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Abstract. The purpose of this paper is to state some fixed point results for generalized
rational type contraction mappings in partially ordered b-metric spaces that generalize
the main results of [7] and [22]. Also, some examples are given to illustrate the results.
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1. Introduction and preliminaries

In 1977, Jaggi [16] proved the following theorem for a contractive condition of
rational type.

Theorem 1.1. [16, Theorem 1] Let (X, d) be a complete metric space and T : X — X he
a mapping such that

d(x, Tx)d(y, Ty)
d(x, y)

forall x,y € X, x # y and some a, f > O with @ + f < 1. Then T has a unique fixed point
in X.

d(Tx, Ty) < a + Bd(X, y)

In 2010, Harjani et al. [12] proved a version of Theorem 1.1 in partially ordered
metric spaces. In 2011, Luong et al. [22] proved the following theorem for general-
ized weak contractions satisfying rational expressions in partially ordered metric
spaces, which is a generalization of the result of [12].

Denote by W the family of all lower semi-continuous functions ¢ : [0, ) —
[0, o) such that i(t) = 0 if and only if t = 0.

Theorem 1.2. [22, Theorem 2.1] . Let (X, <, d) be a complete, partially ordered metric
space and T : X — X be a mapping such that
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1. T is a non-decreasing mapping.

2. Thereexists ¢ € W such that d(Tx, Ty) < M(X, y) — yb(M(x, y)) for all X, y € X with

X >y, where
d(x, TX)d(y, Ty)

d(x, y)

3. Tis continuous or X has the property: if {x,} is a non-decreasing sequence in X such
that lim x, = x, then x = sup X.
n—oo

M(x,y) = max{ ,d(x, y)}.

4. There exists Xo € X such that X < TXg.
Then T has a fixed point.

In 2013, Chandok et al. [7] established some common fixed point results for
weak contractive conditions satisfying rational type expressions in partially or-
dered metric spaces, which are generalizations of the the main results in [22].

Definition 1.1. [15] Let (X, <) be a partially ordered setand T, f : X — X be two
mappings. T is called monotone f-nondecreasing if for all x,y € X, fx < fy implies
TX < Ty.

Definition 1.2. [18]Let (X, d) beametricspaceandT, f : X — X be two mappings.
The pair (T, f) is called compatible if r!im d(Tfx,, fTxn) = 0 whenever {x,} is a

sequence in X such that lim Tx, = lim fx, =t for somet € X.
n—.oo n—oo

Definition 1.3. [19] Let (X, d) beametricspaceand T, f : X — X be two mappings.
The pair (T, f) iscalled weakly compatible if they commute at their coincidence points,
thatis, Tfx = fTx for all x € X with Tx = fx.

The main results of [7] were stated as follows.

Theorem 1.3. [7, Theorem 2.1] Let (X, <,d) be a partially ordered metric space and
T, f : X — X be two mappings such that

1. TX c fXand fX is a complete subspace of X.
2. T isamonotone f-nondecreasing mapping.
3. There exists ¢ € W such that
d(Tx, Ty) < M(x,y) = p(M(X, y))
for all x,y € X with fx # fy, fx and fy being comparable, where

d(fx, Tx)d(fy, Ty)
d(fx, fy)

M(x,y) = max{ ,d(fx, fy)}.
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4. T and f are continuous mappings.
5. T and f are compatible.

6. There exists xg € X such that fxg < TXo.

Then T and f have a coincidence point.

Theorem 1.4. [7, Theorem 2.2] Let (X, <,d) be a partially ordered metric space and
T, f : X — X be two mappings such that

1. TX c fXand fX is a complete subspace of X.
2. T isa monotone f-nondecreasing mapping.

3. Thereexists ip € W such that d(Tx, Ty) < M(x, y) — p(M(x, y)) for all x, y € X with
fx # fy, fxand fy being comparable, where

: d(fx, Tx)d(fy, Ty)
M(x,y) = max{ a(fx fy) ,d(fx,fy)}.

4. If{fx,}isanon-decreasing sequenceinXsuchthatr!im fx, = fx, then fx = sup fxp.

5. T and f are weakly compatible.

6. There exists Xo € X such that fxg < Txo.

Then T and f have a common fixed point. Moreover, the set of common fixed points of T
and f is well ordered if and only if T and f have only one common fixed point.

There have been many generalizations of a metric space and many fixed point
theorems on generalized metric spaces have been stated [3, 6, 17, 25]. The notion
of a b-metric space was introduced by Bakhtin in [4] and then extensively used by
Czerwik in [8, 9] as follows.

Definition 1.4. [9] Let X be a non-empty setand d : X x X — [0, o) be a function
such that for all x,y,z € X and some s > 1.

1. d(x,y)=0ifandonly ifx =y.
2. d(x, y) = d(y, x).
3. d(x,y) < s(d(x,2) + d(z, y))

Then d is called a b-metric on X and (X, d, s) is called a b-metric space.
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The first important difference between a metric and a b-metric is that the b-
metric need not be a continuous function in its two variables, see [21, Example
13]. In recent years, many fixed point theorems on b-metric spaces were stated, the
readers may refer to [1, 2, 5, 10, 13, 14, 24, 26, 27, 28, 29] and references therein.

The purpose of this paper is to state some fixed point results for generalized
rational type contraction mappings in partially ordered b-metric spaces that gen-
eralize the main results of [7] and [22]. Also, some examples are given to illustrate
the results.

First, we recall some notions and lemmas which will be useful in what follows.

Definition 1.5. [9] Let (X, d, s) be a b-metric space.
1. A sequence {xy} is called convergent to x, written r!l_(g) Xn=X, if r!l_(gg d(xn, x)=0.
2. A sequence {X,} is called Cauchy in X if n/Ini1rl1m d(Xn, Xm) = 0.
3. (X, d,s) is called complete if every Cauchy sequence is a convergent sequence.

Definition 1.6. [20] A function ¢ : [0, 00) — [0, o) is called an altering distance
function if

1. @ is continuous and non-decreasing.
2. p(t)=0ifandonly ift=0.

Lemma1.1. [11] Let X be a nonempty set and f : X — X a mapping. Then there exists
asubset E ¢ X such that fE = fX and f : E — X is one-to-one.

2. Main results

The following result is a sufficient condition for the existence of the fixed point
for a generalized rational type contraction mapping in partially ordered b-metric
spaces.

Theorem 2.1. Let(X,d,s, <)beacomplete, partially ordered b-metricspaceand T : X — X
be a mapping such that

1. T is a non-decreasing mapping.

2. There exist ¢ € W and an altering distance function ¢ such that
(2.) ¢(sd(Tx, TY)) < p(M(x, ) - p(M(x, y))
for all x, y € X with x >y, where

d(x, Tx)d(y, Ty)
—,d .
T, ot}

M(X,y) = max {
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3. T is continuous.

4. There exists xp € X such that xg < TXo.

Then T has a fixed point.

Proof. Let Xg € X such that xg < Txg, we construct a sequence {X,} in X by
Xn+1 = TXn for n > 0. Since T is a non-decreasing mapping, by induction, we can
show that

Xo X312 ...3Xp X Xp41 =

If there exists n > 0 such that x, = Xp+1, then x, = Tx,, that is, X, is a fixed point of
T. So, we suppose X, # Xn41 for all n > 0. Since x, > Xp—; for all n > 1, from (2.1),
we have

(2.2) P(dxnis, Xn)) = @(d(Txn, TXn-1))

< @(sd(Txn, TXn-1))

< (MG, Xn-1)) = P(M(Xn, Xn-1))
where

(2.3) M(Xn, Xn-1)

{ d(Xn, TXn)d(Xn—1, TXn_1)
max
d(Xn, Xn-1)

max {d(Xn, Xn+1), d0Xn-1, Xn)}.

,d(Xn, Xn—l)}

It follows from (2.2) and (2.3) that
(2.4) P(dixnsn, %) < @ max{dxnes, xn), d(xn 1, %n)})
—yp(max {d(xn.1, Xn), d(*n-1, Xn)}).
If there exists n > 1 such that d(Xn+1, Xn) > d(Xn, Xn-1), then from (2.4), we have
(25) P(d0ner, X)) = @(dXns1, X)) = P(A(Kns1, Xn)
< @(dts1, x0))

It is a contradiction. Hence, d(Xn:+1,Xn) < d(Xn-1,Xn) for all n > 1. Then, (2.4)
becomes

(26) P(d0xns1, %) < @(dXn Xn-1)) = P(AXn, Xn-1))
< ¢(dOtn, Xn-1))

for all n > 1 and {d(xn+1, Xn)} iS @ non-increasing sequence of non-negative real
numbers. Hence, there exists r > 0 such that lim d(xn+1, Xn) = r. Now, we shall
n—oo
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show that r = 0. Suppose to the contrary that r > 0. Taking the upper limit as
n — oo in (2.6) and using the property of ¢ and ¢, we get
2.7) (1) < @(r) - liminfyY(d(xn, Xo-1)) < @) = () < @(1).
It is a contradiction. Therefore, r = 0, that is,
(2.8) r!Lrgo d(Xn+1,Xn) = 0.
Now, we shall prove that {x,} is a Cauchy sequence. If otherwise, then there

exists ¢ > 0 for which we can find subsequences {Xmy} and {Xng} of {xn} with
n(k) > m(k) > k such that for every k € IN, we have

(2.9) d(Xm@), Xn) = €, dXm@), Xnky-1) < €.
So, we have
(2.10) e < d(Xm@, Xn()

< sd(Xm(y, Xn(k)-1) + SA(Xn@-1, Xnk))

IA

$2d(Xm(ky, Xm(—1) + S2d(Xm(-1, Xn-1) + SA(Xn@-1, Xn()-

Taking the upper limit as k — oo in (2.10) and using (2.8), we get

& .
(2.11) 5—2 < limsup d(Xm(k)—l/ Xn(k)—l)-
k— oo
We also have
(2.12) d(Xm@E)-1Xn@-1) < SA(Xm(-1, Xm@)) + SA(Xmeky, Xng)-1)

< Sd(Xm@)-1, Xm(k)) + S€.
Taking the upper limit as k — oo in (2.12) and using (2.8), we get

(2.13) limsup d(Xm@)-1, Xn-1) < Se.

k— o0

Therefore, from (2.11) and (2.13), we get

& .
(2.14) 2 < lim sup d(Xm(-1, Xngy-1) < Se.

k—oo

Similarly, we also have

(2.15) :—2 < 1M inf d(Xmg-1, Xnp-1) < Se.

Since Xny-1 > Xm@-1, from (2.1) we have

(2.16) (P(Sd(xn(k)/ Xm(k)))

(P(Sd(TXn(k)—l/ TXm(k)—l))

(P(M(Xn(k)—l, Xm(k)—l)) = P(M(Xn@)-1, Xm@-1)),

IA



Some Fixed Point Results for Generalized Rational Type Contraction Mappings... 55

where
(2.17) M(Xn(k)-1, Xm()-1)
d(Xn)-1, TXn@)-1)dXm)-1, TXm@-1)
d(Xn(ky-1, Xm(k-1)
d(Xn()-1, Xn(k))d(Xm(k)-1, Xm(k))
d(Xn(k)-1, Xm(k-1)

= max { , d(Xngo-1, Xm(k)—l)}

max { , d(Xng-1, Xm(k)—l)}~

Taking the upper limit and the lower limitask — oo in (2.17) and using (2.8), (2.14),
(2.15), we get

& .
(2.18) 5—2 < IIT_)S:Ip M(Xn(k)—l,xm(k)—l) <seg
and
(2.19) :—2 < |III<’T1 infM(xn(k)_l, Xm(k)—l) < Se.

Taking the upper limit as k — oo in (2.16) and using (2.9), (2.18), (2.19), we obtain

(2.20) p(s¢)
(p(s lim sup d(Xn), Xm(k)))
k— o0

IA

IA

(P( lim sup M(Xn)-1, Xm(k)—l)) - 'J/( Ii[n inf M(Xng-1, Xm(k)—l))
k— oo —00

< (p(SE) - 17[/( ||mg1f M(Xn(k)—l/ Xm(k)—l))
< @(se).
It is a contradiction. Thus, {x,} is a Cauchy sequence in X. Since (X,d,s) is a
complete b-metric space, there exists x € X such that lim x, = x. Since T is a
n—oo
continuous mapping, then x = lim x5 = lim Tx,_; = T(lim xn_1) = TX. It implies
n—.oo n—.oo n—oo
that x is a fixed pointof T. O

The next resultis another one for the existence of the fixed point for ageneralized
rational type contraction mapping in partially ordered b-metric spaces.

Theorem 2.2. Let (X, d,s, <) be a complete, partially ordered b-metric space where d is
continuous in each variable and T : X — X be a mapping such that

1. T is a non-decreasing mapping.

2. There exist ¢ € W and an altering distance function ¢ such that

(2221) o(sd(Tx, Ty)) < @(M(xy)) - (M, y))
for all x, y € X with x >y, where
d(x, TX)d(y, Ty)

M(x,y) = max{ axy)

,dex, )}
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3. If {Xn} is a non-decreasing sequence in X such that lim x, = X, then X = sup X,.
n—.oo
4. There exists Xo € X such that X < TXg.

Then T has a fixed point.

Proof. Following the proof of Theorem 2.1, we have {x,} is a non-decreasing
sequence. If there exists n > 0 such that X, = Xn+1, then x, = Tx,, that is, X, is a fixed
point of T. Therefore, we assume that x, # Xn+1 for all n > 0. Also, from the proof
of Theorem 2.1, we have r!m Xn = X. By the assumption (3), we have X = sup X,.

Particularly, x, < x for all n > 0. Since T is a non-decreasing mapping, we have
Txn < Txforall n > 0, that is, Xp+1 < Tx for all n > 0. Moreover, as X, < Xp+1 < TX
forall n > 0 and x = sup x,,, we obtain

(2.22) X < TX.

Consider the sequence {y,} in X that is constructed by yy = X, Yn+1 = Tyn for
n > 0.Since x < Tx, we have yy < Typ. By using the similar argument as in the proof
of Theorem 2.1, we obtain that {y,} is a non-decreasing sequence and r!im Yn =Y

for some y € X. By the assumption (3), we have supy, = y. Now suppose that
X # Y. Since Xp <X =Yo < Tx=Tyg <y, <yforalln >0, from (2.21) we have

(2.23) P(dynsa Xne1) = @(d(Tyn, TX0))
< @(sd(Tyn, Txn)
< @(M(yn, X)) = P(M(Yn, Xn))
where
d n/T n d n/T n
224) M(n ) = max SR I0C D0 gy )
d ns yn+ d ns An+
= max{ by yd(;: )(():) X 1),d(yn,xn)}.

Taking the limit as n — oo in (2.24) and using the continuity in each variable of d,
we obtain r!im M(Yn, Xn) = max{0, d(y, x)} = d(y, X). Then, taking the limitasn — co

in (2.23) and using the property of ¢ and i, we have

o(dy,0) < @(dy, %) - (d(y, ) < o(d(y, %)

It is a contradiction. Therefore, x = y. Since Tx <y, we have Tx < x. Then,

from (2.22), we have Tx = X, that is, x is a fixed pointof T. O

In what follows, we shall prove the uniqueness of the fixed point in Theorem 2.1
and Theorem 2.2.

Theorem 2.3. Assume that
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1. Either the assumptions of Theorem 2.1 or the assumptions of Theorem 2.2 hold.
2. Foreach x,y € X, there exists z € X that is comparable to x and y.

Then T has a unique fixed point.

Proof. From Theorem 2.1 and Theorem 2.2, we conclude that T has a fixed
point. Suppose that x, y € X are two fixed points of T. By the assumption (2), there
exists z € X such that z is comparable to x and y. We define the sequence {z,} by
20 =2, Zn+1 = T2, forn > 0. Since z is comparable to x, we may assume that z < x.
Since T is a nhon-decreasing, by induction, we can show that z, < x for all n > 0.
Suppose that there exists ny > 0 such that z,, = x, then z, = Tz,_; = Tx = x for all
n > ng. Hence, r!l_)rgo Zn = X. On the other hand, if z, # x for all n > 0, we have

(2.25) P(d(x,zn)) = @(d(Tx, Tzo-1))
< (p(sd(Tx,Tzn_l))
< (M 20-1)) = PM(X, Z01))
where
(2.26 MOuzns) = max| et gz, )
d(x, X)d(zn-1, Zn)
= maX{d(Xl—Zn_ll),d(X,Zn_l)}
= d(X, zn-1).
From (2.25) and (2.26), we have
(2.27) P(doz) < p(d0x 2z0-1)) = Y(d(x, 2-1)

< ¢(d(x, zn-1))

for all n > 1. Then from the property of ¢, we conclude that d(x, z,) < d(X, zn-1) for
all n > 1, that is, {d(x, z,)} is a non-increasing sequence of positive real numbers.
Therefore, there exists @ > 0 such that r!im d(x, zn) = a. We shall show that o = 0.

Suppose to the contrary that a > 0. Taking the upper limitas n — oo in (2.27) and
using the property of ¢ and ¢, we have

@) = o Jim d(x,zo))

o( lim d(x, zo1)) ~ lim inf ¢(d(x, zo1))

p(a) - P(a) < p(a).

It is a contradiction. Hence, a = 0, that is, r!im d(x,zn) = 0. Thus, r!im Zn = X
Therefore, in both cases, we have

IA

IA

(2.28) limz, =x.

n—oo
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Similarly, we may show that

(2.29) limz,=y.

n—oo

From (2.28) and (2.29), we get x = y. Therefore, T has a unique fixed point. O

Remark 2.1. Since a b-metric space is a metric space when s = 1, so our results can be
viewed as a generalization of corresponding results in [22].

By using Theorem 2.1, Theorem 2.2 and Theorem 2.3, we obtain the following
corollaries as a generalization of [7, Theorem 2.1] and [7, Theorem 2.2] in partially
ordered b-metric spaces.

Corollary 2.1. Let (X, d,s, <) be a partially ordered b-metric spaceand T, f : X — X be
two mappings such that

1. TX c fXand fX is a complete subspace of X.
2. T is amonotone f-nondecreasing mapping.

3. There exist ¢ € W and an altering distance function ¢ such that

(2.30) P(sd(Tx, Ty)) < (M1 (x, ) - (M1 (x,y))
forall x,y € X with fx > fy, where

d(fx, Tx)d(fy, Ty)
d(fx, fy)

M (X, y) = max{ ,d(fx, fy)}.

4. T and f are continuous mappings.
5. T and f are compatible.
6. There exists xg € X such that fxg < TXo.

Then T and f have a coincidence point.

Proof. By Lemma 1.1, there exists E ¢ X such that fE = fX and f : E — X is
one-to-one. Now, defineamap h: fE — fE by h(fx) = Tx. Since f is one-to-one
on E, his well-defined. Then, fE = fX is complete and (2.30) becomes

o(sd(n(F),h(fy))) < @(Mr(xy)) = ¥(Mi(x,¥))
forall x,y € X with fx > fy, where

d(fx, h(fx))d(fy, h(fy))
d(fx, fy)

M:(x,y) = max{ ,d(fx,fy)}.
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Let Xo € E such that fxo < Txy = h(fxg). Choose x; € E such that fx; = Txy =
h(fxg) = hyp. By continuing this process, we obtain a sequence {fx,} in fE such
that fxn4+1 = TX, = h(fx,) for n > 0. By using the similar argument as in the proof of
Theorem 2.1, we obtain that { fx,} is a Cauchy sequence in fE. Since fE is complete,
there exists u € fE such that r!l_(f; fxn =u e fX. Then

lim fx, = lim Txp-1 = u.
n—oo n—oo

Since the pair (T, f) is compatible, we have

(2.31) 1im d(f(Txa), T(fx0)) = 0.

Also, we have
(2.32) d(Tu, fu) <sd(Tu, T(fx,)) + szd(T(fxn), f(Txn)) + szd(f(Txn), fu).

Taking the limit as n — oo in (2.32) and using the continuity of T, f and (2.31), we
getd(Tu, fu) = 0, thatis, Tu = fu. Therefore, uisacoincidence pointof Tand f. O

Corollary 2.2. Let (X, d,s, <) be a partially ordered b-metric space where d is continuous
in each variable and T, f ;: X — X be two mappings such that

1. TX c fXand fX is a complete subspace of X.
2. T is amonotone f-nondecreasing mapping.

3. There exist ¢ € W and an altering distance function ¢ such that
(2.33) (sd(Tx, Ty)) < p(Ms(x, ) = (M¢(x,¥))
for all x, y € X with fx > fy, where

d(fx, Tx)d(fy, Ty)
d(fx, fy)

M (x, y) = max { ,d(fx, fy)).

4. If{fx,}isanon-decreasing sequence in X such that lim fx, = fx, then fx = sup fxp.
n—.oo
5. If z is a coincidence point of T and f, then fz < f(fz).

6. T and f are weakly compatible.

7. There exists Xg € X such that fxg < TXo.

Then T and f have common fixed point. Moreover, the set of common fixed points of T and
f is well ordered if and only if T and f have only one common fixed point.
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Proof. By Lemma 1.1, there exists E c X such that fE = fX and f : E — X is
one-to-one. Now, defineamap h: fE — fE by h(fx) = Tx. Since f is one-to-one
on E, his well-defined. Then, fE = fX is complete and (2.33) becomes

p(sd(h(f,h(fy)) < (Mi(x,¥)) - (M (x,y)
for all x, y € X with fx > fy, where

d(fx, h(fx))d(fy, h(fy))
d(fx, fy)

M(x,y) = max{ ,d(fx,fy)}.

Moreover, other assumptions of Theorem 2.2 are fulfilled. Therefore, by using
Theorem 2.2, there exists z € X such that fz = h(fz) = Tz, that is, z is a coincidence
point of T and f.

Now suppose that T and f are weakly compatible. Letw = Tz = fz. Then,
Tw = T(fz) = f(Tz) = fw. Suppose that Tw # w. Then, fw # fzand fz < f(fz) =
fw, from (2.33), we have

P(dTw,w)) = (d(Tw, T2))
¢(sd(Tw, T2))

d(fw, Tw)d(fz, Tz)
{ d(fw, fz)

IN

IA

o( max ,d(fw, f2)})

—y( max {—d( fV\(Ij'(_frvv\:/)jfl\;v' W) ,d(Tw, w)})
= (p( max {0, d(Tw, W)}) - 4/( max {0, d(Tw, W)})
< (p(d(TW, W)).

Itis a contradiction. Therefore, Tw = w. Then, Tw = fw = w, that is, w is acommon
fixed point of T and f.

Finally, from Theorem 2.3, we conclude that the set of common fixed points of T
and f is well ordered if and only if T and f have only one common fixed point. O

Remark 2.2. By using the similar argument as in the proof of Corollary 2.1 and Corol-
lary 2.2, we see that [7, Theorem 2.1] is a consequence of [22, Theorem 2.1] and [7,
Theorem 2.2] is a consequence of [22, Theorem 2.2] and [22, Theorem 2.4].

In what follows, we give some examples to support our results. The following
example is an illustration of the existence of the fixed point in case d is continuous
in each variable.

Example 2.1. Let X = {1, 2, 3,4} with the usual order <. Define a b-metric d on X as follows.

d(1,1) = d(2,2) = d(3,3) = d(4,4) = 0,
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d(1,2) =d(2,1) =d(1,3) =d(3,1) =d(2,3) =d(3,2) = 1,
d(1,4) =d(4,1) =d(2,4) =d(4,2) =4,
d(3,4) =d(4,3) = 10.
Then (X, d,s) is a complete b-metric space with s = 2. Let T : X — X be defined by
T1=T2=T3=1,T4=2.
Define two functions ¢(t) = t and y(t) = 5 for all t € [0, o). We consider the following two

cases.
Case 1. Forx,y € {1,2,3} and x > y. Then

@(2d(Tx, Ty)) = 0 < p(M(x, ) = Y(M(x, ).

Case 2. Forx =4 andy € {1,2,3}. Then d(Tx,Ty) = d(2,1) = 1, M(4,3) = 10 and
M(@4,y) = 4ify € {1,2}. Thus

M = p(M(x,y)) - $(M(x, ).

By the above two cases, we conclude that the condition (2.1) of Theorem 2.1 and the con-
dition (2.21) of Theorem 2.2 hold. Moreover, other assumptions of Theorem 2.1 and Theo-
rem 2.2 are fulfilled. Therefore, Theorem 2.1 and Theorem 2.2 are applicable to T, ¢, ¢ and
(X,d,s, <).

However, it is easy to see that d is not a metric on X. This proves that [22, Theorem 2.1]
and [22, Theorem 2.2] are not applicable to T, ¢, and (X, d, s, <).

p(2d(Tx Ty)) =2 <

The following example is an illustration of the existence of the fixed point in
case d is a non-continuous b-metric.

Example 2.2. LetX = {O, L5050 r s } with the usual order <. Define a b-metric d on X
as follows.
0 ifx=y
ifx#yel0,1}

dix,y) = X —y]| ifx,ye{O,%,ﬁ ‘n#m zl}
4 if otherwise.

Then, (X, d, s) is a complete b-metric space with s = % but d is a non-continuous b-metric, see
[21, Example 13]. Let T : X — X be defined by T0 =0, T% = 8in for all n > 1. Define two
functions ¢(t) = tand y(t) = § for all t € [0, ). Then, for x,y € X, x >y, we consider the
following two cases.

Case 1. Forx =  withn > 1and y = 0, we have d(Tx, Ty) = d(%, ) =& M(xy)=3%or
M(x,y) € {1,4}. Thus

(p(gd(Tx,Ty)) < M(g’ L P(M(x,y)) - $(M(x, y)).

Case 2. Forx = £ and y = 1 with m > n > 1, we have

d(Tx, Ty) = d(% %) =2(:-2)
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1 1
M(X'V)ZH_E or M(x,y) =4

Hence 8 M
X/
¢(3d(Tx, Ty)) < % = p(M(x,y)) - p(M(x, y)).

By the above two cases, we conclude that the condition (2.1) of Theorem 2.1 holds. Moreover,
other assumptions of Theorem 2.1 are fulfilled. Therefore, Theorem 2.1 is applicable to T,
o, ¥ and (X, d,s, <).

However, it is easy to see that d is not a metric on X. This proves that [22, Theorem 2.1]
and [22, Theorem 2.2] are not applicable to T, ¢, and (X, d, s, <).

Finally, we apply Theorem 2.3 to study the existence and uniqueness of solutions
to the nonlinear integral equation.

Example 2.3. Let C[a, b] be the set of all continuous functions on [a, b], the b-metric d with
s = 2°~1 defined by
d(x, y) = sup{Ix(t) - y(t)I"}

tefab]
forall x,y € C[a,b] and some p > 1 and the partial order < givenby x < yifa < x(t) < y(t) <b
for all t € [a,b]. Consider the nonlinear integral equation

b
(2.34) x(t) = g(t) + f K(t,s, x(s))ds

where t € [a,b], 7 : [a,b] — R and K : [a,b] X [a,b] x R — IR. Suppose that the following
statements hold.

1. gis continuous and K(t, s, x(s)) is integrable with respect to s on [a, b].
2. Tx € C[a,b] for all x € C[a, b], where Tx(t) = g(t) + fb K(t, s, x(s))ds for all t € [a, b].
3. Foralls,te[ablandx,y e Xwithx >y, :
0 < K(t,s,x(s)) = K(t,3, ¥(5)) < &(t,9)IX(s) — Y(S)l
where & : [a,b] X [a,b] — [0, o0) is a continuous function satisfying

b
1
sup (j; EP(t, s)ds) < Pip_ap L

tefa,b]

b
4. There exists xo € C[a, b] such that x,(t) < g(t) + f K(t,s, Xo(s))ds for all t € [a, b].
a

Then, the nonlinear integral equation (2.34) has a unique solution x € C[a, b].

b
Proof. Consider T : C[a, b] — C[a, b] defined by Tx(t) = g(t) + f K(t, s, x(s))ds

for all x € C[a,b] and t € [a,b]. It follows from the conditions (1) arid (2) that T is
well-defined. Notice that the existence of a solution to (2.34) is equivalent to the
existence of a fixed point of T. Now, we prove that all assumptions of Theorem 2.3
are satisfied.
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(1). Letx,y € C[a, b] with x > y. From the condition (3), K(t, s, x(s)) > K(t, s, y(s))
for all s, t € [a,b]. It implies that Tx(t) > Ty(t) for all t € [a,b] and hence Tx > Ty.
Then, T is a non-decreasing mapping.

(2). Let1 < q < co with % + % = 1. Forall x,y € C[a,b] with x > yand t € [a,b],
from condition (3), we have

2P7HTX() ~ Ty(p)lP

IA

b
27 f K(t,s,X(6)) = K(t, 5, Y(&)ids)

b 1 b R
2p—l[(£ ds)q<‘fa |K(t,S,X(S))—K(t,S,y(S))|pdS)p]p

b b
27363 [ 90 - yore)

IA

IN

IN

p-1(y — q)P-1 : p
274(b - a)PY( f £°(t, s)ds)M(x, y)

< AM(X,Y)
= M(x,y) = (1 -A)M(x,y)

b
where A = 2°71(b - a)p‘l( sup f EP(t, s)ds) € [0,1). It implies that
tefa,b] Ja

2P7Ld(Tx, Ty) < M(X, y) — (1 — A)M(X, y).

Therefore, the condition (2.21) in Theorem 2.2 holds with i(t) = (1-A)tand ¢(t) = t
forall t > 0.

(3). By using the similar argument as in the proof of [23, Thoerem 3.1], we see
that the assumption (3) in Theorem 2.2 also holds.

(4). From the assumption (4), there exists Xo € CJ[a, b] such that Xy < Txo.

(5). For each x,y € CJ[a,b], put z = max{x,y}, we have z € C[a,b] and z is
comparable to x and y

From the above, all assumptions of Theorem 2.3 hold. Therefore, by Theo-
rem 2.3, T has a unique fixed point x € C[a, b] and hence the integral equation (2.34)
has a unique solution x € C[a,b]. O

The following example guarantees the existence of the function K that satisfies
all assumptions in Example 2.3.

Example 2.4. Let C[0, Z] be the set of all continuous functions on [0, Z], the b-metric d with
s = 2 defined by

d(x,y) = sup {Ix(t) - y(®)’}

t€[0,3]

for all x, y € C[0, Z] and the partial order < given by

x2yif0<x(t) <y() < 7 forallte[0, 7]
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Consider the nonlinear integral equation

%
x(t) = —w/%t2+t+ w/%j{; t?s sin x(s)ds

3
for all x € C[0, 3]. Put Tx(t) = — /&£ +t+ ,/%f t’ssinx(s)ds, g(t) = — \/%t? + t and
0

K(t, s, x(s)) = %tzs sinx(s) for all x € C[0, Z] and all s, t € [0, Z]. Then

(1). g is continuous on [0, 7]. Since x € C[0, 2], K(t, s, x(s)) is integrable with respect to s
on [0, %].
(2). Foreveryt € [0, 7] and the sequence {t,} C [0, 5] with limt, = t. Then, for all
n—oo

x € C[0, 7], we have
% (7, L
lg(tn) — g(t)] + = st — t°]| sin x(s)|ds
0

- Se_p
19(t) = 901 + 55162 .

[TX(tn) = TX(0)]

IA

IA

It implies that r!im TX(tn) = Tx(t) and hence Tx € C[0, ] for all x € C[0, 5].

(3). Foralls,te[0,7]and x,y € C[0, 5] with x > y, we have 0 < y(s) < x(s) < 7.

Therefore,
[96 , . .
?t s|sin x(s) — sin y(s)|

&(t, 9)Ix(s) — y(s)l

0 < K(t,s,x(s)) — K(t,s, y(s))

IN

where & : [0,2] x [0, 2] — [0, o) defined by &(t, )

%tzs. It easy to check that & is a

Al

4 1
continuous function and sup (f Ex, s)ds) =<
0

te[0, 51
(4). By choosing xo(t) = t for all t € [0, 5], we have Txo(t) = t for all t € [0, 5]. Therefore,
Xo(t) < TXo(t) forallt € [0, Z].
From the above, all assumptions to K and g in Example 2.3 are satisfied.
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