FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 34, No 2 (2019), 165-173
https://doi.org/10.22190/FUMI1902165M

NEW INEQUALITIES OF WIRTINGER TYPE FOR CONVEX AND
MN-CONVEX FUNCTIONS

Tatjana Z. Mirkovié

© 2019 by University of Nis, Serbia | Creative Commons Licence: CC BY-NC-ND

Abstract. In this paper, we obtain some inequalities of Wirtinger type by using some
classical inequalities and means for convex functions and establish some applications to
special means for positive real numbers.
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1. Introduction

27
Let f be a periodic function with period 27 and let f' € L?. Then, if [ f (z)dz =
0

0, the following inequality holds

(L.1) 7ﬁ@M<7W@m,
0 0

with equality if and only if f () = Acosz 4+ Bsinz, where A and B are constants.

Inequality (1.1) is known in the literature as Witinger’s inequality. The proof
of W. Wirtinger was first published in 1916 in the book (see [1]) by W. Blaschke.
There are many studies which generalize and extend Wirtinger’s inequality in the
literature, (see [2], [3]). However, Inequality (1.1) was known before this, though
with other conditions on the function f. For example, in 1905, E.Almansi proved
that

(12) jﬁwM<<ﬁfffwmﬁm,
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under the condition that f and f’ are continuous on the interval (a, b), that f (a) =

£ (b) and that jzf (x)dz =0.

Theorem 1.1. (Hoélder inequality) Let f (z) and g (x) be positive continuous func-
tions on [a,b]. If p > 1 and % + % =1, then

1
b q

(13) / f () g (2)da < / fapas| | [o@ra

a

S

Theorem 1.2. (Reverse Holder inequality) For two positive functions f and g
satisfying 0 < m < é—: < M < oo, on the set X, and for p,q > 1 with 1—17 —i—% 1,

we get
P q M i
([fpdu ([quu < (E) /fgdu.
X

Definition 1.1. A function I C R — R is said to be convex (concave) if whenever
x,y € [a,b] and t € [0,1], the following inequality holds:

(1.4) flz+(1-t)y) <(Z)tf (@) + 1 —1)f(y).

Anderson mentioned mean function in [4] as follows:

Definition 1.2. A function M : (0,00) — (0,00) is called a mean function if
(a) Symmetry: M (z,y) = M (y,z);
(b) Reflexivity: M (z,z) = x;
(¢) Monotonicity: min {z,y} < M (z,y) < max {z,y};
(d) Homogeneity: M (Ax, \y) = AM (z,y) , for any positive scalar .

Definition 1.3. Let I — (0,00) be continuous, where I is a subinterval of (0,00) .
Let M and N be any two mean functions. We say f is M N-convex (concave) if

f(M (2,y)) < (Z)N(f (2), f (y)) for all z,y € I.

Taking into account Definition 1.3, M N-convex function will be defined by the
formulas:

1. fis AA-convex iff (1.4) holds;
2. fis AG-convex iff

flta+ (1 =0)) <[f@IfB), 0

N
-
N
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3. fis AH-convex iff

f((A=t)a+1p) <

4. f is GA-convex iff

BT <tfla)+(1-0)f(B), 0<t<L
5. f is GG-convex iff

FEBTY @I IFBIT, o<t<;
6. f is GH-convex iff

0<t< 1

1—tpt f(a) f(B)
Fla™'8) <5 )

fla)+ (1 =t)f(B)
7. fis HA-convex iff

af |
f(m)<ff<a>+<l—t>f<m, 0<t<;

8. fis HG-convex iff

af . B
f<(17)<[f(a)] FE, o<t<

—tHa+tp
9. fis H H-convex iff
of F(a) f(B)
f<u_”a+w><(1—ﬂfm%HfWV 0<t<1

The main aim of this paper is to prove some new Wirtinger-type integral in-
equalities for convex and M N-convex functions.

2. Main Results

Theorem 2.1. Let f and [’ be continuous functions on the interval (a,b), with

a<b, f(a)=f(b) and jlzf (z)dx = 0. If (f')* is convex on [a,b], then

(b—a) [f (@] + [/ (b))
(2m)” 2

b
(2.1) / f @) dr <
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Proof: Since (f')” is a convex function on [a, b], therefore for ¢ € [0, 1] we have

b 1
/ / (ta+(1-1t)b dt
—a
a 0

1
/ L) )
0

Now multiplying both sides of the above inequality by ((2 ‘;)2 and with (1.2), we get
the desired inequality in (2.1). O

ﬂﬁ_mmmgw@W.

Theorem 2.2. Let f and f' be continuous functions on the interval (a,b), with

a<b, f(a)=f(b) and ff (x)dx = 0. If f' is convex on [a,b], then

b

@%/U@WM<

a

(b—a)® [ (f (@) + (' (@) (' (a) + (' ())*
(2r)? 3 |

Proof: We have

By applying (1.2), we get (2.2). O
Theorem 2.3. Let f and f' be continuous functions on the interval (a,b) with
b
a<b, f(a)=f(b) and [ f(z)dx =0.If f' is positive, (f’)é and (f’)% are convex

on [a,b], then the following inequality holds

b

fp@rde<a-a

a

Tl

Q=

5 [ (@)% + [ (b))

82 ’

5 [f ()" + [ (b))

82

+B(b—a)

where a, 3 >0 and a+ B =1.
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Proof: By using the well-known inequality cd < acs + ﬁd% (a, B,¢,d > 0 and
1 1
a+ 8 =1), the convexity of (f/)= and (f')7 , we get

2 b 5 1
( —a> / ((2_7:2) /f/(ta+(1_t)b)f/(f(l-i—(l—t)b)dt

b / O !

s ((2_7T;L2) {O‘/[f (m+(1_t)b)]gdt+ﬁ/[f'(ta+(1—t)b)]3dt}
0 0
3 1 ) 1 1
) U)@—ﬂ;ﬁ {a/[tf/(a)+(1‘t)f/(bﬂzd”ﬂ/[tf’(aw(1—t)f’(b)]ﬁdt}
0

Q=
Q=

+ (7 (0)
2

3 ’
_ (- {au () s

(' (@)7 + () } |
2

Combining with (1.2), we get the required inequality. [

Theorem 2.4. Let f and [’ be continuous on the interval (a,b), with a < b,
b

Fla)=F®), [fx)de=0and f>0. Let 0 < m < M < M < o0 forp,q > 1

with % + % = 1. If|fI", | f|* are concave on [a,b] then

b

2.4) (Y @+ ror <S8 1w a

™

a

Proof: Making changes to the variable, using the reverse Holder inequality and
inequality |u+v|” <271 (Ju|” + |v|"), u,v € R, we have

b

bia/[f( /1 Flta+(1—t)b)2dt

1

1 P 1
_</ (ta+ (1—1) )|pdt) (/|f(ta+(1—t)b)|th)

0 0

Q=
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1 D
> ( ”(/tlf P+ (l—t)lf()l])

0

| [ @ a-olr )

0

)pq< |P+|f >|> <|f(a>|q;|f(b>|q)%
5 (f

ils

ils

( ) |p>P <|f(a)42rqf(b)|q>§

_ (ﬂ) (a )+f( ) .
M 4 '
By (1.2), we get the inequality (2.4). O
Theorem 2.5. Let f and f' be continuous on the interval (a,b), with a < b,
b

f(a)=f(b) and [ f(x)dx =0. Then:

1. If |f'| is AG convex, then

5 b—a\? 2a b—a , 2
a/[f(:z:)] dxg( = > { ety Y 2%] [ (a)]
+[—2(a+1b) 1n1a 41;21 I (a) f"(b)

b
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4. If |f'] is GG convez, then

b

i b—a\’ a b0 -alf (@)
Juw) d"”g( o > Bl (@ b (OF

a

5. If |f'| is HA conver, then

{ a-) (b0 0 a) - aomn 2] 1 (@

+ [ab (b a) (1 - a)2) —ab(a+b)n S] 7' (a) f' ()
+ [b(b— a) (a—l—b(b— a)2) — ab®*In g] [ ()] }
Proof.

1. From (1.2) and by using the AG convexity of |f’| we have

a/b[f(x)]zd:v< (b;ﬁa>2/[f’ 27;2)30/1 (1—t)a+tb)) dt

) ! ) ,
"(a) f' _ =)’
) O/[tf’ (@) +(1-1) f/()] dt = 2n)? f' (@) £ (b);

\

/\0‘
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3. Taking into account that |f’| is GA- convex, we have

/b < (M ) / @ ae = (52 “)21n% / [ (a1 b~

<< = )QIn%/()[tf’ (@) + (1 —t) f' ()] a'b'~tat

2a b—a , 2
me +2@1 [f" (a)]

—a+

" —4%?] £'(a) 1)
b n g

bﬂz—bﬂﬂb_”][f'(b)]?};
b

2a
lng

+

—2(a+0)

+

4. Since |f’| is GG-convex, we have
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5. Since |f’| is H A-convex, we have

d <(1 - tC;ba + fb>r (1 - t)la + tb]2dt

(oo,

= ﬁ{ {a(b—a) (b+a(b—a)2) —a%ln%] [f (a))

+ {ab(b—a) (1 —(b- a)2) —ab(a—l—b)lng} 1 (a) f (b)

a

+ {b(b—a) (a+b(b— af) _ab21n9] If ()] } O
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