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Abstract. In this paper, we study the concept of intuitionistic fuzzy sublattices and
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1. Introduction

In 1965, Zadeh introduced the concept of fuzzy sets (FS for short) establishing
its fundamental properties [24]. Later, several authors studied this new concept and
its applications to many areas of modern mathematics, see for example [11-13,15].
In the same way, Yuan and Wu [6] studied the relationship between fuzzy ideals and
fuzzy congruences on a distributive lattice and obtained that the lattice of fuzzy
ideals is isomorphic to the lattice of fuzzy congruence on a generalized Boolean
algebra. Ajmal and Thomas [2] defined and characterized fuzzy sublattice as a
fuzzy algebra. In 1983, Atanassov [4] introduced the concept of intuitionistic fuzzy
sets (IFS for short) and established many of its fundamental properties. After a few
years, Thomas and Nair [22,23] studied intuitionistic fuzzy sublattice, intuitionistic
fuzzy ideals and intuitionistic fuzzy filters on a lattice, for more details we refer
to [1,14,16,17,20,22,23]. In this paper, we introduce the notion of 7T -intuitionistic
fuzzy sublattice by associating the conditions mentioned in the definition of an
intuitionistic fuzzy sublattice [22,23] we obtain a general condition which reduces
the four conditions in only one. Thus, based on an intuitionistic fuzzy triangular
norm, the study of intuitionistic fuzzy sublattice becomes so simple. Moreover, we
extend the notion of intuitionistic fuzzy ideal to T -intuitionistic fuzzy ideal with
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respect to (7T -intuitionistic fuzzy ideal w.r.t for short) the lattice operations and
we investigate their various characterizations and properties.

The remainder of the paper is structured as follows. In Section 2, we recall
the necessary basic concepts and properties of fuzzy sublattices and fuzzy ideals,
intuitionistic fuzzy set. Also, we recall some definitions and theorems which we will
need in the sequel.

In Section 3, we introduce the notion of intuitionistic fuzzy Triangular norms
and Triangular conorms as well as some concepts related to an intuitionistic fuzzy
triangular norm such as triangular intuitionistic fuzzy sublattices and the intersec-
tion of triangular intuitionistic fuzzy subsets w.r.t an intuitionistic triangular norm.
In Section 4, we introduce and study the notion of triangular intuitionistic fuzzy
ideals and we provide several characterizations results related to triangular intu-
itionistic fuzzy sublattices, triangular intuitionistic fuzzy subsets, and triangular
intuitionistic fuzzy ideals. Finally, some conclusions and open questions are given
in Section 5.

2. Preliminaries

The purpose of this section is to provide a basic introduction to the poset,
lattices and ideal and we recall some definitions and theorems which we need in the
sequel. Throughout this paper, L denotes a lattice (L, <) and L denotes its dual-
order lattice (L, >). To avoid any confusion or misunderstanding in some formulas,
we use the notation (<, A, V) to refer the (order, min, max) on the lattice L and
(<, min, max) to refer the (usual order, min, max) on the real interval [0, 1].

2.1. Fuzzy Sublattices
According to Zadeh [24], a fuzzy set on a set X is defined to be a mapping :
p: X —[0,1)

For x € X, p(x) is interpreted as the degree of membership of x in the fuzzy set
.

Definition 2.1. [23] A fuzzy subset p of L is called a fuzzy sublattice of L if,

Definition 2.2. [23] A fuzzy subset p of L is called a fuzzy ideal of L if,

(i) u(zVy) > min(u(z), p(y)}
(ii) p(z Ay) = max(u(z), u(y)}, Vo,y, € L.
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2.2. Intuitionistic fuzzy sets

The definition of an intuitionistic fuzzy set was introduced by Atanassov [4,5].

Definition 2.3. [4] Let X be a non-empty set. An intuitionistic fuzzy set (I F'S)
A of X is an object of the following form A = {(x, pa(x),va(z)) | x € X}, where
ta: X — [0,1] and v4 : X — [0,1] define the degree of membership and degree
of nonmembership of the element x € X respectively and for any = € X, we have
0 < pa(z) +va(x) < 1. The collections of all intuitionistic fuzzy set of X will be
denoted by TFS(X).

Note that for the extreme case pa(z) +va(z) =1, A is a fuzzy set.

Definition 2.4. [22,23] Let L be a lattice and A = {x, pa(z),va(x)/z € L} be
an intuitionistic fuzzy subset of L. Then A is called an intuitionistic fuzzy sublattice
(IFL) of L if the following conditions are satisfied for all z,y € L:

Definition 2.5. [23] An intuitionistic fuzzy set I of L is called an intuitionistic
fuzzy ideal (IFI) of L, if the following conditions are satisfied for all z,y € L:

rVy) > min{ur(x), pr(y)};
v Ay) > max{ur(z), pr(y)};

zVy) <max{vi(z),vr(y)};

(zVy)
4. vi(z ANy) <min{vr(z),vr(y)}.

2.3. Intuitionistic fuzzy Triangular norms and Triangular conorms

Triangular norms and conorms (t-norms and t-conorms, for short) are important
tools for the interpretation of the union and intersection of fuzzy sets [3]. Particu-
larly, they are very useful for a lot of notions, like conjunction and disjunction in
fuzzy logic, antisymmetry, and transitivity of fuzzy relations, etc.

Berthold Schweizer and Abe Sklar in [21] gave an axiomatic approach to t-
norms as they are used today. Deschrijver, Cornelis, and Kerre have been extended
triangular norms to intuitionistic fuzzy triangular norms [7,8]. In [9] Deschrijver
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and Kerre have shown that intuitionistic fuzzy sets can also be seen as L-fuzzy sets
in the sense of Goguen [15]. Consider the set L* and operation defined by

L {(a17a2) € [Oa 1]2 ;a1 + az < 1}
(CLl,CLQ) < e (bl,bQ) < ap < by and ag > bQ, V(al,ag) , (bl,bQ) e L”

The structure (L*, <p«) is a complete lattice [9].
We denote its units by 0z = (0,1) and 11 = (1,0).

Equivalently, this lattice can also be defined as an algebraic structure (L*, Ap+, V«) where
the meet operator Ar» and the join operator V.« are defined as follows, for (z1, 22), (y1,y2) €
L*:

(x1,22) A+ (Y1,92) = (min(z1,y1), max (x2,y2))
(x1,22) Vi (Y1,92) = (max(x1,y1),min(x2,y2))

Using this lattice, we easily see that with every intuitionistic fuzzy set A =
{(z,pa(x),va(x)) | x € X} corresponds to an L*-fuzzy set, i.e., a mapping A :
X — L*. In the sequel, we will use the same notation for an intuitionistic fuzzy
set and its associated L*-fuzzy set. So for the intuitionistic fuzzy set A we will also

use the notation
A(z) = (pa(z),va(z)).

In the following, we give some elementary notions and definitions on intuitionistic
fuzzy sets operations, intuitionistic fuzzy t-norms and intuitionistic fuzzy t-conorms.

Definition 2.6. [8,10] An intuitionistic fuzzy t-norm T is a commutative, asso-
ciative, and increasing mapping 7T : (L*)2 — L* satisfying T (1p+,2) = z, for all
xe L.

Definition 2.7. [8,10] An intuitionistic fuzzy t-conorm is a commutative, asso-
ciative, and increasing mapping S : (L")2 — L* satisfying S(0z~,z) = x, for all
x e L.

Definition 2.8. [8,10] An intuitionistic fuzzy t-norm 7 (resp. t-conorm &) is
called t-representable intuitionistic fuzzy t-norm if there exists a fuzzy t-norm T
and a fuzzy t-conorm S (resp. a fuzzy t-conorm S’ and fuzzy t-norm 7’ ) on
[0,1] such that, for all z,y € L*, T(z,y) = (T(z1,y1),S(x2,y2)) (resp.S (x,y) =
(S" (x1,y1), T (z2,y2). T and S (resp. S’ and T") are called the representants of T
(resp.S).

Also, in intuitionistic fuzzy set theory S-union and 7 -intersection can be mod-
eled by the newly defined intuitionistic fuzzy t-norms and t-conorms. We define,
for all x € X and A, B intuitionistic fuzzy sets in X
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Definition 2.9. [2] Let A € IFS (X) where A (x) = (ua (z),va (z)), for z € X,
the sets

—_
=
—~
8
~
I

(na (), iy (z))-
2. (4) (z) = (v () ,va (2))-

are called, respectively, necessity and possibility operators.

Definition 2.10. [2] Let A be an intuitionistic fuzzy set on a set X. The support
of A is the crisp subset on X given by

Supp(A) ={zx € X | 0r» <p- A(x)}

Remark 2.1. Let A be an intuitionistic fuzzy set on a set X. According to Definition
2.10, the support of A is the crisp subset on X given by {z € X | pa () > 0 or pa(z) =0 and v (z) < 1}.

The following theorem gives the condition which makes an intuitionistic fuzzy
triangular norm a representable triangular norm.

Theorem 2.1. [8,10] Given a fuzzy t-norm T and a fuzzy t-conorm S satisfying
V(a,b) € 0,1], T (a,b) <1—S(1 —a,1 —0), the mappings T and S defined by, for
z,y € L*, T (z,y) = (T(21,41), S (22,92)) and S(z,y) = (S(z1,41), T (22,92))
are an t-representable intuitionistic fuzzy t-norm and an t-representable intuition-
istic fuzzy t-conorm respectively.

Remark 2.2. If 7 (resp. S) is a t-representable intuitionistic fuzzy t-norm (resp. t-
representable intuitionistic fuzzy t-conorm), we denoted by T = (T, S) (resp. S = (S,T)),
where

V(a,b) €10,1]: S(a,b) <1—-T(1—a,1-0b).

Now, we give some basic examples of t-representable intuitionistic fuzzy t-norm
and t-representable intuitionistic fuzzy t-conorm (see also [8]).

For all z,y € L*,

(1) TM (%y) = (mln (:I:l7yl) , Inax (x27y2))7
(11) 7}4 (Iay) = (max (Oaxl + Y1 = 1) amin(laIQ +1- Y1, Y2 + 1- xl))

Consequently, we can consider the minimum intuitionistic fuzzy t-norm and the
Lukasiewicz intuitionistic fuzzy t-norm, where theire duals are
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Sy (x,y) = (max (z1,y1) , min (x2,y2)) and

St (z,y) = (min (1,21 + 1 — ya,y1 + 1 — x2) ,max (0,22 + y2 — 1)).
The following lemma will be used to prove some properties.
Lemma 2.1. Let a € L*. Then, T (a,0r~) = 0f-~.

Proof. Let a € L*. We have T (a,0r+) <p» T (11+,0r+) = 0r+. Then, T (a,05+) =
OL*. |:|

Conclusion 2.1. Consider the lattice L*and Op~ € L*, then T (0p«,0p+) = Op«.
Proposition 2.1. Let a,b € L*. Then,
1. If Op« <p+ a and O« <p+ b then Ops <p+ T (a,b),
Or+ <+ Ta (a,b) then (Op+ <p+ a and Op+ <« b),
Tu (a,a) = a,
a gL* S (av b) 3

T (a,b) <+ a,

S & e

a = Tu (a,b) if and anly if a <p- b.
Proof. Let a,b e L*.

1. Using the property of 7 is monotonicity and Conclusion 2.1.
2. Assume that Op« = a or Op« = b, then, Ty (a,b) = 0p~.

3. Using the definition of Tyy = Aps.

4. We have a = S (a,0r+) <r« S(a,b). Then, a <p~ S(a,b).

5. We have T (a,b) <p- T (a,11-) = a. Then, T (a,b) <p- a.

6. Using the property of Tyy.

O

Throughout this paper, all intuitionistic fuzzy t-norms 7 ( respectively intu-
itionistic fuzzy t-conorms S ) are t-representable intuitionistic fuzzy t-norm (resp,
t-representable intuitionistic fuzzy t-conorm).

The following definition inspired from [18,19] extends the notion dominance to the
intuitionistic fuzzy case.
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Definition 2.11. Let 73 and 73 be two t-representable intuitionistic fuzzy t-
norms. 7p is said to dominate another t-norm 73 (briefly, 72 <« 7;) if and only
if, for any quadruple (z = (21,%2),y = (y1,¥2) ,u = (u1,u2) ,v = (v1,22)) € (L*),
the following holds:

75 (7ﬂ1 (Ia u) 771 (ya 1))) <o 71 (75 (Ia y) 775 (U’a 1)))
The following lemma will be used to prove the subsequent results.

Lemma 2.2. For any be a t-representable intuitionistic fuzzy t-norm T, we have T <

e
Proof. Let x,y,u,v € L*,

Tar (@,y) <z+ @ and Ty (u,v) <r- u,
T (z,y) <p- y and Tar (u,v) <p- v.

Then,
{ T(TM (xvy) 7TM (u,v)) <o T(xvu)a
T (Tar (2,9) , Tar (u,v)) <z= T (y,0) -
Hence,
T (T (TM (Iay) 7TM (u,v)) 7T(TM (Iay) 7TM (u,v))) <o
Toar (T (z,u), T (y,v)) -
So,
T(TM (xvy) aTM (ua 1))) <t Tma (T (Ia u) 7T(ya 1))) :
O

Lemma 2.3. Any t-representable intuitionistic fuzzy t-norm T dominates itself,
} w4
i.e., for any quadruple (x,y,u,v) € (L*)", we have

T(T(:E,’U,) aT(yav)) = T(T(x,y) aT(uvv))'
Proof. Direct. O

Remark 2.3. 1. The greatest t-representable intuitionistic fuzzy t-norm w.r.t <r= is
T, defined by Tas (z,y) =z AL, .

2. The smallest t-representable intuitionistic fuzzy t-conorm w. r. t <p* is Sy, defined
by Su (z,y) =2V, y for all z,y € L*.
Moreover, Tar (x,y) <p= Sm (z,y) for all z,y € L*. Indeed, let z,y € L*, where
v = (z1,2) and y = (y1,92) -
We have min (z1,y1) < max (21, 1) and max (z2,y2) > min (z2,y2) ,
then (min (z1,91), max (2,y2)) <r+ (max (z1,y1),min (z2,y2)),
then Tar (z,y) <+ Sm (z,y) .
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Remark 2.4. It easy to see that 7 (z,y) <z+ Ta (z,y) and Sns (z,y) <z+ S (z,y) for all
z,y € L*. Indeed, let z,y € L™, then x = (x1,22) and y = (y1,y2) . We have T (z1,y1) <
min (z1,y1) and S (x2,y2) > max (z2,y2) then T (z,y) <z Tm (z,y) and Sum (z,y) <r+
S (z,y).

Finaly, T (x,y) <r~ Tm (%,y) <p+ Sm (z,y) <+ S (z,y).

Remark 2.5. Note that it does not hold that for all z,y € L*, neither Tas (z,y) =  nor
Tu (z,y) = y. For example, Tas ((0.5,0.3),(0.2,0.1)) = (0.2,0.3) .

3. T-Intuitionistic fuzzy sublattices

In this section, we introduce and study the notion of an intuitionistic fuzzy sub-
lattice w. r. t a t-representable intuitionistic fuzzy t-norm, intuitionistic fuzzy ideal
w. r. t a t-representable intuitionistic fuzzy t-norm. Also, their characterizations
w. r. t a t-representable intuitionistic fuzzy t-norm.

Definition 3.1. Let 7 be a t-representable intuitionistic fuzzy t-norm, L a crisp
lattice and A an intuitionistic fuzzy set. A is called an intuitionistic fuzzy sublattice
on lattice L w. r. t the t-representable intuitionistic fuzzy t-norm 7 if and only if
the following inequality holds

(3.1) T (A(z), A(y)) <z+ A(@ Vy) Ap- Alz Ay)

Notation 3.1. The set of all the intuitionistic fuzzy lattices on a lattice L w. r. t
a t-representable intuitionistic fuzzy t-norm T will be denoted by T-IFL(L).

Remark 3.1. If A € Tu-IFL(L), then A is an intuitionistic fuzzy lattice on lattice
L, within the meaning of K. V. Thomas and L. S. Nair in [23]. So intuitionistic fuzzy
lattice w. r. t the t-representable intuitionistic fuzzy t-norm 7T is a generalization of the
intuitionistic fuzzy lattice.

Example 3.1. Consider the lattice L = {1,2,3,6} the set of all divisors of 6. Let
A be the intuitionistic fuzzy set given by A (1) = (0.1,0), A(2) = (0.4,0.3), A(3) =
(0.5,0.5), A(6) = (0.2,0.3).

Then, A is a T-IFL (L) . Indeed, it suffices to prove it for ,y € L we get that
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F1G. 3.1: The Hasse diagram of D(6)

x|y A(x) Aly) x Ay | Alxhy) | zVy | AlzVy)
111](01,02) [ (05,02 ] 1T (0102 1 [(0.1,02)
T[2(01,02) [ (04,03) ] T | (0102 | 2 |(04,03)
113(01,02) [ (05,05 ] 1 (01,02 | 3 |(05005)
116](01,02) [ (02,03) ] T | (01502 | 6 |(0203)
2 [1](04,03) ] (0,02 | 1 [(01,02) | 2 | (04,03)
3 2 (04,03) ] (04,03) | 2 |(0403) | 2 | (04,03
513 (04,03) | (05,05) | 1 (01,02 6 (02,03
316 ] (04,03) ] (02,03 | 2 [(0403) | 6 | (0203
311 (05,05 | (01,02) | 1 (01,02 3 ](05,05)
312 (05,05) | (0403 | 1 [(01,02) ] 6 | (04,03
313 1(0.5,05) ] (0505 | 3 (05,05 | 3 [(0505)
376 (05,05) | 02,03 | 3 [(0505 | 6 |(0203)
610203 ] (01502 1 [(0L02) ] 6 |(0203)
6210203 ] (0403 | 2 [(0403) ] 6 | (0203
6 13 1(0.2,03) ] (0505 | 3 [(0505 | 6 [(0.203)
660203 ] (0203 | 6 [(0203) ] 6 |(0203)

879
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To(A(z),(A(y)) | A(x Ay) Ap A(z Vy) | The inequality 3.1
0,0.4) 0.1,0.2) True
(0,0.5) (0.1,0.3) True
(0,0.7) (0.1,0.5) True
(0,0.5) (0.1,0.3) True
(0,0.5) (0.1,0.3) True
(0,0.6) 04,03 True
(0,0.8) (0.1,0.3) True
(0,0.6) 0.2,03) True
(0,0.7) (0.1,0.5) True
(0,0.8) 05,05 True

0,1) (0.2,0.5) True
0,0.8) 0.1,0.3) True
(0,0.5) (0.2,0.3) True
(0,0.6) 0.2,05) True
(0,0.8) (0.2,0.3) True
(0,0.6) 0.1,0.5) True

The following lemma is immediate and shows the generality of our work.
Lemma 3.1. If A€ Ty-IFL(L) then A€ T-IFL (L), the converse is note true.

Proof. Assume that A € Tp-IFL(L). Then Ty (A(x),A(y)) <p- Az Vy) AL~
A(z Ay). Using the Remark 2.4, then 7 (A (x), A (y)) <z~ A(xVy) AL A(zAy). So
A € T-IFL(L). The converse in general is not true. Indeed, let L be the lattice
in Example 3.1 and let A given by A (1) = (0.1,0.2), A(2) = (0.4,0.3), A(3) =
(0.5,0.5), A(6) = (0.2,0.3). Then A is an T,-IFL(L) but A is note an Ty-
IFL(L). But Tar(A(2), (A(3)) = (0.4,0.5) £+ (0.1,0.3) = A(2A3) A+ A2V 3) =
A(1) Ap» A(6). Then A is note an Tp-IFL(L). O

The following theorems about the intersection of two 7T -intuitionistic fuzzy lat-
tices on lattice L

Theorem 3.2. The T -intersection of two T -intuitionistic fuzzy sublattices on a
lattice L is a T -intuitionistic fuzzy sublattice on the lattice L.

Proof. Let A,B € T-IFL (L), i.e,, T (A(z),A(y)) <p~ Az Ay) A~ A(z Vy) and
T (B(z),B(y)) <t~ B(x ANy) Ap~ B(z Vy). We have for z € L : (AN B)(z) =
T (A(z), B(z)). Using the Lemma 2.2 and 2.3.
We have T (T (A(z),A(y)),T (B(z),B(y))) <r-
T (A(z ANy) Ap Az Vy), Blx ANy) Ap Bz Vy)).
Hence, T (T (A(z), B (), T (A(y), B(y))) <r-
T (Alz Ay), B(z Ay)) Ar- T (A2 Vy), Bz V y)).
Thus, T (AN B)(z),(ANB) (y)) <+
(AﬁB)(x/\y)/\L*(AﬂB)(:v y). Then, ANB e T-IFL(L). O
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Corollary 3.1. Let L be a lattice. If A€ T-IFL(L) and B € Tyf-IFL (L), then
ANBeT-IFL(L).

Proof. Obviously according to Lemma 3.1. O

The following theorem characterizes the intersection of two 7 -intuitionistic fuzzy
sublattices on lattice L, where the intersection of intuitionistic fuzzy sets is given
w. r. t another t-representable intuitionistic fuzzy t-norm 7.

Theorem 3.3. Let L be a lattice, A, B € T-IFL (L) and let T’ be a t-representable
intuitionistic fuzzy t-norm dominates T. Then, the T’ -intersection of A and B is a

T'-IFL(L).

Proof. Suppose that T is dominated by 7.

Let A and B be in T-IFL (L) i.e.,

T(A(z), A(y)) <+ Az Ay) Ap- A(z Vy) and

T (B(z),B(y)) <~ B(x ANy) AL~ B(zVy) for any =,y € L.
Then

TT (A(z),A(y), T (B(z),B(y))

<o T (A(z Ay) Ap A(x Vy), Bz Ay) Ap- B(z Vy)).

From 7 < 7, Lemma 2.2 and the transitivity of <z« it follows that

T(T' (A(x),B(2)), T (A(y), B (y)))

<T (Al Ay), Bz Ay)) Ap- T (A(z V), Bz Vy)).

As (AN B)(z) =T (A(x), B(z)) for any = € L, then,
T(ANB)(z),(ANB)(y)) < (ANB) (x Ay) A~ (AN B) (zVy).

So, ANBeT'-IFL(L). O

Remark 3.2. The union of two 7-IFLs need not be a T-IFL. Indeed, consider the
lattice given in Example 3.1 and define A, B by A (1) = (0.7,0.2), A(2) = (0.4,0.5), A(3) =
(0.1,0.5), A (6) = (0.2,0.4) and B (1) = (0.6,0.1), B (2) = (0.1,0.5), B (3) = (0.3,0.3), B (6) =
(0.2,0.3).
It is easy to see that A and B are T-IFLs of L. If we put (AU B) () = Si (A(z), B(z)) for
allz € L. (AU B) (1) =(0.7,0.1), (AU B) (2) = (0.4,0.5), (AU B) (3) = (0.3,0.3), (AU B) (6) =
(0.2,0.3).
But, Tar (AU B) (3), (AU B) (2)) = (0.3,0.5) £.1-
T((AUB) (3A2),(AUB) (3V2)) = T (AU B) (1), (AU B) (6))
=(0.2,0.3).
So AU B isnot a T-IFL.

Proposition 3.1. Let L be a lattice. For any t-representable intuitionistic fuzzy
t-norm T, if Ais a T-IFL (L) then [A] and (A) are T-IFLs of L.

Proof. Let L be a lattice and assume that A is a T-TFL(L). We have [A] =
{(z, [Al(z)) | [Al(z) € L"}, where
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[41(2) = (14 (2) , 45 () and pa (&) + 2 () = 1. Then for any .y € L,
A € T-IFL (L) this implies T (A (x), A (y)) <~ A(z Vy) Ap- Az Ay)
= (T'(pa (x) ,pa(y)), S (va(x),va(y))) <r-

(min (pa (zVy), pa (@ Ay)), max (va(zVy),va(zAy)))

é{ T (pa (), pa (y)) <min(pa (@ Vy), pa(eAy)
S (va(z),va (y)) 2 mex (va(zVy),va(eny))

=T (pa(z),pa(y)) < min(pa (xVy),pa(zAy))
=1-T(pa(z),n ()) 1- m(uA(IVy),uA(xAy))

= S(1—pa(z),1—pa(y) >max(l—pa(zVy),1—palzAy))

= 8 (5 (z), 15 (y) = max (p A(I\/y),u%(fwy))-

Then

T (Al (@), [A](v)) = T (pa(@),pn1% @), (1a (), 15 ),
= (T(pa(z),pa(y),S

, (1% (), 15 (),
< ( min (pa (2 V y) , pa (z Ay)) )
= ymax (uG (zVy),pu5 (xAy) )’
(na(zVy),usy (zVy))
A (pa(x Ay), pG (2 Ay)),

Hence [A] is a T-IFL of L.
Concerning the set (A), we have for any =,y € L,

T ((A) (), (4) () = T ((v4 (z) ,va (), (V4 (¥) , va (9)))
= (Twa(@),va(),S(va(@),valy )) :
<pe (min (v (2 Vy),vh (2 Ay)), max (va (z Vy),va (€ AYy))),
= (Wi (eVy),va(zVy)) AL Wiz Ay) va (CCAy)))
= (A (zVvy) AL (A) (z Ay).
Hence (A) isa T-IFL of L. [

3

Proposition 3.2. Let L be a lattice. For any t-representable intuitionistic fuzzy
t-norm T, if A is a T-IFL (L) then supp (A) is a crisp sublattice of L.

Proof. Let x,y € supp (A). Using Propriety 2.1. Then 0p« <+ A(z) and Op« <p-
A(y). Since T (A(z),A(y)) <p+ A(x Vy) A~ A(x Ay) it follows that Op« <p-
A(x Vy) A A(x Ay). So 0+ <p+ A(x Vy) and O« <p« A(x Ay). Hence zVy €
supp (A) and z Ay € supp (A). Thus supp (A) is a crisp sublattice of L. O

Remark 3.3. The converse of the above Proposition 3.2 does not holds in general. In-
deed, let L be the lattice in Example 3.1 and A € IFL(L) given by A (1) = (0.4,0.3), A (2) =
(0.7,0.2), A(3) = (0.2,0.2), A(6) = (0.4,0.1). Obviously supp(4) = {1,2,3,6} = L is
a crisp lattice. Since Tar (A (2),A(3)) = (0.2,0.2) and £r~ A2V 3) A= A2 A 3) =
A(6) Ap+ A(1) = (0.4,0.3), it follows that A is not an intuitionistic fuzzy lattice of L.
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4. T-Intuitionistic fuzzy ideal

The notion of an intuitionistic fuzzy ideal on a lattice was first introduced by
Thomas and Nair [23]. In this section, we give a new characterization of intuition-
istic fuzzy ideals on a lattice w. r. t a given intuitionistic fuzzy t-norm.

Definition 4.1. Let L be a lattice, 7 be a t-representable intuitionistic fuzzy
t-norm, S the intuitionistic triangular conorm associated to 7 and let I be an
intuitionistic fuzzy set. I is called an intuitionistic fuzzy ideal on the lattice L w.r.t
T if the following conditions are satisfied:

LTI (x),I(y) <p- I(zVy),
2. S(I(z),1I(y))

VA
~

- I(z A y).

Notation 4.1. The set of all the intuitionistic fuzzy ideals on lattice L w. r. t an
intuitionistic fuzzy t-norm T will be denoted by T-IFI(L).

Example 4.1. Consider the lattice L of “all integer divisors of 18 ”. That is L =
{1,2,3,6,9,18}. Let A be an intuitionistic fuzzy set given by A (1) = (0.7,0.2), A(2) =
(0.5,0.5), A(3) = (0.6,0.3), A(6) = (0.4,0.5), A(9) = (0.5,0.5), A(18) = (0.4,0.5). It
easy to see that A is a T-IFI (L).

18

F1G. 4.1: The Hasse diagram of D(18)

Remark 4.1. In general, a Ta-IFI (L) is not a T- IFI(L). Indeed, let L be the lattice
in Example 3.1 and A € IFS(L) given by A(1) = (0.4,0.2), A(2) = (0.4,0.3), A(3) =
(0.1,0.3), A(6) = (0.1,0.3). Obviously A € Ty-IFI(L). Since Sp(A(2),A(3)) =
(0.8,0) £z~ A(2A3) = A(1) = (0.4,0.2), it follows that A is not Tz-IFI(L).

Remark 4.2. Every Ty-IFI(L) is a Ty-IFL(L). Indeed, if I is Ta-IFI (L), then
T (I(z),1(y)) <+ I((xVy)and Sm (I (z),I(y)) <z~ I((zAy), according with Re-
mark 2.3, it is not difficult to see that Tas (I (x),I(y)) <= I (xVy)Ar=I(zAy), then I
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is a Ta-IFL (L). The converse is not true as seen in the following example. Consider the
lattice L given in Example 3.1. Define A to be A (1) = (0.3,0.2), A(2) = (0.2,04), A(3) =
(0.2,0.6), A(6) = (0.5,0.4) . Hence A is a Ty-IFL (L), but not a Ta-IFI (L), because
Sum (I(3),1(6)) =(0.5,0.4) &= I (3A6)=1(3)=(0.2,0.6).

Lemma 4.1. IfI1 € T-IFI(L) thenI € Ty-IFL(L).

Proof. Let L be a lattice and let I is T-IFI (L) then T (I (z),I (y)) <z~ I(zVy)
and S (I (x),I(y)) <z~ I(z Ay). According to Lemma 2.4 and Propriety 2.1 we
obtain the result. O

Remark 4.3. The converse of the Lemma 4.1 does not hold in general. Indeed, let
L be the lattice of “all integers divisors of 6”7 and A an IFS (L) defined by A(1) =
(0.1,0), A(2) = (0.4,0.3), A(3) = (0.1,0.2), A(6) = (0.1,0.3). Trivially, that A is a Tas-
IFL(L). But, since Sy (A (1), A(2)) = Sm ((0.1,0),(0.4,0.3)) = (0.4,0) £~ A(1V2) =
A (6) = (0.1,0.3) . It holds that A is not a 7-1FI (L).

Theorem 4.2. For any I € T-IFI(L), thenI € T-IFL(L).
Proof. Using Lemma 4.1 and Lemma 3.1 the theorem holds. O
Conclusion 4.1. Every Ty -IFI(L) is o T-IFL(L).

In the following, we start with the key results.
As a corollary, we obtain the following interesting theorem of T-IFI (L).

Lemma 4.2. Let L be a lattice and I € T-IFI(L). Then for any z,y € L, if
x <y, then I (y) <p~ I (x).

Proof. Direct from [20, Corollary 3.1]. O
In the following theorem, we provide a basic characterization of Ty-IFI (L).

Theorem 4.3. Let L be a lattice. Then it holds that I is a Tpy-IFI (L) if and
only if the following condition s satisfied:

(4.1) I(xVy)=Tu((z),1(y)).
Proof. Suppose that I is a Tp-IFI (L). Then Ty (I (z),1 (y)) <p~ I(x Vy). Since

(
r<zVy . I(zVy) <g+I(x)
’  we obtain from Lemma 4.2 that ’
{ygx\/y. {I( \/y)\L*I(y).
)

Then, Ty (I(xVy),I(xVy)) <p Tar (I (x),1(y)). Hence I (xVy) <p- Tar (I (z),1(y)).
So I(zVy)="Tu(z),I(y))-

Conversely, suppose that I (zVy) = Tar (I (z),1 (y)), for any z,y € L. Then it
is easy to see that Tas (I (x),I(y)) <p- I(zVy), for any z,y € L*. Next,
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we will show that Sys (I (x),I(y)) <z~ I(z Ay), for any z,y € L. Let x,y € L,
since z V (x Ay) = z and y V (x A y) = y. Then it holds that I (zV (x Ay)) =
I(z) and I(yV (xAy)) = I(y). From hypothesis (4.1) is it follows that I (z) =
Tor (T (@), (z Ay)) and T(y) = Tor (I(9), T (x Ay)) - Hence, I(z) <1~ 1(zAy)
and I (y) <g» I(x Ay). Thus, Sy (I (2),I(y)) <o~ I(z Avy), for any x,y € L*.
Therefore, I is Tay-IFI(L). O

The following theorem provides basic properties of intuitionistic fuzzy ideals on
a lattice.

Proposition 4.1. Let L be a lattice. If A is a T-IFI (L), then [A] and (A) are
T-IFIs of L.

Proof. Assume that Aisan T-TFI(L). Thenforany x,y € L : T (A(z),A(y)) <p-
Az Vy).

Then, (T (pa (), pa (y)),S (va(x),va(y)) <p- (pa(zVy),va(zVy)).
Hence { T (pa (), pa(y) < palzVy),

" Sva(),va(y)) Zva(zVy).
So, T (ua () ,pa (y)) < pa(zVy

This implies, 1 — T (ua (x ) pa (
Since, S (1 — pa (z),1—pa(y)) >1
Finally, S (u% (), 15 () = 1% (2 Vy)

Then
T(A (@), [A](v) = T ((na(z),p5 @), (a(y), 1i ©),
= (T(pa(x),pa®),S (s (x), 1% (1Y),
<z (ma(@Vvy),ph(@Vvy),
= [Al(=zVvy)
Now, for any z,y € L : S (A (z),A(y)) <p~ Az Ay)

Then, (S (pa (%), pa (y)). T (va(z),va

(
Hence { S(pa (), pma(y) < pal(rAy)
" T(va(z),va(y)) ZvalzA

A
So, S (pa (), pa(y) < pa(z Ay
This implies, 1 — S (pa (), pa (¥) > 1 —pa(x Ay)
Since, T'(1 — pa (x),1 = pa(y) 21— pa(zAy)
Finally, T (15 (), 15 (y)) = 5% (z Ay)

Then

S([Al(2),[Al(v) = S((pa(@),pny (@), (1a(y),1s (Y)),
= (S(pa(@),pa@),T s (@), 15 W),
<o (pa(@Ay),ph (xzAy)),
= [A(zAy).

Hence [A] is an T-IFI of L. A similar proof for (4) is an T-IFI. O
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The following proposition shows that the support of a T-IFI (L) is an ideal in
this lattice.

Proposition 4.2. Let L be a lattice. The following holds
IfIis a T-IFI(L), then Supp(I) is an ideal in L.

Proof. Let L be a lattice. Suppose that I is a T-IFI (L) and show that Supp(I) is
a crisp ideal in L.

Let z € Supp(I) and y < z, then it hold that Vy = x and 0r» <p« I (z) = I(zVy).
Thus O« <p« T (I (z),I (y)). Using Propriety 2.1. We obtain, Oz« <z« I (y) hence
y € Supp().

For z,y € Supp(I), 0r» <p- I(z) and 0r» <z~ I(y). Then Op« <z« T (I (x),I(y)).
Using Propriety 2.1, then it follows from Theorem 4.3 that 07« <p« I(x Vy) hence
xVy € Supp(I). Thus, Supp(I) is an ideal on L. O

Remark 4.4. The converse of Lemma 4.2 does not hold in general. Indeed, consider
the lattice L given in Example 3.1 and I € IFS(L) given by I (1) = (0.6,0), I(2) =
(0.5,0.4), I(3)=(0.5,0.2), I(6)=(0.8,0.1). It is easy to verify that Supp(I) = L is an
ideal on L, but I is not a T-I1FI(L).

Theorem 4.4. The T -intersection of two T -intuitionistic fuzzy ideals on a lattice
L is a T -intuitionistic fuzzy ideal on the lattice L.

Proof. Let I,I, € T-IFI(L). Then,
{ T (I (%), 11 (y) <~ Li(z Vy)
T (I2(z), 2 (y) <p- I2(x Vy)
Hence, T (T (1 (2), 1y(1)) , T (a(x), o)) <o+ T (h(x V), I v )
Using Lemma 2.3
T(T (Ii(z), Iz(x)) , T (I (y), I2(y))) <= T (ILi(z V y), L2(x Vy)),
T(Linlz) (), (hNz)(y) <c- (L NL)(zVy).
Then Iy NIy isan T-IFI of L. O

Remark 4.5. The union of two T-IFIs need not be a T-1F1.
Now, we introduce the notion of intuitionistic fuzzy filter on a lattice.

Definition 4.2. Let 7T be an intuitionistic fuzzy t-norm and S it’s dual and let
L be a lattice and F = {(z, F(z)) | F(z) € L*} be an IFS of L. F is called an
intuitionistic fuzzy filter with respect to the intuitionistic fuzzy t-norm 7 iff the
followings conditions hold

L T(F(x),F(y) <u- Flz Ay),
2. S(F(x),F(y)) <~ Flx Vy).
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The following immediate proposition shows that all result on ideals is true on
filters.

Proposition 4.3. Let (L, <) be a lattice, (L%, >) its dual lattice and A € IFS(L).
Then it holds that A € T-IFI (L) if and only if A€ T-IFF (Ld) and conversely.

5. Conclusion and open questions

In this work, we have introduced the notion of 7 -intuitionistic fuzzy sublattice
by associating the conditions mentioned in the definition of intuitionistic fuzzy
sublattice [22,23]. So a new equivalent definition is obtained which reduces the
four conditions in only one. Thus, based on an intuitionistic fuzzy triangular norm,
the study of intuitionistic fuzzy sublattices becomes so simple. Moreover, we extend
the notion of an intuitionistic fuzzy ideal to a T-intuitionistic fuzzy ideal w.r.t the
lattice operations and we investigate their various characterizations and properties.

Future work is anticipated in multiple directions. We think it makes sense to
study the notions of intuitionistic fuzzy prime ideals and intuitionistic fuzzy filters
for other types of lattices based on the intuitionistic fuzzy setting.
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