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Abstract. This paper studies the existence of solutions for a weighted system of nonlin-
ear fractional integro-differential equations. New existence and uniqueness results are
established using the Banach fixed point theorem. Other existence results are obtained
using the Schaefer fixed point theorem. Some concrete examples are also presented to
illustrate the possible application of the established analytical results.
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1. Introduction

The differential equations of fractional order arise in many scientific disciplines,
such as physics, chemistry, control theory, signal processing and biophysics. For
more details, we refer the reader to [3, 5, 7, 8, 9, 13, 16] and the references therein.
Recently, there has been asignificant progress in the investigation of these equations
(see[4, 6, 10, 15, 17]). On the other hand, the study of coupled systems of fractional
differential equations is also of great importance. Such systems occur in various
problems of applied science. For some recent results on the fractional systems, we
refer the reader to ([11, 14, 19].

In this paper, we discuss the existence and uniqueness of solutions for the
following coupled system of fractional integro-differential equations:

Du(®) = 1 () i (L u®),v®) + [ 57 s u(), vE)ds,

(1) DAV (1) = o2 () 2 (LU ®), v () + f; 427 f(s,u(s), V() ds,

u(@)=av(0)=hbte]0,1],
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where D¢, Df denote the Caputo fractional derivatives,0 < a < 1,0 < g < 1,0 and
0 are non-negative real numbers, @1, @, are two continuous functions, a > 0,b > 0,
f; and f;, are two functions that will be specified later.

The paper is organized as follows: In section 2, we present some preliminaries
and lemmas. Section 3 is devoted to the existence and uniqueness of solutions of
problem (1.1). In the last section, some examples are presented to illustrate our
results.

2. Preliminaries

The following notations, definitions and preliminary facts will be used throughout
this paper [15, 18].

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0,
for f € L([a,b], R) is defined by:

a-1
2.1) 19£ (f) = f(t;(”) f()dr, a<t<b,

where T (@) := [~ etu~tdu.

Definition 2.2. The fractional derivative of f € C"([a, b], R), n € N*, in the sense of
Caputo, of order a, n — 1 < a < n is defined by:

t (t _ T)n—a—l

(2.2) DYF (t) = T3

f™ (7)dr, te[a bl

The following lemmas give some properties of Riemann-Liouville fractional
integral and Caputo fractional derivative [12, 13]:

Lemma2.1. Given f € L*([a,b], R), then for all t € [a, b] we have
I"I5f(t) = I™3f(t), forr,s > 0.
DsIsf(t) = f(t), fors > 0.
D'ISf(t) = I5"f(t), fors > r > 0.

To study the coupled system (1.1), we need the following two lemmas [12, 13]:
Lemmaz2.2. Forn—-1 < a < n, where n € IN*, the general solution of the equation

D*x (t) = 0 is given by

(2.3) X (t) = Cg + C1t + Cot? + ... + Crat"L,

whereci e R,i=0,1,2,...,n—1.
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Lemma23. Letn—1<a < n,wheren € IN*. Then, for x € C"([0, 1], R) we have
(2.4) 19DX (t) = X (t) + Co + Cit + Cot? + - -+ + Cpogt" 2,

forsomecie R,i=0,1,2,...,n=1,n=[a] + 1.

We also need the following auxiliary lemma:

Lemma2.4. Let f € C([0,1],R). The solution of the problem

_S)CT 1

————f(5)ds,0<a<1l, >0

t
(2.5) D (t) = (pf) (1) + f t=s
subject to the boundary condition,

x(0) = xg,

is given by

_ o\ato-1
(2.6) x(t)_f(tr() (pf)(s)ds+f(t ) f(s)ds+x5.

Proof. Setting

(2.7) y(©) = x(®) = 1" (@f) () = 1777 F (1),
we get
(2.8) D*y(t) = DX(t) — D% (@ f) (t) — DYI** £ ().

Then, by lemma 2.1,
(2.9) Dey(t) = D*x(t) - (¢ f) (1) — 17 (V).

Thus, (2.5) is equivalent to Dy(t) = 0

Finally, thanks to lemma 2.2, we obtain that y(t) is constant, i.e., y(t) = y(0) =
X(0) = xg, and the proof of lemma 2.4 is achieved. [

3. Main Results

We introduce in this paragraph the following assumptions concerning the func-
tions f; and f, introduced in (1.1):
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(H1) : There exist non-negative real numbers m;, n;, (i = 1,2), such that for all
t € [0,1] and (u1, V1), (uz, v2) € R?, we have

IA

|f1.(t, Uz, v2) = 1 (8, ug, Vi) My Uz — Ug| + M vz — V4,

|f2(t, Uz, v2) = T2 (Lug,vi)| < npfuz —ug+ g fva = vy

A

(H2) : The functions f; and f, : [0, 1] x R? — R are continuous.

(H3) : There exist two positive numbers L; and L,, such that

|f1 (t/ u, V)| < Ll/

f2 (t,u,v)| < Lo, t€[0,1], (u,v) € R

Our first result is given by:

Theorem 3.1. Assume that (H1) holds. Setting

el 1
Mo = ra+D " Tazor D)
]l 1
Mo s = rG+D T TEro+1)
Then if
(3.2) M1 +My)(my+my+ny+ny) <1,

the fractional system (1.1) has exactly one solution on [0, 1].

Proof. Let us consider

X := C([0,1], R).
This space, equipped with the norm ||.|x = |||l defined by

lIflleo = sup{[f(x)], x € [0, 1]},

is a Banach space. Also, the product space (X x X, [|(u, V)|Ixxx) IS & Banach space,
with norm [|(u, V)lixxx = Ilullx + [IVllx -

Consider now the operator ¢ : X x X — X x X defined by

(32) & UV (0 = ( ¢1(UuvI®), P2V ),

where,
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(t _ s)a 1
o1 (u,v)(t) = @ @1(s) fa(s,u(s),v(s))ds
t (t _ S)a+0—1
(3.3) + | mfl (s,u(s),v(s))ds+a,
and
t (t— s)ﬁ—l
P2 (u,v) (t) = 0 @2(s) f2(s,u(s),v(s))ds
t o \f+0-1
(3.4) + %fz (s,u(s),v(s))ds +b.

We shall show that T is a contraction.
Let (uy,v1), (Uz, Vo) € X X X. Then, for each t € [0,1], we have

|q51 (U2, v2) (t) — 1 (ug, v1) (t)) <

t
( 0 (tl“z)x) SUp0<s<1 )(Pl (5)) ds + j(; (tr(sa)z+o) dS)
(3.5)

X SUPger | 1 (5, U2 (5), V2 (8)) — fu (5, U1 (), v (9)) -

Forallt e [0,1], we get

ol ot

|1 (U2, v2) (8) = 1 (ug, va) (B)] < [1" (@+1) T(@+o+1)

(3.6) X sup |f1 (s, Uz (s), V2 (s)) = f1 (s, us (), V1 (5))] -

0sss1
Using (H1), we can write:

(B7)  |opr (uz, v2) (1) = r (ug, va) (B)] < My (Mg fuz (1) — ug (O] + ma vz (£) = va (1)) .
Thus,

(38) |1 (U2, v2) (©) = b1 (ur, va) ()] < My (M + mg) (lluz — Ul + lIv2 = Vally)

Consequently,
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(3.9) (|1 (U2, v2) = x (ug, va)|| < Ma (Mg + my) [[(uz = Uy, V2 = Va)llxsex -
With the same arguments as before, we get

(3.10) b2 (uz, v2) = 2 (ua, V1), < Mz (N1 + 1) [I(U2 = U, V2 = Va)llxsex -
Finally, using (3.9) and (3.10), we deduce that

(3.11)
[ (2, v2) — ¢ (U1,V1)||Xxx < (M1 + Mg) (M1 + M2 + Ny + ) [I(Uz — Uy, Vo = Vi)llxsx -

Thanks to (3.1), we conclude that T is a contraction mapping. Hence, by the Banach
fixed point theorem, there exists a unique fixed point which isasolution of (1.1). O

The second result is the following theorem:

Theorem 3.2. Assume that (H2) and (H3) are satisfied. Then the problem (1.1) has at
least one solution on [0, 1].

Proof. First of all, we show that the operator T is completely continuous. (Note
that T is continuous on X x X in view of the continuity of f; and f).

Step 1: Letustake y > 0and B, := {(u,v) € XX X;[|(u, V)llxxx < y}, and assume that
(H3) holds. Then for (u,v) € B,, we have

t <t<1|P1(1)
T2 (u,v) (O] < Bale®lgyp 6 (4 u®,v o)

(3.12)

tato

+ Fae SUPoter | T2 (LU (), v ()] + 2

Forallt € [0,1], and by (H3), we obtain

(3.13) [[T1 (u,V)llx <LiM; +a < +oo.

We have also

(3.14) [IT2 (u, V)llx < LaM3 +b < +oo.

Then, by (3.13) and (3.14), ||T (u, V)|Ixxx is bounded by C, where
(3.15) C:=LiM; +LoMy +a+h.

Step 2: The equi-continuity of T: Let ty,t, € [0,1],t; < t2 and (u,v) € B,. Since
0 < a < 1, then we can write

| Te(u,v) (t2) = T (u,v) (ty) I<

_q)a-1 _q)a-1
316) | [ 2 pi ) i uE), vE)ds— i S g1 (9) fi(s,u(s), v (9) ds

it _q)ato-1 t _q)ato-1
+ Jy g fi (s, u(s), vE) ds— [ S fi (s, u(s), v (9) ds | .
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Using (H3), we can write

Li[lpall, (& - 15 + (&2 - 1)°)

| T1 (U, V) (t2) = Ta (u, V) (ta) 1< T(a + 1)

Ly (87 = 847 + (tp - 1))
Ta+o+1)

(3.17) +

Analogously, we can obtain

La |z, (& - £ + (2 - 1))
rg+1)

T2 (U, V) (t2) = T2 (u, V) (t1)] <

Ly (67 =6 + (p - 1))
rg+o0+1)

(3.18) +

Thanks to (3.17) and (3.18), yields

L -t + (1) — 1)
IT (u,v) (t2) = T (u,V) (t)| < 1||(P1||w(2 1+ (2 1))

I'a+1)
Ly (677 = 14 + (t - 1))
N INa+o+1)
L[|z, (8 = ] + (2 - )
rg+1)

Ly (6 =t + (tp - 1)*?)
rg+o0+1)

(3.19) +

As t, — t3, the right-hand side of (3.19) tends to zero. Then, as a consequence
of Steps 1,2 and by Arzela-Ascoli theorem, we conclude that T is completely
continuous.

Next, we consider the set
(3.20) Q={(u,v) e XXX/ (u,v)=AT(u,v),0 < A <1},

and show that it is bounded.
Let (u,v) € Q, then (u,v) = AT (u,Vv), for some 0 < A < 1. Hence, for t € [0,1], we
have:
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(3.21) u(t) = AT (u,v) (X)), v () = AT, (u,v)(t).
Thus,
(3.22) [1(u, Vllxxx = AT (U, V)l -

Thanks to (Hs), we get

(3.23) lI(u, Vlixxx < AC,

where C is defined by (3.15). We obtain that Q is bounded.

As a conclusion of the Schaefer fixed point theorem, we deduce that T has at
least one fixed point, which is a solution of (1.1). O

4. Examples

To illustrate our results, we will present two examples.

Example 4.1. Consider the following fractional differential system:

D} u (f)= 22U (00 g, 1 9% (Spulnt) 1) ds, te[0,1],

32 vizt \ 18(n(t+1)+1) o () \18(n(s+1)+1)
@1 Div () = 22 sty | [F (g st c o, 1],
u(0) = V3,v(0) = V2,
where,a = =%,0=1and 0 =%a= V3b= V2 fi(tuv)= %+L f, (t,u,v) =
R 1 (0 = 2258 and 2 () = 3.

For (uy, v1), (Uz, v2) € R?,t € [0,1], we have

1
[fituz,vo) = futuv)| < (U2 =l + v - val),
1
[f2 (b Uz, v2) = o (bunv)| < g (U2 = usl + v = val).
Then,
M, = 0076, M, =0.201,
m = mp = i ng=n; = i
1 - 2 — 18/ 1 =12 = 16
Hence,

2
(M, + MZ)Z (m; + ;) = 0.065 < 1.
i=1
The conditions of the Theorem 3.1 hold. Therefore, the problem (4.1) has a unique solution
on [0, 1].
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Example 4.2. Consider the following problem:

Diu (t) = cosh (1 — mt?) cos (U (t) + v (1)) + In (t + 4)

+ Ot “;E)\g; [cos(u(s) + Vv (s)) + In(s + 4)]ds, t € [0,1],

(4.2) D?v(t) = sinh (1 — ntt2) texp (= Ju (t)] — v (t)])

N fot (t;?\;)_l sexp (= u(s) = v (s)) ds, t € [0,1],
u(0) =2,v(0) = V5.

For this example, we have a = 2,8 = 2,0 = V11,0 = V7,a=2,b = V5,and forall t € [0, 1],
we have ¢, (t) = cosh (1 — 7tt?), @, (t) = sinh (1 — ©t?), and for each (u, V) € R?

fi(t,u,v)
fa(t, u,v)

cos(Uu+Vv)+In(t+4),

texp (= [ul = V).

It’s clear that f; and f, are continuous and bounded functions. Thus the conditions of
Theorem 3.2 hold, then the problem (4.2) has at least one solution on [0, 1].

REFERENCES

1. B. Aumab, J. NieTo: Existence results for a coupled system of nonlinear fractional differ-
ential equations with three-point boundary conditions. Comput. Math. Appl., 58(9), pp.
1838-1843, 20009.

2. B. Aamap, J. Niero: Riemann-Liouville fractional differential equations with fractional
boundary conditions. Fixed Point Theory, 13, pp. 329-336, 2012.

3. B. Aamanp, J. Niero: Anti-periodic fractional boundary value problems with nonlinear
term depending on lower order derivative. Fractional Calculus and Applied Analysis,
15(3), pp. 451-462, 2012.

4. A. ANBER, S. BELarsi, Z. Danmant: New existence and uniqueness results for fractional
differential equations. An. St. Univ. Ovidius Constanta, 21(3), pp. 33-41, 2013.

5. C.Z. Bar, J.X. FanG: The existence of a positive solution for a singular coupled system of
nonlinear fractional differential equations. Appl. Math. Comput., 150(3), pp. 611-621,
2004.

6. M.E. BEnGRINE, Z. Darmant: Boundary value problems for fractional differential equa-
tions, Int. J. Open Problems Compt. Math., 5(4), pp. 7-15, 2012.

7. D. DELBosco, L. Ropino: Existence and uniqueness for a nonlinear fractional differential
equation. J. Math. Anal. Appl., 204(3-4), pp. 429-440, 1996.

8. K. DieraeLm, N.J. Forp: Analysis of fractional differential equations. J. Math. Anal.
Appl., 265(2), pp. 229-248, 2002.

9. A.M.A. Er-Savep: Nonlinear functional differential equations of arbitrary orders. Non-
linear Anal., 33(2), pp. 181-186, 1998.

10. M. Houas, Z. Daumant: New fractional results for a boundary value problem with caputo
derivative, Int. J. Open Problems Compt. Math., 6(2), pp. 30-42, 2013.



242

11.

12.

13.

14.

15.

16.

17.

18.

19.

Z. Dahmani and M.A. Abdellaoui

M. Houas, Z. Daamant. New Results For a Coupled System of Fractional Differential
Equations. Facta Universitatis, Ser. Math. Inform., 28(2), pp. 133-150, 2013.

A.A. KiLas, S.A. Marzan: Nonlinear differential equation with the Caputo fraction
derivative in the space of continuously differentiable functions. Differ. Equ., 41(1), pp.
84-89, 2005.

V. LaksumikanTHAM, A.S. Varsara: Basic theory of fractional differential equations.
Nonlinear Anal., 69(8), pp. 2677-2682, 2008.

J. L1ang, Z. Liu, X. Wana: Solvability for a couple system of nonlinear fractional differen-
tial equations in a Banach space. Fractional Calculus and Applied Analysis, 16(1), pp.
51-63, 2013.

F. Mamnarpr: Fractional calculus: Some basic problem in continuum and statistical
mechanics. Fractals and fractional calculus in continuum mechanics. Springer, Vienna,
1997.

J. N1eTo, J. PimeNTE: Positive solutions of a fractional thermostat model. Boundary Value
Problems, 1(5), pp. 1-11, 2013.

S.K. Ntouvas: Existence results for first order boundary value problems for fractional
differential equations and inclusions with fractional integral boundary conditions. Journal
of Fractional Calculus and Applications, 3(9), pp. 1-14, 2012.

I. PobrusNy, |. PETRAS, B.M. VINAGRE, P. O'LEARY, L. DorCAK: Analogue realizations of
fractional-order controllers. Fractional order calculus and its applications. Nonlinear
Dynam., 29(4), pp. 281-296, 2002

X. Su: Boundary value problem for a coupled system of nonlinear fractional differential
equations. Applied Mathematics Letters, 22(1), pp. 64-69, 2009.

Zoubir Dahmani

Laboratory LPAM

Faculty of SEI

UMAB, University of Mostaganem
zzdahmani@yahoo. fr

Mohamed Amin Abdellaoui

Faculty of SEI

Department of Mathematics and Informatics
UMAB, University of Mostaganem

abdellaouiaminel3@yahoo. fr



	Introduction
	Preliminaries
	Main Results
	Examples

