yx) are
attached to the connection (2.4)

The following inequality will be employed throughout the paper. Let p = (py)
be a sequence of positive real numbers with 0 < pr < sup,pr = H, and let D =
max {1,297} . Then, for the factorable sequences (cx) and (di) in the complex
plane, we have

(2.6) ek +di[”* < D (|Ck|pk + |dk|pk)

The other inequality is Minkowsky inequality, which will be employed in this paper.
Its expression is here:

0o 1/p oo 1/p 00 1/p
(2.7) (Z ek + dkl”) < <Z |Ck|p> + (Z |dk|p>
k=1 k=1 k=1

Theorem 2.1. [ (F (r,s),p) is a linear, complete and paranormed space with the
h function specified as

(2.8) h(z) = (Z

where 0 < p, < H < 00, for alln € N.

Proof. Let x,y € [ (F (r,s),p). Then

(2.9) > I Jn+1

Tn +8—F—Tp—1
n

"ot fu

Pn

< 00,
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Pn
fn Yn + 8 fn+1yn—1 < 0.
fn

(2.10)

For A, € C, there comes into being integers My, and N, such that |[A] < My and
|| < N,,. Employing Inequality (2.1), we have

Pn

>

n

fo y oy e e
)\( fn+lxn+s fn $n1> +u(Tfn+1yn+ fn ynl)

< E < +an+1x >p"
=~ fn n—1
fnJrl Pn
+ g < +s A yn1>
H fn+1 b
= D Z< For1 Sf—‘r“>
H fnt1 b
+D. N E f +1 +s f Tn—1
< o0.

So that Az + py € L (F (r,s),p). This substantiates that I (F (r,s),p) is a linear
space.

Clearly, h (z) = h (—z), forallz € [ (F (r,s),p). It is unconcealed that r—= ~Tn+

It
ﬂ}“ Tp—1 =0, for x = 0. Since §% < 1, employing Minkowski Inequality, we have

1

_ fn fn-i-l pe |
h(z+y)= (Tn +yn) +5 I; (Tn—1+Yn—1)
1
pn\ M| M
fn-i—l ) ( fn fn+1 ) M
= + s LTy — + nt S n—
< fnJrl fn ! fnJrly fn v !
1
< fn fnJrl'r pﬁn_i_ r fn y +an+1y % e
=~ n—1 7 Jn —7r Yn—1
fn-i—l fn fn
f Pn ﬁ f f Pn ﬁ
g( rf nts ’}“xn_l ) +< “yn + 5 ’}*1yn_1 )
n+1 n n

=h(x
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Also, since the inequality |a|"" < max {1, |a|M} is ensured for o € R, we get

L
pn‘| M
)

L
pn\ M
)

Let (aw,) be a sequence of scalars with «,, = «, as n — oo and {x(")}zozo be a

h(az) = [Z ffil
n $n+8fn+1

— Pk
— <zn:|a| S T

max {1, |a|}.h (z).

fnJrl

fn

r (axp) + s (xpn—1)

f

r

IN

sequence of components z(™ € I (F (r,s),p) with h (3:(”) — 3:) — 0, as n — o0.
Then, we follow up that

(2.11) 0<h (anx(") — om:) =h (anx(”) —az™ 4+ az(™ — aa:)

= h ((an —a)z™ +a (:E(") - ;v)) )
< h ((ozn —a) x(")) +h (a (3:(") — x)) ,
= |ap, —a|.h (3:(")) + max {1, |a|}.h (3:(”) —3:) .

If we combine the facts a,, —a — 0, as n — oo and h (x(") — x) — 0,as n —
oo with (2.11) we acquire that h (anx(”) — om:) — 0, as n — oo. That is, scalar
multiplication is continuous. This shows that h is a paranorm on [ (F (r,s),p).
Moreover, if we assume h () = 0, then we get

fn fn—i—l

2.12 Ty + S Tp_1
( ) fnJrl fn

r =0,

for each n € N, we acquire that z = 6 = (0,0,0,...). It demonstrates that h is
total paranorm. Now, we indicate that [ (F (r,s),p) is complete. Let (x(”)) be

any Cauchy sequence in [ (F (r,s),p), where z™ = {:Egn),;vg"),xgn), } Then,
for a given £ > 0, there comes into being a positive integer ng (¢) such that
[h (2" — 2™)™ < &M for all n,m > ng (¢) . Since for each immutable k € N

|(F (Tv S) xn)k - (F (’I“, 8) xm)klpk < Z |(F (’I“, 8) xn)k - (F (Tv S) ‘Tm)k|:mC )
k

fr ) fera (n)) ( ke m) . fena (m)) b
= r T, +SsS——x —|r T,  +Ss——«x )
Zk: ( Srr1 F S TR fres1 * fe TR
_ fv () (m) Jra1 [ (n) o\ \ [P
= ; <Tfk—+l (ajk — Ty, ) + ST (mk_l — xk_l) s

= [h(a" —z™)M <M.
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For every n,m > ng (¢), {(F (r,s) xo)k ,(F (1, 8) xl)k ,(F (1, 8) I2)k ...} isa Cauchy
sequence of real numbers for every immutable £ € N. Since R is complete, it is con-
vergent,therefore we say

(F (T,S) xn)k - (F (T‘, 8) x)k

asn — oo. Employing these infinitely many limits (F (r,s) )y, (F (r,8) ), , (F (r,8) 2)q , ...
we specify the sequence {(F' (r,s) x),, (F (r,s)x),, (F (r,s)x)y,...} . Foreach k € N
and n > ng (¢)

b = b (1) o )

fr () ka+1x(n) > _ (T Jr - ka+1x >
zk: ( Jrt1 Tel Tt fr TF1 Jrt1 K fr !

S IF (r,5) ™), — (F (r,5) @), [P < M
k

Pk

)

Pk

)

This shows that (2" —z) € [ (F (r,s),p). Since | (F (r,s),p) is a linear space, we
conclude that = € [ (F (r, s),p) . It follows that 2™ — x, as n — oo, in I (F (r,s),p),
it means that [ (F (r,s),p) is complete. Now, someone can readily check that the
absolute feature does not verify on the space [ (F'(r,s),p), that is

) (s

where |z| = (|ag|) . This says that [ (F (r, s), p) is the sequence space of non-absolute
type. O

(2.13)

Srt1
i

r— |zg| + s——

Jr41

Tk—1

val

Theorem 2.2. Convergence in I (F (r,s),p) is strictly stronger than coordinate-
wise convergence, but the contrary isn’t actual, ordinarily.

Proof. First, we indicate that h (z™ —z) — 0, as n — oo purportes ZC](CH) — X, as

n — oo, for all k € N. If we fix k, then we have

LN @<n>)_< iy e )
‘< fk+1xk e T Tr-1 Frer1 Tk T Tht
>

e ) fetr (n)> ( Ir Jr1 )
r X + s——= —\r T+ S—Tp_
k ( frei1 K fr TR fri1 ¥ fr

fk (a:,(cn) —x ) + sf]}zl (xg"_)l - kal) "

Pk

o
IN

)

Pr

3

3

= [h (2" — )™
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Hence, we have for k£ = 0,

. fo ), N1 (n)> < fo il )‘
2.14 lim |(r=xzy ' +s=—x. | — | r>-x0 + s~ x_ =0,
240 n»oo‘(fl C TR T T
that is, r-}’i—‘; [a:(()") —I()H — 0, as n — oo and % = 1 and T% = r # 0, then
’3:8”) — x| — 0 as n — oo. Likewise, for each k € N, we have :1:,(6") — x| — 0,

as n — oo. Now, we demonstrate that the contrary isn’t actual, ordinarily. We

theorize ZC](CH) — T, as n — 00. Then, there comes into being an N € N, such that

’3:2”) — xk’ < 1, for each immutable k and for all n > N. Therefore, we see that,
(2.15)
3 fe_ (o f (n) e\
k n k+1 n
0<h(z" —2a) = r (:v —;C>+S—(.’L'7—$_) ,
( ) ( A Srpr \F g Tk =t o

pr MY M
-zl -tz e T}
kL

IN

; - rfl‘f—jl (xggn) - xk)

v [ ok fer1 [ () p]
< T (3: [ ) + s—( [ ) ,
zk: Srpr \7F g zk: fe \TRmr TR
Bl Bl
Su [ ‘ (n) pe\ Jrt1 (n) pe
< r xy, T — xg + ‘w 1 T Tk-1 )
(; Jrt1 b g Tk et
fk Pk ﬁ fk+1 Pk ﬁ
< r + s
Zk: frt1 Zk: fr
for all £k and N . Since % — 1,6 = ’s% — |s].1,6 and ’f{il — 0,6 =
Tf){il — |r].0,6 as k — oo. In (2.15), h (2™ — ) doesn’t convergence for each

immutable k& € N and for all n > N. This purports that the contrary isn’t actual.
Let us consider the elements of the sequence z™ be equal, then we follow up that
h (z™ — x) = 0, that is to say that coordinatewise convergence requires convergence.
Hence, we can say that the contrary is not actual, ordinarily. O

Theorem 2.3. [(F (r,s),p) is a K-space.

Proof. Firstly, we show that ¢; (x) = z; is linear for all ¢ € N. Let « = (x;), y =
(y;) €L(F (r,s),p) and a € C. Then, we get

(2.16) gx+y)=(@+y),=zi+vyi=q @) +qy)
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and
(2.17) ¢i (ax) = (ax), = az; = ag; (v)

for all i € N. Hence ¢; is linear. Now, we substantiate that ¢; is continuous. For
this, it is sufficient to show that ¢; is bounded. Let x = (z;) € I (F (r, s),p) be any
vector. Then, since |¢; (z)| = |x;| for all ¢ € N, one can see that

gl = sup lgi ()] — sup |4
i = = )
z#£0 ”x”l(F(r,s),p) z#0 ||x||l(F(r,s),p)

2l

< su =1< o

p
w20 |12l 1) p)

)

i.e., ¢g; is bounded. Hence, g; is a linear and continuous operator. That is to say
that { (F (r,s),p) is a K—space. O

Theorem 2.4. [(F (r,s),p) is an FK-space.

Proof. Tt is easy to see by Theorem (2.1) and Theorem (2.2) that I (F (r,s),p)
is complete sequence space and convergence requires coordinatewise convergence.
Hence, [ (F (r,s),p) is an FK—space. [J

Theorem 2.5. 1, (F (r,s)) is linear space and a BK -space with the following norm
p> 1/p

Proof. it will not be done because the proof of linearity of the space is routine
operations. Because I, is a BK —space with known norm and F (r,s) is a triangle
matrix, according to Theorem 4.3.2 of Wilansky [28], we acquire that I, (F (r,s)) is
a BK—space. O

fn T, +an+1

Tp_1
fnJrl fn "

r

(2.18) [l = <Z

where x = (z,) € 1, (F (1,5)) and 1 <p < oco.

Theorem 2.6. When p fulfilled the condition 1 < p < oco. The newly specified
sequence space C' is a BK—space with the norm ||3:||lp(F(T o) = IIf (rys)zll,, in
other words,

1
P
(2.19) 121, () = <Z |F,, (r, s)x|p> , 1<p< oo

Theorem 2.7. 1, (F (r,s)) is a Frechet space.
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Proof. To avoid the repetition of the similar expressions, we demonstrate that the
algebraic operations are continuous in the space I, (F (r,s)). Let (z,,) and (y,) be
two sequences in I, (F (r, s)) and () be a sequence of scalars such that d (x,,,z) —
0, d(yn,y) = 0 and «,, = «, as n — oo. Then, we get that

(2.20) 0< lim d(xy + Yn,z+Y),
n—oo

n— o0
< lim (flen =] + llyn —ylD)
= lim d(z,,2) + lim d(yn,y)
n— oo

n—oo

= 0

(2.21) 0 < lim d(an2y,ax)

n—oo

lim ||apz, — ozl
n—oo

i ([(an — @)+ a (2 — 2)]

< lim (o — ol ea] + ol 2 — )
= lim |an — af||zs] + || im d(z,,x)
n—oo n—r oo
= 0
It is ready to see from (2.20) and (2.21) that the algebraic operations are continuous

on the linear metric space l, (F (r,s)). Hence I, (F (r,s)) is a Frechet space. O

With the notation of (2.4), the transformation T specified from I (F (r, s),p) to I (p)
by x — y = T'z is linear bijection, so we have the following:

Corollary 2.1. The sequence space L (F (r,s),p) of the non-absolute type is lin-
early paranorm isomorphic to the space I (p), where 0 < pr < H < oo, for all
k € N.

Due to the well known fact that the matrix domain v4 of the normed sequence
space denoted by v, has got a base iff v has got a base, whenever a matrix A is a
triangle [31](remark 2.4). Accordingly, we can give the following result:

Corollary 2.2. Let 0 <py < H < oo and A\, = (Fx),,, for all k € N. Specify the

sequence bF) = {b%k)} N of the elements of the spaces I (F (r,s),p) by
ne

1 s\k—n  f2
(2.22) oo = ] (=8 T, 0<n<k
07 n>k

for every immutable k € N. Then, the sequence {b(k)}keN is a basis for the space
U(F (r,s),p) and any x € [ (F (r,s),p) has a sole representation of the shape

(2.23) z=>Y Ab®
k
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3. The a—, f—, v— Duals of the space [ (F (r,s),p)

The a—, f—and ~ duals of the sequence space X are specified as follows:
If z and y are sequences and X and Y are subsets of w, then, we write z.y =
(TkYk)pg » and

(3.1) r'sY ={acw:ar €Y}
(3.2) M(X)Y)= ﬂx_l*Y:{QEw:axEY, for allz € X},
zeX

for the multiplier space of X and Y. One can readily follow up for a sequence space Z
withY € Zand M (X,Y) C M (X, Z) that the containments M (X,Y) C M (Z,Y)
hold. The a—, S—, and v— duals of a sequence space X, which are, respectively,
denoted by

(3.3) X=M(X,l;),X? =M (X,cs) and X7 = M (X, bs)

It is obvious that X® € X? C X7. Also, it can be readily seen that the containments
X*cY®, XPcYPand X? CY" hold, whenever Y C X.

Lemma 3.1. [30] Let A = (ani) be an infinite matriz over the complex field. The
following expressions are ensured:

i) Let 0 < pr, < 1 for all k € N. Then, an infinite matriz A transforms all
sequences belong to 1 (p) into 1y iff
Pr
Ank < 0Q.
neN

(3.4) sup sup
NeF keN

ii) Let 1 < pr, < H < oo, for all k € N. Then, an infinite matriz A transforms
all sequences belong to I (p) into 1y iff there comes into being an integer B > 1 such
that

(3.5) sup »
k

NeF

9k

Z ankB_l

neN

< 0.

Lemma 3.2. [29] Let A = (ani) be an infinite matriz over the complex field. The
following expressions ensure:

i) Let 0 < px < 1 for all k € N. Then, an infinite matriz A transforms all
sequences belong to 1 (p) into loo iff

(3.6) sup |ank|"* < o0

n,k€N
i) Let 1 < pr, < H < o0, for all k € N. Then, an infinite matriz A transforms

all sequences belong to l (p) into lo iff there comes into being an integer B > 1 such
that

(3.7) sup Z ‘ankB_l‘qk < 00
k

neN
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Lemma 3.3. [29] Let A = (ank) be an infinite matriz over the complex field and
0<pr <H<oo forallk € N. Then, an infinite matriz A transforms all sequences
belong to 1 (p) into c iff (3.6), (3.7) and for all k € N
(3.8) lim Ank = ﬁk

n—00

ENSUTES.

Let us specify the following sets:

1 (_f)”’k fa
'

Pk
An <OO}7

(39 E = {a = (ax) € w: sup sup

NeF keN |5 r Jre-frea1
(3.10)
By — U ( ) c Z Z 1 ( S)nik 727.+1 B—l " <
2 = UB>14a= (g w : sup - —Qp,. o0
” neF TS TN T Sre-fea1

Pk

"1 j—k 2
(3.11) E3;=qa=(ax) €Ew: sup Z - (—f) fkj;;rl a;| < oo

> 1 S Jj—k '21
3.12 Ei=<a=(ap) € w: —(——) It <
(312) ! () JZ:;T r Te-frr
(3.13)
n 1 o 2+1 dk
Es=U a=(ar) €Ew:su —(——) J a;. B~ < 00
° Bt ( k nElI\)TZ ZT r Jr-frs1 ’

Since proof of the first chapter of the following theorems can be made similar to
the proof of the second chapter, we will only give proof of the second part.

Theorem 3.1. The following expressions are ensured:
1)Let 0 < pr, <1 for all k € N. Then,

(3.14) {L(F(r,s),p)}" = B
ii) Let 1 < px < H < 00, for all k € N. Then,

(315) {l (F (T‘, 8) 7p)}0t =E
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Proof. Let us take any a = (a,) € w. By employing (2.5) we acquire that, for all
neN

(3.16) nn, = zn: (1> (—f)nfk fusi o e (By),,

50 T T fk-karl

where E = (ey) is specified by

1 s\n—k f5+1
(3.17) en=d (DD R, 0<k<n,
0, k>n,
for all k,n € N. Thus, we follow up by unification (3.16) with the proviso (3.5). o
part (i) of Lemma 3.1 that az = (anzy) € i whenever x = (zx) € [ (F (r,s),p) iff
Ey € 1, whenever y = (y) € L (F (r,s),p). This leads to fact that {I (F (r,s),p)}"

FEs, as claimed. [

Theorem 3.2. The following expressions are ensured:
1) Let 0 < px, <1 for all k € N. Then,

(3.18) {L(F(r,s),p)}’ = B3N Ey.
ii) Let 1 < pr, < H < 00, for all k € N. Then,
(3.19) {L(F(r,s),p)}’ = E4N Es.

Proof. Take any a = (a;) € w, then, one can acquire by (2.5) that

n B n J 1 s\ i~k f'2+1
San = 3 (XD )

k=0
= i il (_f)jik iaj
=0 \j=r " Fr-Frn
(3.20) = (Dy),,,
for all n € N, where D = (d,) is specified by
S (B (-5 e, 0<hg
(321) dnk = j=k \r T Sr - frt+1 aj, — >N,
0, k>n,

for all n,k € N. Thus, we make inferences from Lemma (3.3) with (3.20) that
ax = (ajx;) € cs whenever © = (x;) € I (F (r,s),p) iff Dy € ¢, whenever y =
(yx) € 1 (p) . Therefore, we derive from (3.7) and (3.8) that

k

- 1 s\J—k f'2+1
3.22 su - (——) J a;.B7Y < oo,
(3.22) pzk: Zk A Sre-frrr

N -
ne =




On Generalized Fibonacci Difference Space... 919

> 1 s\Ji—Fk f'2+1
3.23 —(—- J a; < 00.
( ) J; r ( T) Jr-frr1 ’

This shows that {I (F (r,s),p)}’ = E4NEs O

Theorem 3.3. The following expressions are ensured:
i) Let 0 < p <1 for all k € N. Then,

(324) {l (F (Tv S) 7p)}’Y = ES'
ii) Let 1 < pr < H < 00, for all k € N. Then,
(3.25) {L(F (r,s),p)}" = Es.

Proof. From Lemma (3.2) and (3.20), we acquire that ax = (a;x;) € bs whenever
x = (x;) € l(F(r,s),p) iff Dy € I, whenever y = (yx) € [ (p), where D=(dps) is
acquired by (3.21). Therefore, we acquire (3.6) and (3.7) that

E37

(3.20 sy ={ g sy

as desired. O

4. Some Matrix Transformations on the space [ (F (r,s),p)

In this section, we characterize some matriz transformations on the space ! (F' (r,s),p),
since the cases 0 < pr < 1 and 1 < pr < H < oo are integrated. The following
theorem gives the exact provisos of the general case 0 < p < H < co. We consider
only the case 1 < pr < H < 0o and omit the proof of the case 0 < p, < 1, since it
can be ensured in an alike way.

Theorem 4.1. The following expressions are ensured:

i) Let 0 < pr, < 1 for all k € N. Then, an infinite matriz A transforms all
sequences belong to L (F (r,s),p) into l iff

Pk
> 1 s\J—k f'2+1
4.1 sup - (——) 4, < oo,
( ) k,nEN J_Zk r r fk-fk-i—l ’
» S (ay e,
. - (—- Ay < OO.
=k T r fk-fk-',—l J

ii) Let 1 < pp, < H < oo, for all k € N. Then, an infinite matriz A transforms
all sequences belong to l (F (r,s),p) into le iff (4.1) ensures and there comes into
being an integer B > 1 such that

9k

sy fi -1
(4.3) sup Z ; " ( r) oo an; B < 0.
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Proof. Let A € (I(F(r,s),p):le) and 1 < pp < H < o0, for all kK € N. Then, Az

comes into being for every & € I (F (r,s) , p) and this implies that A, € {I(F (r, s),p)}"
for each immutable n € N. Therefore, the necessities of (4.2) and (4.3) are immedi-
ate.

Conversely, suppose that the provisos (4.2) and (4.3) ensure, and take any = €
I(F (r,s),p). Since, A, € {l(F (r,s),p)}’, for each n € N, Az comes into being.
By employing (2.5), we acquire that

(4.4
Anjlj = - (——) YrQnj = - (——) anjYk,
=0 =0 k=0 r r fk'fk—i-l k=0 j—F T T fk-fk-‘,—l

for all m,n € N. Taking into account the hypothesis, we reproduce from (4.4), as
m — oo that for all n € N,

>0 i~k f2
@5 Sown =231 ()

k =k

By integrating (4.5) and the inequality which ensures for any complex numbers a, b
and any B > 0,

(4.6) lab| < B (}aB—l}q T |b|”) ,

1

where p > 1 and p~! + ¢~ ! = 1, we acquire that,

o0 . 2
_ L s\iF _Jin
sup ApjTj| = Sup o Gt AnjYk
neN 5 neN | r r Jr-frt1

<ap YIS (-2) e,

neg 7 r Ji-fr1 nivk|

k |j=k
dk
% ; 2
1 s\J—k 4 B

<sup y» B Z—(——) I 0B 4 el ]

neN 4 e S Jie-frn

k

0o . 2
1( S)Jﬁk j+1 1 P
= su —(—- aniB + su el F
pz Z r r fk-karl nj neg;@ |

This shows that Az € . O

Theorem 4.2. The following expressions are ensured:
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i) Let 0 < pr < 1 for all k € N. Then, an infinite matrix A transforms all
sequences belong to 1 (F (r,s),p) into ¢ iff (4.1) and (4.2) ensure and there is a
sequence o = (o) of scalars such that

= 1 s\J—k f‘2+1
47 lim S = (——) L —
( ) n_)oozk r r fk-fk+1 J k

Jj=

for all k € N.

ii) Let 1 < pr, < H < oo, for all k € N. Then, an infinite matriz A transforms
all sequences belong to I (F (r,s),p) into c iff (4.2), (4-3) and (4.7), ensure.

Proof. Let A € (I(F (r,s),p):c)and 1 < pp < H < oo for all k € N. Then, since
the containment ¢ C [, ensures, the neccesities of (4.2) and (4.3) are immediately
acquired from Theorem (4.). To ensure the the neccesities of (4.7), consider the
sequence bF) defined by (2.22) which belongs to the space [ (F (r,s),p) for every
immutable k£ € N. Since, the A— transform of every x € [ (F (r,s),p) comes into
being and is in ¢ by the hypothesis, we have

4.8 AR = ai;btk) = - (——) S €c,
“8) Eo T ZT r Frfern

J i=0 j=k i=0
for every fixed k € N, which shows the neccesity (4.7).

Conversely, suppose that the provisos (4.2), (4.3) and (4.7) ensure and take
2 = (xk)in the space [ (F (r,s),p). Then, Ax exists. We follow up for all m,n € N
that

9 K
L j—k 2
S () e
sl T Jie-frn
f2 dk
1 s\I7F Jim -1
< sup — (——) . an; B < 00
neNzk: ; r r frofrr
which gives the fact that by letting m,n — oo with (4.3) and (4.7)
9 dk
m n 1 s\j—k 2
lim - (——) I _g,,B7?
m,n—»ookzzo ]gk r r fk-fk+1 J
9 dk
o 1 s\ITF Jim -1
< sup - (——) J an; B < 00.
neNzk: JX_; r r frfrgn ™

This shows that Y, | B~ ’qk < oo and (ay) € {I(F (r,s),p)}” which implies that
the series ), apxy converges for all z € {I(F (r,s),p)}.
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Now, let us consider the equality acquired from 4.5with (a,; — a;) instead of

Qnj

e o SOSS L
(4.9) Z(ana )T ;Zr( ) fkfk+1(m ;) Yk ;anyk’

J Jj=k

. i—k  f2
where ¢ = (¢pk) described by ¢, = E;’;k % (—f)J fkfj;;cj»l (an; — o) for all k,n €
N. From Lemma 3.3, ¢, — 0, as n — oo. This means that Ax € ¢, whenever

x €l (F (r,s),p) and this step completes the proof. O

Corollary 4.1. The following expressions are ensured:

i) Let 0 < pr, < 1 for all k € N. Then, an infinite matriz A transforms all
sequences belong to I (F (r,s),p) into co iff (4.1), and (4.2) ensure and (4.7) ensures
with a, = 0, for all k € N.

ii) Let 1 < pr, < H < oo, for all k € N. Then, an infinite matriz A transforms

all sequences belong to I (F (r,s),p) into co iff (4.1), and (4.2) ensure and (4.7)
also ensures with oy, = 0, for all k € N.

Lemma 4.1. [1] Let A\, u be any two sequence spaces, A be an infinite matriz and
B be a triangle matriz. Then, A€ (\: up) iff BA€ (\: ).

By considering Theorem , Theorem and Lemma together, it can be acquired fol-
lowing outcome:

Corollary 4.2. Let A = (ank) be an infinite matriz of complex constituent. Then,
the following expressions are ensured:

i) E = (enk) € (L(F(r,8),p) : buso) iff (4.1), (4.3) ensure with d,j instead of
Qnk; where dpi, = epr, — en—1.x for all k,n € N.

i) E = (enr) € (L(F (r,8),p):€e) iff (4.-1), (4.3) ensure with dny, instead of
ank; where dpj, = E?:o ( 7; > (1-— T)"_j rieji for all k,n € N.

iii) E = (enk) € (I(F (r $),p): Xoo) iff (4-1), (4.8) ensure with d,y instead of

n

Qni; where dpy, = EJ —0 (n+1 for all k,n € N.
i) E = (enr) € (L(F (r,8),p) : L) iff (4.1), (4.3) ensure with dy, instead of
ank; where dpy, = E?:o tiei/ Ty for all k,n € N.

v) E = (enr) € (L(F(r,8),p):bs) iff (4.1), (4.3) ensure with dy instead of
ank; where dpy, = Z?:o eji for all k,n € N.

vi) E = (enk) € (l (F(r,8),p) : loo (ﬁ)) iff (4-1), (4-3) ensure with dyy, instead
of ank; where dnpi, = S%enq,k + Tffﬁenk for all k,n € N.

Corollary 4.3. Let A = (ani) be an infinite matriz of complex constituent. Then,
the following expressions are ensured:
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i) E = (enr) € L(F(r,s),p):c(A)) iff (4.1), (4.3) and (4.5) with dyy instead
of ani; where dpr, = eng — €nt1,k for all k,n € N.
i) E = (enk) € L (F(r,8),p):eh) iff (4.1), (4.8) and (4.5) also ensures with d,y,

instead of Ank;

where dpx = 5, ( ;L ) (1—=7r)""riejy, for all k,n € N.
i) E = (enx) € (L(F (r,s),p):¢) zﬁ (4.1), (4.3) and (4.5) also ensures with
dni instead of any; where dpy = Z;L 0 D +1 for all k,n € N.
i) E = (enr) € (L(F(r,s),p):rt) iff (4.1), (4.3) and (4.5) also ensures with
dpi instead of any; where dp) = Z?:o tiejx/ Ty for all k,n € N.

v) E = (enk) € (l (F (r,s),p): c(ﬁ)) iff (4.1), (4.3) and (4.5) also ensures

with dpy instead of any; where dypp = S'f’}“en,1 k+ Tf—"enk for all k,n € N.

vi) E = (enk) € (L(F (r,8),p) :¢s) iff (4.1), (4.3) and (4.5) also ensures with
dnk instead of any; where dny = Z] _o €k for all k,n € N.

Corollary 4.4. Let A = (ank) be an infinite matriz of complex constituent. Then,
the following expressions are ensured:

i) E = (enk) € (L(F(r,s),p) :co(A) iff (4.1), (4.3) and (4.5) also ensures
with oy, = 0, for all k € N and d, instead of any; where dpr, = en, — eny1,k for all
k,n € N.

it) E = (enk) € (L(F (r,s),p):€p) iff (4.1), (4.3) and (4.7) also ensures with
ar = 0 for allk € N and d,, instead of any,; where dpj, = Z?:o ( 7; ) (1-— r)"_j riejy
for all k,n € N.

iii) E = (enk) € (L(F (r,8),p) : ¢0) iff (4.1), (4.3) and (4.7) also ensures with
ar = 0 for all kK € N and d,y instead of ani; where dpi = Z wiD for all
k,n € N.

i) E = (enr) € (L(F (rys),p):rb) iff (4.1), (4.3) and (4.7) also ensures with
ap = 0 for all k € N and d,j, instead of ank; where dp = Z?:o tiejx/ T for all
k,n € N.

v) E = (enr) € (l (F (r,s),p):co (ﬁ)) iff (4.1), (4.3) and (4.7) also ensures
with ay = 0 for all kK € N and d,i instead of ank; where dyy = s%enflﬁk +
Tfleenk for all k,n € N.

vi) E = (enr) € (L(F (r,8),p) : cos) iff (4.1), (4.3) and (4.7) also ensures with
ar =0 for all k € N and dj, instead of ani; where dyj, = Z?:o ejr for all k,n € N.

=0 n+1
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