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Abstract. The present paper deals with the study of generalized Sasakian-space-forms
with the conditions C(¢,X).S = 0, C%(&,X).R = 0 and C9(¢, X).C? = 0, where R,
S and C? denote Riemannian curvature tensor, Ricci tensor and quasi-conformal cur-
vature tensor of the space-form, respectively. In the end of the paper, we have given
some examples to support our results.
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1. Introduction

An almost contact metric manifold M?"*1(¢4,€,n,g) is said to be a generalized
Sasakian-space-form if the curvature tensor of the manifold has the following form

R(X,Y)Z

iV, 2)X —g(X, 2)Y}

L2 {(9(X,0Z)0Y — g(Y,0Z)p X +29(X, Y )pZ)}
f((n(X)n(2)Y —n(Y)n(2)X

(1.1) 9(X, Z)n(Y)¢ — g(Y, Z)n(X)E)),

for any vector fields X, Y, Z on M?"*1. By taking f; = <2 and fo = f3 = <2,
where ¢ denotes constant ¢-sectional curvature tensor, we get different kind of gen-
eralized Sasakian-space-forms. This idea was introduced by P. Alegre, D. Blair and
A. Carriazo [13] in 2004. P. Alegre and Carriazo [15], A. Sarkar, S. K. Hui, etc.
[19, 21, 22] studied generalized Sasakian-space-forms by considering the cosymplec-
tic space of Kenmotsu space form as particular types of generalized Sasakian-space-
forms. In 2006, U. Kim [22] studied conformally flat generalized Sasakian-space-
form and locally symmetric generalized Sasakian-space-form. He proved some geo-
metric properties of generalized Sasakian-space-forms which depends on the nature
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of the functions f1, fo and f3. Also, he proved that if a generalized Sasakian-space-
form M?"H1(fy, fa, f3) is locally symmetric then (f; — f3) is constant. In [21] De
and Sarkar studied the projective curvature tensor of generalized Sasakian-space-
forms and proved that generalized Sasakian-space-forms is projectively flat if and
only if f3 = l?lfgzn. D.G. Prakasha and H. G. Nagaraja [8] studied quasiconformally
semi-symmetric generalized Sasakian-space-forms. They proved that a generalized
Sasakian-space-forms is quasiconformally semi-symmetric if and only if either space
form is quasiconformally flat or f; = f5. Recently, Hui and Prakasha [17] have stud-
ied C-Bochner curvature tensor of generalized Sasakian-space-forms. S. K. Hui and
D. G. Prakasha [17] studied the C-Bochner pseudosymmetric generalized Sasakian-
space-forms. The generalized Sasakian-space-forms have also been studied in ([9],
[18], [10], [11], [23]) and many others. Throughout their study, C-Bochner curvature
tensor B satisfied the conditions B(§, X).S =0, B({,X).R=0and B(¢, X).B =0,
where R and S denoted the Riemannian curvature tensor and Ricci curvature ten-
sor of the space form respectively. After investigations of the above mentioned
developments, we plan to study the quasi-conformal curvature tensor of generalized
Sasakian-space-forms.

2. Preliminaries

A Riemannian manifold (M?"*1 g) of dimension (2n + 1) is said to be an almost
contact metric manifold [7] if there exists a tensior field ¢ of type (1, 1), a vector
field & (called the structure vector field) and a 1-form 7 on M such that

(2.1) P*(X) = =X +n(X)¢,

(2.2) 9(¢X,0Y) = g(X,Y) — n(X)n(Y)
and

(2.3) n(€) =1,

for any vector fields X, Y on M . In an almost contact metric manifold, we have
@& = 0 and no¢ = 0. Then such type of manifold is called a contact metric manifold
if dy = ®, where ®(X,Y) = g(X, ¢Y) is called the fundamental 2-form of MZ+1),
A contact metric manifold is said to be K-contact manifold if and only if the co-
varient derivative of £ satisfies

(2.4) Vx§=—¢X,

for any vector field X on M.
The almost contact metric structure of M is said to be normal if

(2.5) [, (X, Y) = =2dn(X,Y),
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for any vector fields X and Y, where [¢, ¢] denotes the Nijenhuis torsion of ¢.
A normal contact metric manifold is called Sasakian manifold. An almost contact
metric manifold is Sasakian if and only if

(2.6) (Vx9)Y =g(X,Y)§ —n(Y)X,

for any vector fields X, Y.
The generalized Sasakian-space-forms M2+ L(fy, fo, f3) satisfies the following rela-
tions [13]

(2.7) R(X,Y)E = (fi = fo) {n(V)X —n(X)Y},
(2.8) R, X)Y = (f1 — f3) {9(X,Y)§ = n(Y) X},

(29)5(X,Y) = (2nf1 +3f2 — f3)9(X,Y) = {3f2 + (2n — 1) fs} n(X)n(Y).

Replacing Y by £ in the equation (2.9), we get

(2.10) S(X,€) =2n(f1 — fs)n(X).
Replacing X and Y by £ in the equation (2.9), we get
(2.11) 5(8,€) =2n(f1 — fs),

from the equation (2.9), we have

(2.12) r=2n(2n+1)f; + 6nfs — 4nfs.

Again from (2.9), we have

(2.13) QX = (2nfi+3f2— f3)X = Bfa + 2n — 1) fs)n(X)¢.
Replacing X by ¢ in the above equation, we get

(2.14) Q¢ =2n(f1 — f3)¢.

In a Riemannian manifold of dimension (2n + 1) the quasi-conformal curvature
tensor is defined by [12]

CUX,Y)Z = aR(X,Y)Z+b(5(Y,2)X - S(X,2)Y
+ 9(Y,2)QX — ¢(X,2)QY)
(2.15) ~ 5 g T 2 e D)X — (X, 2)Y),

where a and b are constants such that a,b # 0, Q is the Ricci operator, i.e.,
9(QX,Y)=S(X,Y), for all X and Y and r is scalar curvature of the manifold.
Using the equations (2.7)-(2.15), we have
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(a4 (2n —1)b)((2n —1)f5 + 3f2)
2n+1

(2.16) chqu:[ }{mxvy—nuwX},

a+(2n = 1b)((2n —1)fs 4+ 3f5)

@wwmamzv }mwwmxma,

2n+1
and
(2.18) — g(Y, Z)n(X)).

This is required quasi-conformal curvature tensor in generalized Sasakian-space-
forms.

3. Quasi-conformal Pseudosymmetric generalized
Sasakian-Space-Forms

Let (M, g) be a Riemannian manifold and let V be the Levi-Civita connection of
(M,g). A Riemannian manifold is called locally symmetric if VR = 0, where R is
the Riemannian curvature tensor of (M, g). The locally symmetric manifolds have
been studied by different differential geometry through various aproaches and they
extended semisymmetric manifolds by [2, 3, 4, 5, 6, 24], recurrent manifolds by
Walker [1], conformally recurrent manifold by Adati and Miyazawa [20].

According to Z. 1. Szab o [24], if the manifold M satisfies the condition

(3.1) (R(X,Y).R)(UV)W =0, X,Y,UV,W e x(M)

for all vector fields X and Y, then the manifold is called semi-symmetric manifold.
For a (0, k)- tensor field T on M, k£ > 1 and a symmetric (0, 2)-tensor field A on M
the (0, k+2)-tensor fields R.T and Q(A, T) are defined by

(RT)(X1, o Xi; X, Y) = —T(R(X,Y)X1, Xa, .. Xp)
(3.2) e = T(X1y e X1, RO, Y)X),
and

Q(A,T)(Xl, ..... X X, Y) = —T((X Na Y)Xl,XQ, ....... Xk)
(3.3) e = T(Xy e X1, (X A4 V)X,

where X A4 Y is the endomorphism given by

(3.4) (X A4 Y)Z = A(Y,2)X — A(X, Z)Y.
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According to R. Deszcz [16], a Riemannian manifold is said to be pseudosymmetric
if

(3.5) R.R=LrQ(g,R),

holds on U, = {x € M|R — s G #0 at a:} where G is (0, 4)-tensor defined by
G(X1, X2, X3, Xy) = g((X1 A X2)X3,X4) and Lg is some smooth function on Ug.
A Riemannian manifold M is said to be quasi-conformal pseudosymmetric if

(3.6) R.C* = Lca Q(g,CY),

holds on the set Uca = {x € M : C1 # 0 at x}, where Lca is some function on Ugq
and C1? is the quasi-conformal curvature tensor.

Let M2"*L(f1, fa, f3) be quasi-conformal pseudosymmetric generalized Sasakian-
space-form then from the equation(3.6), we have

(37)  (RX,E.C0U,VIW = Leal(X Ay €).C7) (U, V)W),
Using the equations (3.2) and (3.3) in the equation (3.7)
R(X,§)CU U, VYW — CURX, U, V)W — CYU,R(X, V)W
- CYU,V)R(X, )W
= Lea((X A CUU V)W
CI(X Ng U, VW

, we get

(3.8) — CUU, (X Ng V)W = CUU,V)(X Ny EW).
Again, using the equations (2.7) and (3.4) in (3.8), we conclude the following
(f1 = ) (96, CUUV)W)X  — g(X,CUUV)W)E
- nU)CUX, V)W
+ (X, U)CUEVIW — (V) C1U, X)W
+ g(X,V)CIU, W —n(W)C(U, V)X
+ g(X,W)Ci(U, V)E)
= Loa(glg. CHUVIW)X — g(X, CHU,VIW)E
n(U)CUX, V)W
+ 9(X,U)CUE, V)W —n(V)CU(U, X)W

(
+ g(X, V)CUU,OW —n(W)CU(U, V)X
(3.9) + g(X,W)CUU,V)E).

The above expression can be written as

fs = Loa)(9(&, CUUVIW)X - = g(X,CUU,V)W)E
- U)CUX, V)W + g(X,U)CUE V)W
— p(V)CUU, X)W + g(X,V)CU U, )W
(3.10) — p(W)CHU, V)X + g(X,W)C)(U,V)§) =0,
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which implies either Loq = f1 — f5 or
(9(¢, C1U, VW)X

9(X, CU U, V)W)E —n(U)CI(X, V)W
+ 9(X,U)CUE V)W —n(V)C(U, X)W
+ 9(X,V)CUU, W —n(W)C*(U, V)X

(3.11) + g(X,W)CYU,V)E) =0.

Putting W = ¢ in the equation (3.11) and using the equations (2.17) and (2.18), we
have

_ [(a+(2n—-1)b)((2n —1)f5 + 3f>)
cClU,NX = { 11 } (9(X, )V
(3.12) — X, V)U),
contracting V in the above equation, we have

this implies that

(a+ (2n —1)b)((2n —1)f5 + 3f2)
2n+1

(3.14) =0,

from the above equation two conditions arise, either

(3.15) a=—2n—-1)b
3f2
(3.16) fs= 5

Using the equations (3.15) or (3.16) in (2.16) and (2.17), we get

(3.17) CUE,Y)Z =0,
and
(3.18) CHX, V)¢ =0,

this means M2"+1(f1, fa, f3) is quasi-conformally flat.
Thus, we conclude:

Theorem 3.1. Let M2 L(f1, fo, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. If M>*"TY(f1, fa, f3) is quasi-conformal pseudosymmetric then

M HL(f1, fa, f3) is quasiconformally flat if at least one of the following conditions
holds:

3f2

(i)a = —(2n — )b, (iii)Loa = f1 — f3.
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Now we propose:

Theorem 3.2. Let M2 L(f1, fa, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. Then M*"FL(f1, fa, f3) satisfies C1(&, X).S = 0 if and only if at least
one of the following conditions holds:

3fa

(1) fs = A=) (i) a = —(2n —1)b, (iii) S(X,U) = 2n(f1 — f3)9(X, U).

Proof. If generalized Sasakian-space-form satisfies C?(£, X).S = 0.
Then from the equation (3.2), we have

(3.19) S(C1(, X)U, &) + S(U,C(E, X)E) = 0,

From the equation (2.10), we have

(3.20) S(CUE X)U, &) = 2n(f1 — f3)n(C(&, X)U).
Now with the help of equations (2.17) and (3.20), we can write

(a4 (2n —1)b)((2n —1)f5 + 3f2)
2n +1

sw%xmo::%m—m[
(3.21) — g(X,U)).

]mwwm

Again in view of the equation (2.17), we have

S(C1(E X)E,U) ={W+WHU%%TDﬁ%m)

(3.22) — 2n(f1 — f3)n(X)n(U)).

By using the expressions (3.21) and (3.22) in (3.19), we infer

oo

a n—1)b n—
[( HEn10) (2 1>f3+3f2’} (S(X,U)

(3.23) —2n(f1 - fg)g(X, U)) = 0,

which implies that if C?(¢, X).S = 0 then either a = —(2n—1)bor f3 = (ﬁf;n) or
S(X7 U) = 2’)’L(f1 - f3>g(X, U) )

Conversely, it is clear that if a = —(2n — 1)b or f3 = uiiffn) or S(X,U) =2n(f1 —
f3)g(X,U) then from (2.17), we have [

(3.24) CI(€, X).S = 0.
Now we take C?(&,U).R = 0.

Then from the equation (3.2), we have
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which in view of the equation (2.17), we have

LGRSt SR | (y(R(X, V) 2)U

—9(U, R(X,Y)Z)§ = n(X)R(U,Y)Z
+9(U, X)R(E,Y)Z —n(Y)R(X,U)Z + g(U,Y)R(X,€)Z
(3.26) —n(Z)R(X,Y)U + g(U, Z)R(X,Y)§) =0,

using Z = £ and (2.2) in the above equation, we infer

[ (a+(2n=1)b)((2n—1) f3+3f5) }
2n+1

(3.27) ((fr = f3)(9(U,Y)X — g(U, X)Y) = R(X,Y)U) =0,

which implies that if C4(¢, X).R =0 then either a=—(2n—1)bor f3 = (13_7];2”)
or

R(X,Y)U = (f1 = f5)(g(U,Y)X — g(U, X)Y).

Thus, we conclude:

Theorem 3.3. Let M2 L(f1, fo, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. If M*"FL(f1, fa, f3) satisfying C9(&,U).R = 0 then at least one of the
following necessarily holds:
(i) fs= 7. (i) a=—(2n—1)b,
(1) R(X,Y)U = (f1 — f3)(g(U, X)Y — g(U,Y)X).

Now we propose:

Theorem 3.4. Let M2 L(f1, fo, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. Then M L(f1, fa, f3) satisfies C1(£, X).C9 = 0 if and only if either
fa= % ora=—(2n—1)b.

Proof. If generalized Sasakian-space-form satisfies C?(£, X).C? = 0. Then, from
the equation (3.2) we have

C1(¢, X)CUU, V)W — CUCUE, XU, VIW
(3.28) —CUU,CUE, X)VI)W — CUU,V)CI(E, X)W =0,

by which in view of the equation (2.16) we get

2n+1
—9(X, CUU, VI)W)§ —n(U)CU(X, V)W
+9(X, U)CUV,OW —n(V)CU(U, X)W + (X, V)C(U, )W
(3.29) +g(W, X)CUU, V)& — n(W)C(U, V)X) =0.

(a+(2n=1)b) ((2n=1) fy +37. 2)} (n(CIU,V)W)X
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By using V = ¢ in the above equation, we infer

[(a+(2n—1)b%£L(J2:lL—1)f3+3f2)} ((cuu, x)w

N [(a.:,_(zn—l)b%gl(i?—l)fs-‘r?)fz)} (g(X, W)U)

(3.30) —g(UW)X)) =0,

which implies that either a = —(2n — 1)b or f3 = (137f22n) or

(3.31) CUU, X)W = (LetCn=LCroVIst30)) (U, W)X — (X, W)U),

contracting U in the above equation, we have

(a+(2n—1)b)((2n —1)fs + 3f2)
2n +1

(3.32) 2ng(X, V) =0,

this implies that either a = —(2n—1)bor f3 = % Conversely, if M2 L(f1, fa, f3)
satisfies a = —(2n — 1)b or f5 = %, then in view of (2.17)
we have C1(¢, X).C1=0. O

4. Examples

Example 4.1. [13] Let N (A1, A2) be generalized Sasakian-space-forms of dimension 4,
then by the warped product M x N endowed with the almost contact metric structure
(¢,€,m, g5), Sasakian space form M (f1, f2, f3) is generalized with

f

M o— (F)? A A — (F)?
-2 = n- 2

where A1 and A2 are constants, f = f(¢), t € R and #' denotes the derivative of f with
respect to t.

1"

(4.1) f

If we take \1 = —% and f(t) = et K is constant,
then fi = — %7 [222 + K?e*], fo = 37 and fs = — 5k [332]. Hence f5 = (1if;n>, if
n =4.

Example 4.2. [14] Let N(c¢) be a complex space form, and by the warped product M =
(=%,%) xs N endowed with the almost contact metric structure (¢,§,n,gys), Sasakian
space form M (fi1, f2, f3) is generalized with functions

_ 4 ’ 2 _ 4 / 2 1
c-af? e _e—ayP f

4f2 4f2 4f2 !

where f = f(t), t € R and f’ denotes the derivative of f with respect to t.
If we take ¢ = 0 and f(t) = e*, K is constant,

(4.2) fi=

3f2
(1—-2n) "

then fi = —K?2, fo» = f3 =0. Hence f3 =
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