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Abstract. In this paper, we introduce the concept of common limit range ((C' L R)—property)

in the framework of quasi-partial metric spaces. By using this concept, some fixed point
theorems involving two pairs of contraction mappings are proved without using the com-
pleteness condition of the whole space. Our results extend some results in literature,
such as Nazir and Abbas [8] and Vetro et al. [11].
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1. Introduction

The connotation of partial metric spaces (PMS for short) was defined by
Matthews in [9]. He amended metric spaces via setting self-distances to be not
always identical to zero. Additionally, he relocated the Banach contraction principle
in the setting of (PMS). Since then, there has been extensive research into fixed point
results related to partial metric spaces (see [2, 3, 4, 7]). By dropping the symmetry
condition, in 2013 Karapinar et al. [6] defined the notation of quasi-partial metric
spaces (QPMS for short) and established some fixed point results in these spaces.

Let us first present some definitions and consequences which we need in the
sequel.

Definition 1.1. [6] The function o : X x X — [0,00) is a quasi-partial metric if
the following conditions are satisfied for all v,w,d € X:

(1) If0<a(y,7) =o(r,w) =0(w,w) = 7=w;

(2) o(v,w) 2 0(v,7);

(3) o(w,7) 2 0(7,7);

(4) 0(7,9) < o(v,w) + o(w,d) — o(w,w).

The couple (X, o) is known as a (QPMS).
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For each partial metric p on X, the function dp : X x X — [0, 00) defined by

(1.1) dp(7,w) = 2p(y,w) — p(7,7) — p(w,w),

is a metric on X . Similarly, if (X, o) is a (QPMS), then the function d, : X x X —
[0,00) defined by

(1.2) do(v,w) = 0(v,w) + o(w,7) — o(7,7) — o(w,w),

is also a metric on X.

Definition 1.2. [6] Let (X,0) be a quasi-partial metric space.

1. A sequence {x,} is called convergent to v € X, written as lim z, = z, if
n—oo
lim o(z,,2z) = lim o(z,x,) = lim o(x,,x,) = o(z,z);
n—oo n—oo n—oo
2. A sequence {x,} is called Cauchy if lim o(2y,xm) and lim o (T, x,) exist
n,m—oo n,m—oo

and are finite;
3. (X,0) is called complete if every Cauchy sequence {x,} in X is convergent to

some x € X. Further, lm o(zp,Zm)= lm o(Tm,z,) = o0(z,x).
n,Mm—00 n,m—00

In 1996, Jungck [5] introduced the concept of weakly compatible mappings (w-
compatible for short).

Definition 1.3. [5] Let X be a nonempty set. Given S, H : X — X. The mappings
H and S are w-compatible if and only if SHu = HSu for p € C(S,H), where
C(S, H) ={u, fu=gu}.

Definition 1.4. [1] Let S and H be two self-mappings on a metric space (X,d).
The mappings S and H fulfill the (E.A)-property if there exists a sequence {ay} in
X such that

lim Ha, = lim Sa, =pu

n—oo n—oo

for pe X.

Note that the (E.A)-property exchanges the completeness condition of the space
with closedness of the range. The connotation of (CLR)-property was defined by
Sintunavarat and Kumam in [10]. Its significance is that one does no longer refer
to the closeness condition of the range of subspaces.

Definition 1.5. [10] Let (X, d) be a metric space and S, H be two self-mappings
on X. These maps satisfy the (CLRg)-property, if there exists a sequence {a,} in
X so that
lim Ha, = lim Sa, = pu,
n—oo

n—r oo

where p € S(X).
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Currently, Nazir and Abbas [8] established some fixed point results via the (E.A)-
property in the class of (PMS). However, we see that the circumstance p(t,t) = 0
in [4, Definition 1.7] is superfluous. In our current work, we shall give the definition
of (CLR)-property (for two pairs of self-mappings) on (QPMS). Additionally, by
using this concept, we employ a different method compared with that in the proof
of [4, Theorem 2.1] in order to prove our main results in the class of (QPMS). Some
illustrated examples are also given.

2. Main results

First, let ¢ : [0,00) — [0, 00) be a function such that
(a) 9 is nondecreasing and continuous;
(b) () =0 & =0,
Denote F (resp. G) the set of functions verifying the conditions (a) and (b) (resp.
(b) and (c): 1 is lower-semicontinuous).

Now, we introduce the concept of (CLR)-property first for a single pair and
after for a double pair of self-mappings on a (QPMS).

Definition 2.1. Let (X,0) be a (QPMS). The pair of self-mappings (f,S) on X
satisfies the (CLRg)-property, if there exists {x,} C X such that

nh_)rrgoa(f:vn,w):nli}rr;oo(w,f:vn)znh_)ngo U(an,w)znll)r{)lo o(w,Szp)=0c(w,w), weSX.

Example 2.1. Let X = (0,00) and o(z,y) = |x —y| + x for all x,y € X. Clearly,
(X,0) is a (QPMS). Let (f,S) be a pair of self-mappings on X such that fo = 352
and Sz = 2z. Choose {x,} = {#:H}. We have

lim o(fz,,4) =1lim o(4, fx,) =lim o(Sx,,4) =lim o(4,Sz,)=0(4,4) = S2 = 4.
n—00 n—00

n—r00 n—00

Hence the pair (f,S) satisfies the (CLRg)-property.

Definition 2.2. Let (X,0) be a (QPMS). The pairs of self-mappings (f,S) and
(9, H) on X satisfy the (CLRgy)-property, if there exist sequences {x,} and {yn}
in X such that

nhﬂngo o(fan,w) = nl;rgo o(w, fr,) = nhﬂngo o(Stp,w) = nhﬂngo o(w, Sxy,)
= lim o(u.g0n) = lim ooy, v
= lim o(Hyp,w) = lim o(w, Hy,) = o(w,w), we SXNHX.
n—oo n—00

We illustrate Definition 2.2 by the following example.
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Example 2.2. Let X = (0,2) be equipped with the quasi-partial metric o(x,y) =
|z —y| + 2 for all x,y € X. Let (f,S) and (g, H) be two pairs of self-mappings on
X defined as

_( 1;2€(0,
fx_{ % sz e (1,

B 2?2 5z € (0,1] B z ;x e (0,1
Sx_{x—l;xe(l,Q) Hx_{2—:c;:1c€(1,2).

1] _y 1;2€(0,1
2) w={giac

Consider {z,} = {1 — 1} and {y,} = 5"2_4}. We have

5n2+2
nh_)ngo o(fan,1) = nh_)ngo o(1, fx,) = nh_}rrgo o(Szp,1) = nh_}rrgo o(1,Sz,) =0(1,1) = S1 = 1.
Moreover,

lim o(gyn,1) = lim o(1,gy,) = lim o(Hy,,1) = lim o(1,Hy,) =0c(1,1) = H1 = 1.
n—00 n—00 n—oo

n—00

Hence the two pairs (f,S) and (g, H) satisfy the (CLRgm)-property.
The following lemma is crucial in order to prove our main result (Theorem 2.1).

Lemma 2.1. Let (X,0) be a (QPMS). Suppose that the self-mappings f,g,S, H :
X — X are such that

(i) fX CHX (or gX C SX);

(i) the pair (f,S) satisfies the (CLRg)-property (or (g, H) satisfies the (CLRp)-
property);

(i) HX (or SX) is closed;

() {gyn} (or {fyn}) is bounded for every sequence {y,} in X;

(v) there exist B € F and a € G such that

(2.1) Blo(fa,gb)) < B(A(a,b)) — a(A(a, b)),

where A(a,b) = max{o(Sa, Hb),o(fa,Sa),c(Hb,gb),o(fa, Hb),o(Sa,gb)}. Then
the pairs (f,S) and (g, H) satisfy the (CLRsg)-property.

Proof. From Condition (ii), if (f, S) satisfies the (C L Rg)-property, then there exists
{zn} C X, so that

(2.2)
lim o(fz,,w)= lim o(w, fx,) = lim o(Sz,,w) = lim o(w,Sz,) =o(w,w); we SX.
n—00 n—00 n—00 n—00

Since fX C HX, there exists {y,} such that

Due to (2.2) and (2.3), we write lim o(Hy,,w) = o(w,w), so from the closedness
n—oo

condition of HX, we have
weSXNHX.
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Now, we want to prove that gy, — w as n — oco. We have
o(fxn, gyn) < o(fxn, Sxn) + o(Szp, gyn) — 0(Sp, Sy)
<o(frn,w)+o(w,Sx,) — o(w,w) + o(Sxn, gyn) — 0 (ST, Sxy).

By (2.2), lim o(Szy,,Sz,) = o(w,w). We also get

n—00

(2.4) limsup o(fzy, gyn) — limsup o(Szy, gyn) < 0.

n—00 n—00

Again, by (2.2), lim o(fz,, fx,) = o(w,w), so similarly,
n—00

(2.5) lim sup o(Sn, gyn) — limsup o(fzn, gyn) < 0.

n—00 n—00

As {gyn} is bounded, limsup o(fx,, gy,) and limsup o(Sz,, gy,) are finite num-

n—oo

n—00
bers. Using (2.4) and (2.5), there exists 6 > 0 such that one writes

(2.6) limsup o(Szy, gyn) = limsup o(f2n, gyn) = 0.

n—oo n—00

So there are subsequences {x,, } and {y,, } such that

(2.7) lim o(Sn,,gyn,) = lim o(fxn,, gyn,) = 0.
k— o0 k—o0
Clearly, by (2.2),
(2.8) o(w,w) = lim o(fxn,,, Sty )= lim o(Sz,,, fz,,).
k—o0 k—o0
Since o(fxn, , frn,) < o(fXn,, STy, ), passing to the limit as k — oo, we obtain
(2.9) o(w,w) < 0.
We have

A(f‘rnk’ynk)
= max{o(Szn,, Hyn, ), 0 (fTn,, STny) 0 (HYny s 9Yny.)s 0 (fTnys HYny ), 0 (ST gyny)
= max{o(Szn,, frn, ), 0(fTn,, STny ), 0(fTnys GYni)s 0 (fTnys fTny), 0(STny s GYny) }-

Passing to the limit as k — oo, we get due to (2.9)
(2.10) klirgo A(fxn,, Yn,,) = max{o(w,w), o(w,w),d, o(w,w),d} = 0.
By using (2.1),

Blo(fens, gyni)) < BIA(@ny; Yny)) = A(M(@ny, Yny))-

Taking the upper limit as k¥ — oo and using (2.8) and (2.10),
B(6) < B(6) — a(é),
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i.e., a(d) = 0, which yields that § = 0. Thus o(w,w) = d = 0. So, by (2.6), we have
lim o(fn, gyn) = 0.
n—oo
Consequently,
o (gyn,, 9yn,) = 0 = o(w,w).

We obtained

nhﬁngo o(w, gyn) = nhﬁngo o(gyn,w) = nhﬁngo o(Hyn,w) = nl;rgo o(w, Hy,) = o(w,w).

So the pairs (f,S) and (g, H) satisfy the (CLRgy)—property. 0O

Now, we introduce and prove our main result by using the concept of (CLR)-
property on the class of quasi-partial metric spaces.

Theorem 2.1. Let f,g, H and S be self-mappings on a (QPMS) (X, o) satisfying
the condition (v) of Lemma 2.1. If the pairs (f,S) and (g, H) satisfy the (CLRgm)-
property, then there exists x € X such that fr = gr = Sx = Hx. Furthermore, if

(f,S) and (g,H) are w-compatible, then such x is the unique common fized point
of f, g, H and S.

Proof. As (f,S) and (g, H) verify the (CLRg)-property, there exist two sequences
{zn} and {y,} in X such that

nhﬂngo o(fan,w) = nl;rgo o(w, fr,) = nhﬂngo o(Stp,w) = nhﬂngo o(w, Sxy,)
= lim o(w, gyn) = lim o(gyn, w)
= lim o(Hyp,w) = lim o(w, Hy,) = o(w,w); we SXNHX.
n—oo n—00

Since w € SX, there exists £ € X such that Sk = w. Now, we want to prove that
fk = Sk. Suppose that fk # Sk. Obviously,

(2.11) Jim o (Hyn, gyn) = o(w, w),

and

(2.12) Jim o(fk, Hyn) = lim o(fk, gyn) = o(fk,w).
From (2.1),

(2.13) Bla(fk, gyn)) < BA(E, yn)) — a(A((, yn)),
where

A(k,yn) = max{o(Sk, Hy,),o(fk, Sk),c(Hyn, gyn), o (fk, Hyn), o (Sk, gyn)}.
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Taking the limit as n — oo and using the equations (2.11) and (2.12), we get

(2.14) lim A(k,yn) = max{o(w,w),o(fk,w),o(w,w),o(fk,w),o(w,w)}

o = o(fk,w).
Letting n — oo in (2.13), by (2.12) and (2.14), we get
Blo(fk,w)) < Blo(fk,w)) — alo(fk,w)).
So a(o(fk,w)) = 0, that is, o(fk,w) = 0, i.c.,
(2.15) fk =Sk =w.

Since w € HX, there exists v € X such that Hv = w. As (2.11) and (2.12), we
may write

(2.16) nl;rr;o o(fan, Sx,) = o(w,w),

and

(2.17) nl;rrgo o (Syn, gv) = nl;rr;o o(fan,gv) = o(w, gv).
By (2.1),

ﬁ(U(fxnng)) < B(A(xm V)) - O‘(A(xm V))v
where
A(zy,v) = max{o(Szy,, Hv),o(fxn, Sty),0(Hv,gv),0(fx,, HV),o(Sxy, gv)}.
Due to (2.16) and (2.17),

(2.18) nll)rrgo Azp,v) = max{o(w,w), oc(w,w),o(w, gv), o(w,w),oc(w, gv)}

= o(w, gv).
By (2.17) and (2.18),
Blo(w, gv)) < Blo(w,gv)) — alo(w, gv)).

This gives that a(o(w,gr)) = 0, hence o(w,gv)) = 0. So Hv = gv = w. The
w-compatibility of (f,S) together with fk = Sk implies that

fw= fSk=Sfk = Sw.
We shall prove that fw = Sw = w. We have

Blo(fw,w)) = Blo(fw,gv)) < BA(w,v)) — a(A(w,v)),



422 M.A. Barakat and H.M. Aydi

where
Alw,v) = max{o(Sw,Hv),o(fw,Sw),c(Hv,gv),o(fw, Hv),o(Sw,gv)}
= max{o(fw,w),o(fw, fw),c(w,w),c(fw,w),o(fw,w)}
= o(fw,w).
Then

Blo(fw,gv)) < Bo(fw,gv)) — alo(fw, gv)).

This implies that a(o(fw,w)) = 0, that is, o(fw,w) = 0, so fw = w = Sw.
Again the w-compatibility condition of (g, H) and the fact that gv = Hv imply
that gw = gHv = Hgr = Hw. Again, using (2.1),

Blo(w, gw)) = Blo(fk,gw)) < B(A(k,w)) — a(A(k, w)),
where
Alk,w) = max{o(Sk, Hw),o(fk,Sk),c(Hw,gw),c(fk, Hk),c(Sk, gk)}
= max{o(w, gw), o(w,w), oc(gw, gw), o(w, gw), oc(w, gw)}
= o(w,gw).

Then
ﬁ(U(wvgw)) = ﬁ(U(fkvgw)) < ﬁ(U(wvgw)) - O‘(U(wvgw))v
hence, a(o(w, gw)) = 0. Thus o(w, gw) =0, so w = gw = Hw.
Finally, we shall show that w is unique. Consider that A = fA =g\ = S\ = HA.
From (2.1),

Blo(w,N) = Blo(fw,g)) < B(A(w, N)) — a(A(w,w)).

Since
Alw,A) = max{o(Sw, H\),o(fw, Sw),c(H, g\),o(fw, HX\),o(Sw, g\)}
= max{o(w,\),o(w,w),c(\A),c(w,\),o(w, A)}
= o(w,\),
we get

ﬁ(U(wv )‘)) = B(U(fwv g)‘)) < B(U(wv )‘)) - O‘(U(wv )‘))
Therefore, a(o(w,\)) = 0, that is, o(w,\) = 0, hence w = A. The proof is com-
pleted. O

Example 2.3. Take A =1[0,1]. Consider the quasi-partial metric on A defined by
o(e,d) =|c—d|+c.
Given f,g,H,S : A — A as
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It is clear that fA C HA, gA C SA and the pairs (f,S) and (g, H) satisfy the
(CLRsp)-property. Take B(t) = 8t and a(t) = t. We will prove that (2.1) holds.
First,

1
(2.19) Blo(fe gd)) = B(lfc — gd| + fe) = B(gd) = d.
Moreover,
Ale,d) = max{o(Sc, Hd),o(fc,Sc),0(Hd, gd),o(fc, Hd),o(Sc, gd)}
1 1 1 1.1 1 1 1
= max {0(505 gd)v U(Oa 56)7 U(gda gd)v U(Oa gd)a(gcv §d>}
1 1 1 13 1 1 1 1
= max{|—c—§d|+§c,§c,ﬂ ,gd,|§c—§d|+§c}
Case 1. Let A(c,d) = 33d. We obtain
13 13 91
(2:20) B(A(e,d)) — a(Ale,d) = d - 22d = Srd > d = B(o(fe,gd)).
3 24 24
Case 2. Let A(c,d) = |3c— 3d| + c. We have
1 1 1 1 1 1
BA(e,d) —a(Ale,d)) = 8(l5c—zd+5¢) = (I5¢~ 3dl + 5¢)
1 1 1 13

Case 3. Let A(c,d) = |3c— 3d| + c. We have

B(A(e,d)) — a(A(e,d)) = 8(|§C - §d| + 50) - (|§C - §d| + 50)
(2.22) . 7(|%c - %d| + %c) > 7(%1) > d = Blo(fe, gd).

From (2.20) to (2.21), the condition (2.1) holds. Here, 0 is the unique common
fized point, that is, f0 =¢g0=S0= H0=0.

Example 2.4. Let X =[0,7) and o(x,y) = |z —y| +z for all x,y € X. (X,0) is
a (QPMS). Define (f,S) and (g, H) as two pairs of self-mappings on X, where

[ 0;ze{0}Ul5T) [ 0;2e{0}U[57)
f(‘r)_{ 2 ;x € (0,5), g(“’)_{ 4 ;2 €(0,5)
0;xe {0} 0;xe {0}
S@)=1{ 5.:2€(0,5) H(:v):{ 6 ;xe(0,5)
5 2 € [5,7), x—>5;z€[57).

Also, define B(t) = 8t and a(t) = . Choose {zn} = {0} and {y,} = {5+ 1}.
Then

lim o(f(z,),0) = lim ¢(0, f(z,)) = lim o(S(z,),0) = lim ¢(0,5(z,)) = ¢(0,0) = S(0) = 0.

n—oo n— oo n—oo n—oo
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Also . . .
Jim o(g(yn),0) = lim o(0,9(yx)) = lim o(H(yn),0)
= lim o(0, H(y,)) = o(0,0) = H(0) = 0.
n—oo

Hence the two pairs (f,S) and (g, H) satisfy the (CLRgm)-property. Now, we
will show that the contraction condition (2.1) holds. For this, we distinguish the
following cases.

Case 1. z,y € {0} U[5,7). Here, we have

Blo(fz,9y)) = B(0(0,0)) = 0 < B(A(x,y)) — a(A(z,y)).
Case 2. x € {0} and y € (0,5). We have
Blo(fz,gy)) = B(a(0,4)) = 32.

Also,
Az,y)  =max{o(Sz, Hy),o(fx,Sx),0(Hy,gy),o(fr, Hy),o(Sz,gy)}
= max{c(0,6),0(0,0),0(6,4),0(0,6),0(0,4)}
= max{6,0,8,6,4} = 8.
Hence,

BAGey)) — alA(e, ) = 64— £ > 32= B0z, 99)).

Case 3. x € (0,5) and y € [5,7). We have
Bo(fz,gy)) = B(a(2,0)) = 32.

Moreover,
A(z,y)  =max{o(Sxz, Hy),o(fz,Sz),0(Hy,gy),o(fr, Hy),o0(Sz,gy)}
= max{a(5, Yy — 5)7 0(25 5)7 U(y - 57 O)a 0(27 y— 5)5 0(57 0)}
= max{|10 — y| + 5,5,2y — 10,|7 — y| + 2,10} = 10.
Then

BA(z,y)) — ez, y)) = 79 > 32 = B(o(fx, gy))-
Case 4. x € (0,5) and y = 0. In this case,

Blo(fx,gy)) = B(o(2,0)) = 32.

Then
A(x,y)  =max{o(Sz, Hy),o(fz, Sx),0(Hy, gy),o(fr, Hy),o(Sz,gy)}
= max{c(5,0),0(2,5),0(0,0),0(2,0),0(5,0)}
= max{10,5,0,4,10} = 10,
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that is,
BA(z,y)) — a(A(z,y)) =79 > 32 = B(o(fz,gy))-
Case 5. x,y € (0,5). Here,
Blo(fz,gy)) = B(o(2,4)) = 32.

Also,
A(x,y)  =max{o(Sz, Hy),o(fz,Sx),0(Hy, gy),o(fr, Hy),o(Sz,gy)}
= max{0(5,6),0(2,5),0(6,4),0(2,6),0(5,4)}
= max{6,5,8,6,6} = 8.
Then

BAG, 1) — alA(w,9) = 64— 5 > 32 = (oS, 90).
Case 6. x € [5,7) and y € (0,5). We have
Blo(fz,gy)) = B(0(0,4)) = 32.

Also,
Az,y)  =max{o(Sz, Hy),o(fz,Sz),0(Hy,gy),o(fx,Hy),o0(Sz,gy)}
= max{o(T22,6),0(0, 22), 0(6,4),0(0,6), o (T2, 4))
r+5 r+5 r+5
= max{6, 5 ,8,6,] 5 — 4]+ 5 }=8.
Hence,
4

BA(z,y)) — a(Az,y)) = 64 - = = Blo(fz, gy))-

Therefore, all conditions of Theorem 2.1 are satisfied. So, the mappings f,g, H and
S have a common fixed point, which is 0.

On the other hand, fX ={0,2} ¢ SX = {0} U[5,6) and gX ={0,4} £ HX =
{6}U]0,2). Note that the result of Nazir and Abbas [8] is not applicable because the
hypothesis of containment among ranges of the mappings f, g, S, H in [[8], Theorem
2.1] does not hold here.

Corollary 2.1. Let (X,0) be a (QPMS). Assume that f,S,g,H : X — X werify
all conditions in Lemma 2.1. Suppose, in addition, that the pairs (f,S) and (g,T)
are w-compatible. Then there exists a unique common fized point of f, g, H and S.

Proof. From Lemma 2.1, (f,S) and (g, H) share the (CLRgg)-property. All con-
ditions of Theorem 2.1 are fulfilled. Then exists a unique x € X such that fx =
Sr=gr=Hx=z. 0O
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By taking g(t) = fot n(s)ds in Lemma 2.1 and Theorem 2.1, where 1 : [0,00) —
[0, ) is a Lebesgue-integrable summable mapping such that f0€ n(t)dt > 0 for e > 0,
we state the following.

Corollary 2.2. Let f,S,g and H be self-mappings on a (QPMS) (X, o) such that

o(fz,9y))
(2.23) / n(s)ds < Az,y) — a(A(z. y)),

where A(z,y) = Omax{a(Sac,Hy);a(fw,Sw)J(Hyﬂy)J(fm,Hy);G(Sm,gy)} n(s)ds. Assume that

(f,S) and (g, H) fulfill the (CLRgw)-property. Then fr = Sx = gr = Hzx. Fur-
thermore, if (f,S) and (g,T) are w-compatible, there exists only one point x € X
so that fr =Sz =gx = Hx = z.

Remark 2.1. Corollary 2.2 extends the paper by Vetro et al. [11] from metric
spaces to (QPMS).
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