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Abstract. In this work, we introduce bivariate Fibonacci quaternion polynomials and
bivariate Lucas quaternion polynomials. We present generating function, Binet formula,
matrix representation, binomial formulas and some basic identities for the bivariate
Fibonacci and Lucas quaternion polynomial sequences. Moreover we give various kinds
of sums for these quaternion polynomials.
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1. Introduction

In mathematics, Fibonacci and Lucas or other special numbers are investiga-
tion topic of great interest. Classical Fibonacci sequence {F,}, o is defined by a
recurrence identity;

0 if n=0
Fn—l + Fn_g if n > 2.

The Lucas sequence {L,}, .y is defined by some recurrence identity with dif-
ferent starting values;

2 if n=0
L, = 1 it n=1
Ln,1 + Ln,Q if n 2 2.
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Let p(z) and ¢g(z) be polynomials with real coeflicients of the (p, ¢)—Fibonacci
polynomials are defined by the recurrence relation

Fpan+1 = p(x)Fp,q,n + q(x)Fp,qm—l

with the initial conditions Fp, .0 = 0, Fp 41 = 1. Also for the p(z) and ¢(z)
polynomials with real coefficients the (p, ¢)—Lucas polynomials are defined by the
recurrence relation

Lpgnt1 = p(x)prq,n + q(I)an,n—l

with initial conditions L, 40 =2, L, 41 = p(x) .

Definition 1.1. [1] For n > 2, bivariate Fibonacci polynomials are defined as
recurrence relation

(1'1) Fn(x’y) =$Fn_1($,y) —i—yFn_g(x,y).

We can compute the first few bivariate Fibonacci polynomials as follow Fy(z,y) =
0, Fi(rv,y)=1, F(r,y)==z, F3(z,y)=2%+y, Fi(r,y) =2+ 2xy. Charac-
teristic equation of relation (1.1) is

(1.2) h* —zh —y =0
and so the roots of (1.2) are o = a(z,y) = Hfm and B = B(z,y) =
S A ”;Hy Also it has Binet’s formula F,(x,y) = O‘n_gn for n > 0.

a—

Definition 1.2. [1] For n > 2, bivariate Lucas polynomials are defined as recur-
rence relation

Ly(z,y) = xLn_1(2,y) + yLn—2(z,y)

with initial conditionals Lg(x,y) =2 and Lq(z,y) = 1.

Likely, let compute the first few terms of Lucas polynomials Lo(z,y) = 2,
Li(z,y) =1, Ly(z,y) = x + 2y, L3(x,y) = 2% + 22y +y, La(x,y) = 23 + 222y +
22y + 2y2. Also it has Binet’s formula L, (z,y) = o™ + 8" for n > 0.

Some authors considered special sequence polynomials for example generalized
Fibonacci and Lucas polynomials in [7] and also bivariate Fibonacci and Lucas like
polynomials in [6].

Normed division algebra, nowadays which is so important topic consists of the
real numbers R, complex numbers C, quaternions H and octonions O. Prime facie,
directly we can not extend sundry results on real and complex numbers to quater-
nions due to quaternions are noncommutative normed division algebra over the real
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numbers, even it looks like things are going to be done with quaternions H [3]. For
ap,a1,az,a3 € R, a quaternion is defined by

e = apep + aje1 + agsez + ases

where ey = 1, e1,e2 and e3 are unit vectors which verifies the following rules

(1.3) (e1)” = (e2)? = (e3) = eqege5 = —1.

From equation (1.3), we get

€1€2 = —€2€1 = €3, €263 = —€3€2 = €1, €1€3 = —€3€1 = €3.

Some new quaternion and octonion polynomials are studied in [2, 4, 5, 8, 9].

2. Bivariate Fibonacci and Lucas quaternion polynomials

Now, we define new quaternion polynomials which are called bivariate Fibonacci
quaternion polynomials (Q BF') and bivariate Lucas quaternion polynomials (QBL).

Definition 2.1. Bivariate Fibonacci quaternion polynomials (QBF) are defined
as the recurrence relation

3
QBF,(z,y) = Y For(z,y)ex
k=0

(2.1) = Fu(@,y)eo + Fupa(z,y)er + Foya(z,y)es + Fuys(a, y)es

where F, 1k (x,y) is the n — th bivariate Fibonacci polynomial with the initial con-
ditions QBFy(z,y) = e1 + wea + (2% + y)es and QBFi(z,y) = eo + zeq + (2% +
yles + (27 + 2ay)es.

Furthermore,
3
QBFpi1(z,y) = > Forigr(z,y)er
k=0
3 3
=z Z Foir(@,y)er +y Z Fryp-1(z,y)er.
k=0 k=0

So we get recurrence relation as follow

(2.2) QBF,11(x,y) = 2QBF,(z,y) + yQBF,_1(x,y).
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Similarly, bivariate Lucas quaternion polynomials QBL are defined as the re-
currence relation

3
QBLy(z,y) > Lir(z, y)ex
k=0
(2.3) = Lp(x,y)e0 + Lng1(x,y)er + Lny2(x,y)e2 + Luys(x,y)es

where L,4x(x,y) is the n — th bivariate Lucas polynomial and with the initial
conditions QBLo(r,y) = 2eo+e1 + (24 2y)es + (22 + 22y +y)ez and QBLy(z,y) =
eo+ (z+y)er + (22 4+ 2y +y)es + (23 + 222y + 22y +2y%)e3.  Moreover, recurrence
relation is

Let a(z,y) = %M and B(z,y) = TV V;2+4y denote the roots of the char-
acteristic equation such that \/x2 + 4y = A,

t2 —at —yt =0

on the recurrence relation of (2.2) and (2.4).

From now on, for convenience of representation, we adopt the following notation
alz,y) =a, Bla,y) =B, A= a2 +4y.

Equations that can be obtained with these roots are as follow

a+pB = =z
a—pf = A
(2.5) of = -y
a a?
By
s _
& Y

We continue with the generating function results.

Theorem 2.1. The generating functions for QBF and QBL polynomials are re-
spectively

1—at — yt?

Z QBF,(z,y)t" =

n=0
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and

_ QBL()(!L'/y) + [QBLl(x>y) — Z’QBLo(!T,y)} t

BLy (2, y)t"
D QBLu(x,y) 1— ot — yt2

n=0

Proof. To compute the generating function of Q BF polynomials

Z QBFE, (x,y)t"

n=0

= QBFy(z,y) + QBFi(2,y)t + QBFa(,y)t* + -+ + QBF, (x,y)t" + -+

then using the equations of —zt (3°°7 QBF,(z,y)t") and —yt* (3.~ QBF,(z, y)t")

oo oo o0

Z QBF,(xz,y)t" + (—xt) Z QBE, (z,y)t" + (—yt?) Z QBF, (xz,y)t"

n=0 n=0 n=0

= QBF0($7y)+[QBF1(£E,y)_$QBF0($,y)]t
+[QBFy(z,y) — 2QBF(z,y) — yQBFy(z,y)] t*
+- -+ [QBF,(z,y) — 2QBF,_1(v,y) — yQBF,_o(x,y)| t" + -

Consequently,

> QBF,(z,y)t"(1 — at — yt*) = QBFy(x,y) + (QBFi(x,y) — 2QBFy(,y))t

n=0

is valid. Similar proof can be done for QBL polynomials. [
Now we can give the following theorems.

Lemma 2.1. If we rearrange the Theorem 2.1, we have the generating functions
as follows

QBF:(z,y)—BQBFy(z,y)  QBFi(z,y)—a(z,y)QBFo(z,y)
-8t

QBF, (z.y)t" = e

and

QBLy(z,y)—BQBLo(z,y)  QBLi(z,y)—a(z,y)QBLo(x,y)
1Bt

> QBLy(z,y)t" = = -

n=0
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Proof. If we use Theorem 2.1 and recurrence relation (2.2), then we have

> QBF,(z,y)t"

n=0

_ <QBF0(~T, y) + (@BFi(2,y) — (a + B)QBFy(x, y))t>

(1—at)(1— B)
(29

{ QBFl(x’y)(l - Bt) + 6QBF0(I7y)(71 + Bt) }
+QBFi(2,y)(—1+ at) + aQBFy(z,y)(1 — at)

(1—at)(1 - pt)(a—p)
QBF: (2,y)-BQRBFy(z,y) _ QBFi(z,y)—a(z,y)QBFy(z,y)
1—at 1-pBt
a—f

Hence the proof is completed. The other QBL polynomials can be proved simi-
larly. O

Lemma 2.2. Fork > 0, let bivariate Fibonacci and Lucas polynomials are Fy,(x,y)
and Ly (z,y). We have

(i) Frya(z,y) — aFi(z,y) = B
("’7’) Fk+1($7y) _ﬂFk(xvy) = ak
(i) OéLk(xay()l__lﬁ/kJrl(l'vy) _ g
(’L’[)) Lk+1(x7i)__§l;k(xvy) _ Oék-

Proof. (i) We can prove it by induction method. Let k¥ = 1, then Fy(z,y) —
aFy(z,y) = B.

Now let us assume that the equation is F,(x,y) — aFy,_1(x,y) = B"~1, for
k =n — 1. For kK = n it becomes,

gr = BB
= ((Ful(z,y) —aFp_1(z,y))p
= pF.(z,y) — aBF, 1(x,y)
= (a+B—a)Fu(z,y) — aFy(z,y) — aBFu(z,y)
= wFu(z,y) +yFa(z,y) — aFy(z,y)
Fo1(z,y) — aF,(x,y).

so this completes the proof. (i), (i) and (iv) can be done similarly. [
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Now we want to derive the Binet formulas for QBF and QQBL polynomials. To
get this we can give the following theorem.

Theorem 2.2. The Binet formulas of QBF and QBL polynomials are given as

QBF ey - T2

@BLy(x,y) = a'a”+ 37"
3 3
forn >0, where a* = Y. aFey and B* = 3 BFes.
k=0 k=0

Proof. Recall that generating function is

— »  QBEy(z,y) + (QBF(x,y) — 2QBFy(z,y))t
T;)QBFn(mvy)t - 1—xt—yt2 .

So using the Lemma 2.1 and Lemma 2.2, we have

M8

QBE, (z,y)t"

n=0
= Z(Flc+1 — BFyq1)ex Z at" — Z(Fk+1 — aFgq1)ex Z Bt
k=0 n=0 k=0 n=0

So we get,
> (a*a"—/ﬁ*ﬂ”) N
D e K
n=0 Oé—ﬁ

this is valid. Binet formula for the other ) BL polynomial can be done similarly. [J

We derive generating functions for the (mk + s) — th order of QBF and QBL
polynomials.

Theorem 2.3. For alln € N and m,s € Z, we have

k _ QBFs(xa y) — (—y)mQBFS_m(m, y)x

kZ:()QBka-i-S(x)y)m - (_y)m — Lm(x,y) T1

and

k — QBLs(xay) B (7y)mQBLs—m(xay)I
(_y)m - Lm(‘rvy) +1

Z QBLmk-l—s (937 y)SC

k=0
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Proof. Using Binet formula and equation (2.5), we have

Z QBka+s($7 y)iﬂk

k=0

a*amk:-i-s _ B*ﬂmk-&-s k
X
a—p

I
M8

=

=0

oo oo
_ a'a’ Zamkxki Brp* Zﬂmkzk
o—p = a—p

k=0

_ata’f 1 5*p* 1
- a-B\1l-amx a—pB \1-pmz
ata®—p (aB)™ a*as—nl_ﬁ*ﬁsfnl> -

a—p3 a—p3
1— (Oé"l + ﬁnL)x + (aﬁ)me

this is valid. The other result can be done similarly. [

We formulate the sum of the first n terms of these sequences of Q BF and QBL
polynomials.

Theorem 2.4. The sum of the first n—terms of the quaternion sequences QBF, (x,y)
and QBLy(x,y) is given by

*

" - +QBFy(w,y) - A5
kZ:OQBFk(x’y)— (a—1)(B—1

{ —yQBF,(z,y) — QBFni1(2,y) }

2
)

and

{ _yQBLn(S(Uay>)_ QBLn+1($7y) }
= B +QBLo(z,y) +a* B+ B

Proof. Using Binet formula and equation (2.5), we get

M=

QBFk(xay)

=~
Il

0
Oé*Olk _ ﬁ*ﬁk

S

B

(07

o~
I
— O

_ a_ﬂ{a*gakﬂ*gﬂk}

k=0 k=0
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- e e )

o — 1 6—1
1 af(a*a™—B*B") _ a*antl_grgntl
— - a—p " . " a:ﬁ A
(a—D(B 1) SR pT o

The other case can be done similarly. [

We derive summation formulas for the (mk 4 s) — th order of QBF and QBL
polynomials.

Theorem 2.5. For alln € N and m, s € Z,we have

- _ _QBan-i-nH-s xr,y + QBFs xr,y

and

—QBLyntmes (mv y) +QBL, (xa y)
(=y)™ = Lin(z,y) +1

(=9)"™(Q@BLmn+s(w,y) = QBLs—m(,y)) }

> QBLpkys(w,y) = {
k=0

Proof. Using Binet formula, equation (2.5), we have

Z QBka+s (xa y)

k=0
n a*amk-&-s _ B*ﬁmk—i—s

k=0 a-p

afa® [amntm 1 afa® [amntm 1
- a—ﬁ( am—1 >_a—ﬁ< am—1 )

a*(@MntsgmpBm — qmntmEs _ 8 gm 4 o)
{ =BT QM ™ — frnETES — o™ Bs 4 3%) }
(= B)(ampm —am — ™ + 1)
(aB)™ (a* s — ﬂ*amn—‘rs) — (aramntmts B*ﬁmn+m+s)
(= B)(ampm —am — g™ +1)

(@B (a%a? — Batm) — (atammmEs — gegmnims)

(0= B)amf —am = F £ 1)

Other case can be done similarly. [

+
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Now, some new results for binomial summation of these sequences are derived
by using their Binet forms.

Theorem 2.6. Letn be a non-negative integer. Then we have the following bino-
mial sum formulas for odd and even terms,

(i)i (1)t amriny

QBFQn(xa Z/)
(u)Z( )y”_kkaBFk(x,y) = QBFo,i1(2,y)
(uz)Z( )y"‘kkuBLk(x,y) = QBLay(z,y)

(w)z( YR QBIL@,Y) = QBLons ().

Proof. (i) Let P = > (})y" *2*QBFy(z,y). From Binet formula, we change
the right-hand side of P into:

P = i( ) n—k k(a*a;:g*ﬁk)
=0

Elementary calculations implies that

o (y +za)" — By +zB)"
a—f ’

P =
From equation (2.5), we get
a*az'n _ B*B2n
a—p

The other cases (i4),(¢i7) and (iv) can be done similarly. [

= Q@QBFy,(z,y).

Now we can also formulate the Catalan’s identity, Cassini’s identity and d’Ocagne’s
identity by using Binet formulas.

Theorem 2.7. (Catalan’s Identity) For n and k nmon-negative integer such that
k < n, we have

QBFn-i-k(x,y)QBFn—k: l’,y) - QBFr%('T7 y)

(
a*B*BF — Bra*ak
e (225

and

QBLYH-k(xa y)QBLn—k(Iay) - QBL2 (LE y)
= (=) " Fa_k(z,y)Va(a B BE — Bratak).
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Proof. Using Binet formula, we obtain

QBFn—ﬁ-k(xay)QBFn—k(xa y) - QBFT%(%ZJ)
a*an+k _ ﬂ*ﬂnJrk Oz*anfk _ ﬂ*ﬂnfk afa” — B*IBn
< a8 >( a—p )‘( a—p )
_ (aﬁ)n * % ak_ﬁk * %k ﬁk_ak
= ol (o (7)o (52F))

_ " ak _ Bk a*ﬂ*ﬂk _ ﬁ*a*ak
= o (a—ﬁ>( a-p >'

Theorem 2.8. For any natural number n, Cassini’s identities for QBF and QBL
polynomials are

QBFnJrl(may)QBanl(xay) - QBFT%(l‘,y) = (_y)n—l <a*ﬁ*ﬁ_m>

a—pf
and

QBLy41 (2, y)QBLy1(w,y) — QBLy (2,y) = (—y)" " 'Va(a" BB — B a’a).

Proof. Let k = 1 in Catalan’s identity so the proof is completed for both of QBF
and QBL polynomials. [J

Theorem 2.9. (d’Ocagne’s Identity) Let QBF, and QBL, be n-th QBF and

QBL polynomials. The d’Ocagne’s identities are

QBFk(w7 y)QBFn+1(w7 y) - QBFkJrl (m7y)QBFn($7y)

_ (_1)nyn * ok k—n _ % sk gk—n
= ai—ﬁ(a B Bra*p )

and

QBLy(2,y)QBLny1(2,y) — QBLiy1 (2, y)QBLn(2,y)
— (a—ﬂ)(ﬁ*a*/ﬁkan—Oz*B*akﬂn).

Proof. From Binet formula to left -hand side, we get

QBFk(xay)QBFn+l(xay) - QBFk+1($7y)QBFn($7y)

B a*ak — B*/Bk a*antl — B*ﬁn—i—l araftl — 6*6/64-1) (a*an o B*Bn>
- ( a—p )( a—p )‘( a—p a—p
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1 (a*)2an+k+l _ ﬂ*a*b’kanﬂ _ Oz*ﬂ*akﬂn-H + (5*)25n+k+1
m { _(a*)QanJrkJrl + ﬁ*a*ﬁkJrla" + a*ﬁ*akJrlﬂ" _ (6*)2Bn+k+1 }
B*G*ﬁkan(ﬂ _ OZ) + a*ﬂ*akﬁn(a _ 5)
(a—p)?
(ap)"

_ (a _ﬁ) ((X*B*Oék_n —ﬁ*a*ﬂk_").

The other case can be done similarly. [

The corresponding identities for QBF and QQBL polynomials are contained in
the next theorem.

Theorem 2.10. Forn > 0, the following statements hold:

(a*)2a2n+1 _ (6*)252n+1

a—p

YyQBEF?(z,y) + QBE? 4 (2,y) =
and
yQBL.(z,y) + QBL, 1 (z,y) = (a — B)((a*)?a®+! — (8%)?5%" ).

Proof. Using Binet formula and equation (2.5), we obtain

yQBF?2(z,y) + QBF2 (z,y)

Oé*Oén _ ﬁ*ﬂn 2 a*a”+1 _ B*ﬁn+1 2
‘”( o« p )*( o= )

S { y(a*)?a® —yfra” —ya* B (af)" +y (527" + (aF)a’ }
B)?

(OL N —6*06*(04ﬂ)n+1 _ a*ﬂ*(aﬁ)n+1 + (ﬂ*)2ﬂ2n+2

= ool e (@) (5 (50 )
(a*)2a2ntl — (B*)232n+1
)

Other case can be done similarly. O

Matrix method can use to get results for not only different identities but also
algebraic representations in the study of recurrence relations.

In[10], the Pell quaternion matrix is defined by

R, R,.—
R(n) B ( Rn—l Rn—; >
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and also was obtain equality as follow
R, R.1\ (R Ry 2 1\"°
Rnfl Rn72 B Rl RO 0 1

where n > 2 is an integer.
Now, we define the matrix for QBF,,(z,y) and QBL,(x,y). The matrix QBF, (z,y)(n)
and QBL,(x,y)(n) that play role of R(n). These are

_ ( QBF,11(z,y) yQBF,(z,y)
@BE, "(””’W”‘( QBF.(1,y) ZQBW,%)

and

_ [ @BL,ui(z,y) yQBL,(z,y)

for n > 1.

Theorem 2.11. For an integer n > 1, we have

_ [ @BFy(z,y) yQBFi(z,y) x oy \"
QBF,(z,y)(n) = ( QBF,(z,y) yQBFy(z,y) > ( 10 >

and

_ ( Q@BLy(z,y) yQBLi(z,y) \ ( = "
QBLy(z,y)(n) = ( QBLf(x,z) ZQBL$<x,§> ) ( 1 g ) '

Proof. Induction method can be used to prove it. Let n = 1, then basis step is
clear. Now let us assume that the equation is valid for n = k — 1. For n = k, it

becomes
( QBFy(x,y) yQBFi(x,y) ) ( Ty )“
QBF(z,y) yQBFy(z,y) Lo
_ < QBFy(z,y) yQBFi(z,y) ) ( x oy )'H( x oy )
— ( QBFk(JJ,y) yQBFk—l(xay) ) ( Yy )
QBFy_1(z,y) yQBFy_2(z,y) o
_ < QBFk+1(£U,y) yQBFk(xay) )
QBFk(-T7y) yQBkach'vy) .

which completes the proof. The other case can be done similarly. [
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3. Conclusion

This work studied bivariate Fibonacci and Lucas quaternion polynomials. Since bi-
variate Fibonacci and Lucas quaternion polynomials were not intensive studied until
now, we expect to find in the future more and surprising new properties. For this
purpose, Fibonacci and Lucas quaternion polynomials was used and investigated in
detail particularly in the first part. Also in the other part, Binet formulas, generat-
ing functions, matrix representation and some identities of bivariate Fibonacci and
Lucas quaternion polynomials were computed. Quaternions have great importance
as they are used in quantum physics, applied mathematics, graph theory and differ-
ential equations. Thus, in our future studies we plan to examine bivariate Fibonacci
and Lucas octonion polynomials and their key features.

10.
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