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Abstract. A star coloring of a graph G is a proper vertex coloring in which every
path on four vertices in G is not bi-colored. The star chromatic number x, (G) of G
is the least number of colors needed to star color G. Let G = (V, E) be a graph with
V=5 USUS3U...US; UT where each S; is a set of all vertices of the same degree
with at least two elements and T =V (G) —J/_, Si. The degree splitting graph DS (G)
is obtained by adding vertices w1, ws,...w; and joining w; to each vertex of S; for
1 <4 <t. The comb product between two graphs G and H, denoted by G H, is a
graph obtained by taking one copy of G and |V (G)| copies of H and grafting the "
copy of H at the vertex o to the i*" vertex of G. In this paper, we give the exact value
of star chromatic number of degree splitting of comb product of complete graph with
complete graph, complete graph with path, complete graph with cycle, complete graph
with star graph, cycle with complete graph, path with complete graph and cycle with
path graph.
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1. Introduction

All graphs in this paper are finite, simple, connected and undirected graph
in [4, 5, 10]. The concept of star chromatic number was introduced by Branko
Grunbaum in 1973. A star coloring [1, 8, 9] of a graph G is a proper vertex coloring
in which every path on four vertices uses at least three distinct colors. Equivalently,
in a star coloring, the induced subgraph formed by the vertices of any two colors
has connected components that are star graph. The star chromatic number y; (G)
of G is the least number of colors needed to star color G.

Guillaume Fertin et al. [8] determined the star chromatic number of trees, cycles,
complete bipartite graphs, outer planar graphs and 2-dimensional grids. They also
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investigated and gave bounds for the star chromatic number of other families of
graphs, such as planar graphs, hypercubes, graphs with bounded treewidth and
cubic graphs and planar graphs with high - girth.

Albertson et al. [1] showed that it is NP-complete to determine whether y; (G) <
3, even when G is a graph that is both planar and bipartite. Coleman et al. [6]
proved that star coloring remains NP-hard problem even on bipartite graphs.

For a given graph G = (V (G), E(G)) with V(G) = S1US2U S3U...S;UT
where each S; is a set of all vertices of the same degree with at least two elements
and T = V(G) — Uzzl S;. The degree splitting graph [11, 12] of G, denoted by
DS(G), is obtained by adding vertices wq, wa, ... w; and joining w; to each vertex
of S; for 1 <i<t¢.

Comb product is also same as the hierarchical product graphs was first intro-
duced by Barriére et al. [3] in 2009. Also, the exact value of metric dimension of
hierarchical product graphs was obtained by Tavakoli et al. in [14]. Let G and H be
two connected graphs. Let o be a vertex of H. The comb product between G and H,
denoted by Gi> H, is a graph obtained by taking one copy of G and |V (G)| copies of
H and grafting the i*" copy of H at the vertex o to the i*" vertex of G. By the defi-
nition of comb product, we can say that V(G H) = {(a,u) | a € V(G),u € V (H)}
and (a,u)(b,v) € E(G> H) whenever a = b and wv € E(H), or ab € E(G) and
u = v = o. Ridho Alfarisi et al. [2] determined the partition dimension of comb
product of path and complete graph and in [7] they also determined the star parti-
tion dimension of comb product of cycle and complete graph. Saputro et al. showed
the metric dimension of comb product of the connected graphs G and H in [13].
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Figure 1: DS(K3> K5)

In this paper, we have given the exact value of star chromatic number of degree
splitting graph of comb product of complete graph with complete graph, complete
graph with path, complete graph with cycle, complete graph with star graph, cycle
with complete graph, path with complete graph and cycle with path graph denoted
by DS(Km > Ky), DS(K,, > BP,), DS(Kp, > Cy), DS(Kp, > K1), DS(Cpy > Ky),
DS(P,, > K,) and DS(Cy, > P,) respectively.

In order to prove our results, we shall make use of the following theorem by
Guillaume et al. [8].

Theorem 1.1. [8] If C,, is a cycle with n > 3 vertices, then

4, when n=235
Xs (Cn) = {

3, otherwise.

Proof. The proof of the theorem can be found in [§]. O
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2. Main Results

In the following subsections, we will find the star chromatic number of degree
splitting graph of comb product of complete with complete graph, complete with
path, complete with cycle, complete with star graph, comb product of cycle with
complete, path with complete and cycle with path graph denoted by DS (K, > K,),
DS (K> Cyp), DS (K> Ky ), DS (Kp > Py), DS (Cpy > K,,), DS (P, > Ky and
DS (Cy, > P,,) respectively. Figure 1 shows an example of degree splitting of comb
product (K3 Kj).

2.1. Star Coloring of Degree Splitting of (K, > K,,)

The comb product between K, and K,, denoted by K,, > K,, has vertex set
V(KnvKy) ={vi;:1<i<m,1<j<n}
and edge set
E(KmDKn) = {Ui,lvi—i-k,l 1< Sm,l < k < m—i}
U{Uiu’vi,j-l-k 1<i<m1<j<n1<k<n-—j}.
Thus
|V (K> K,)| =mn

and
B (K DK”_mn(n—l)-i-m(m—l)
m n - 2 .

Theorem 2.1. Let K,, and K, be two complete graphs of order m,n > 3 and
m < n, then
Xs (DS (K> Ky)) =m+n.

Proof. We have,
V(Knpb Ky) ={v;; :1<i<m,1<j<n}=5US;
where
S’lz{vi,lzlgigm}
and
52:{vi7j:1§i§m,2§j§n}.

To obtain DS (K,,, > K,,) from K,,>K,,, we add two vertices wy and wq correspond-
ing to S1 and Sy respectively. Thus, we get V (DS (K> Ky,)) =V (K> K,) U
{w1,ws}. First we find the upper bound for x, (DS (K, > K,)).

Clearly, m + n colors are needed at least to star color DS (K,, > K,). We now
distinguish n as three cases: For every 1 <i¢ < m,
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Case(i): When n = 3(mod 3).

o (Vigk—2)=1i+j—1,for 1<k<

w|3

o(igk—1)=i+j—1,for 1<k<

o(vigk) =147 —1, for 1§k§g
and
o(w) = o(ws) =m+n

Case(ii): When n = 1(mod 3).

o (Vigk—2)=1+j—1,for 1<k< {gw
o(Wigk—1)=1+j—1,for 1<k< {gJ

o(igk)=1i+7—1,for 1<k< {gJ

and
o(wy) =o(wz2) =m+n

Case(iii): When n = 2(mod 3).

o (Vigk—2)=1+j—1,for 1<k< [g—‘
o(Wigk—1)=1+j—1,for 1<k< {gw

o(igk)=1i+7—1,for 1<k< {gJ

and
o(wy) = o(we) = m+ n.
Thus, the upper bound for the star coloring of (DS (K, > K,,)) < m+n.

Now, we prove the lower bound for s (DS (K., > Ky,)).

Suppose xs (DS (K> Ky)) < m+n. Let xs (DS (K> Ky)) =m+n—1,
then there exists a bicolored path P;. Since {v1;} induce a clique of order n (say
K,,). If we assign the same n colors to the second copy of K, then we get a path
on four vertices between these clique which is bicolored, a contradiction for proper
star coloring. Thus, xs (DS (K, > Ky)) =m+n—1 color is impossible. Therefore,
the lower bound of x; (DS (K, > K,)) > m + n. Thus we get the lower and upper
bound of x; (DS (K, > K,,)). Hence x5 (DS (K, > K,)) = m + n. This completes
the proof of the theorem. [
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2.2. Star Coloring of Degree Splitting of (K, > C),)

A graph K,, > C), has vertex set
V(En>Cp)={v;:1<i<m,1<j<n}
and edge set
|E(Km>Cn)l = {vi1vipg1:1<i<m,1 <k <m—i}
J{vigjviger 1 1<i<m—1,1<j <n—1}{J{vmaivia}-

Thus
|V (K> Cp)| = mn
and
m(m —1) + 2mn

|E (Km > Ch)| = 9

Theorem 2.2. Let K,,, and C,, be two connected graphs of order m > 4 andn > 5,
then
Xs (DS (K> Cp)) =m+ 1.

Proof. We have
V(KmDCn)z{vi,j:1§i§m,1§j§n}=5‘1USg
where
S’lz{vi,lzlgigm}
and
So=A{vi; :1<i<m,2<j<n}.

To obtain DS (K,, > Cy,) from K,,>C,, we add two vertices w; and wy correspond-
ing to S; and S, respectively. Thus we get

V(DS (Kp v Cp)) ={vij:1<i<m,1<j<n}| J{w,wa}.

We first prove the lower bound for the star chromatic number of degree splitting
of comb product of complete graph with cycle. For this, we show that any coloring
with m colors will give us at least one bicolored path of length 4. Since each
{vi1:1<1i<m} is adjacent to wy, it gives a complete graph of order m+1. Thus,
no coloring that uses m colors can be a star coloring. Therefore, the lower bound
of star chromatic number is x, (DS (K, > Cp)) > m + 1.

Now, we prove the upper bound for the star chromatic number of degree splitting
of (K, > Cy). Since the complete graph has the chromatic number m. We assign
the m colors to the mn vertices of the graph K,, > C,, alternatively and we assign
o(w1) = o(we) = m+1. Thus the upper bound of the x; (DS (K> Cyp)) < m—+1.

Thus we get the lower and upper bound of the x, (DS (K, > Cy)). Therefore,

Xs (DS (Kp>Cp)) =m+ 1.
This concludes the proof of the theorem. O
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2.3. Star Coloring of Degree Splitting of (K,,> P,)
A graph K,, > P, has vertex set
V(EnbP,)={vi; :1<i<m,1<j<n}
and edge set
E(Knv>P,) = {vi1vigp1:1<i<m,1<k<m-—i}
U{vijvija:1<i<m,1<j<n—1}.

Thus
|V (K> Pp)| = mn
and
m(m —1)+2m(n—1)

|E (K> Pr)| = 2

Theorem 2.3. Let K,, be a complete graph of order m > 3 and P, be a path
graph of order n > 3 then,

Xs (DS (K> Py)) =m+ 1.
Proof. We have

V(Kman)z{vm:1§i§m,1§j§n}=5’1U5’2U5’3

where
St =A{vi1:1<i<m},
SQZ{Ui)jtlgiSm,2§j§n—l}

and
Sz ={vin:1<i<m}.

To obtain DS (K, > P,) from K,,> P,, we add three vertices wy, wy and ws corre-
sponding to Sy, Sy and S5 respectively. Thus, V (DS (K, > P,)) =V (K> Py) U
{w1, w2, w3}. Now, we assign the following coloring pattern:

Forevery 1 <¢<m
For n = 1(mod 3)

o (vigk—2) =1+ j—1(mod m), for 1<k< {g}
n
o (Vigk—1) =1+ j — 1(mod m), for 1<k< LgJ

o (visk) =147 — 1(mod m), for 1<k< {gJ
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and

o(w) =0 (ws) = o (w3) =m+ 1.
For n = 2(mod 3)

o (Vigk—2) =19+ Jj — I(mod m), for 1 <k< {31

o (visk—1) =1+ 7 — 1(mod m), for 1<k< {g]

o (visk) =147 — 1(mod m), for 1<k< {gJ

and

o(wy) =0 (wg) =0 (wg) =m—+ 1.

For n = 3(mod 3)

o (Vigk—2) =1+ 7j — 1(mod m), for 1 <k<

o (visk—1) =1+ 7 — 1(mod m), for 1<k<

o (Wigk) =1+ — 1(mod m), for 1<k< g
and

o(wy) =0 (wg) =0 (wg) =m—+ 1.

Thus the upper bound of star coloring of degree splitting of (K., > P,) < m + 1.

Now, we prove the lower bound of xs (DS (K, > P,)). Suppose the lower bound
of the

Xs (DS (K> Py)) <m + 1.

That is

We must assign m colors for {v; 1,1 <4 < m} for proper star coloring. Since each
{vi1} is adjacent to wi, it gives a complete graph of order m + 1. Therefore
Xs (DS (K> Py,)) with m colors is impossible. Therefore x5 (DS (K> Pp)) >
m + 1. Hence, xs((DS (K, >P,)) = m + 1. This concludes the proof of the
theorem. O
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2.4. Star Coloring of Degree Splitting of (K, > K )
A graph K,, > K ,, has a vertex set
V(En>Kiy) ={v;:1<i<m,1<j<n}
and edge set
E(Knv>Kin) = {vivitk1:1<i<m-1,1<k<m-—i}
U{Uz’,lvi,j-i-l :1<i<m,1<j<n}.

Thus
|V (K> K1) =mn
and
m(m — 1)+ 2mn

|E (Km > Ki1n)| = 5

Theorem 2.4. Let K., be a complete graph of order m, (m > 3) and K1, be a
star graph with n + 1 vertices (n > 2) then

Xs (DS (Kp > K1) =m+ 1.
Proof. We have
V(KmDKlyn):{viyj:1§i§m,1§j§n}:$’1USQ.

To obtain DS(K,, > K1) from (K, > K1 ), we add two vertices w1 and ws corre-
sponding to S; and S respectively, where

Slz{vi,lzlgigm}

and
So=A{vi; :1<i<m,2<j<n}.

Thus we get
Vv (DS (Km > Kl,n)) =V (Km > Kl,n) U {wl,wg} .

Now we assign the coloring pattern as follows:
For every 1 < i < m, assign i to o(v; 1), and

For 2 < 5 < n assign

2if 1= 1(mod 3)
o(vij) =14 3if i =2(mod 3)
1if i =3(mod 3)

alternatively
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and
o(w) =o(we) =m+ 1.
Thus xs((DS (Km > Ki1,,)) > m+ 1.

Now, we prove the lower bound of x; (DS (K, > K1 ,)). Suppose the lower
bound of the x; (DS (K> Ki,)) < m+ 1. That is x5 (DS (K> K1) = m.
We must assign m colors for {v; 1 : 1 <14 < m} for proper star coloring. Since each
{vi1} is adjacent to wi, it gives a complete graph of order m + 1. Therefore
Xs (DS (K> K1 ,)) with m color is impossible. Therefore x (DS (K, > K1,n)) >
m + 1. Thus we get the lower and upper bound of x, (DS (K., > K1,)). Hence,
Xs (DS (Kp, > K1 5,)) =m+ 1. It concludes the proof of the theorem. [

2.5. Star Coloring of Degree Splitting of (C,, > K)
A graph C), > K,, has vertex set
V(ICn>Ky)=A{v;j:1<i<m,1<j<n}
and edge set
E(CnvrK,) = {vivig11:1<i<m-—1}
U{vm71v171}U{vi7jvi7j+k 1<i<m,1<j<n1<k<n-—j}.

Thus
[V (Cp > Kyp)| =mn

and

mn2 —mn + 2m

|E(Cp > Ky)| = .

Theorem 2.5. Let C,, and K, be two connected graphs of order m > n and
m > 3,n >3, then
Xs (DS (Cpu> Kp)) =m + 1.

Proof. We have
V(ICnbKp)={vi; :1<i<m,1<j<n}=5US
where
S’lz{vi,lzlgigm}

and
So=A{vi; :1<i<m,2<j<n}.

To obtain DS (Cy, > K,,) from Cy, > K,,, we add two vertices w; and wsy correspond-
ing to S7 and Ss respectively. Thus we get V (DS (C,> Ky,)) = V (Cpu > Kj,) U
{w1,ws2}. First we find the upper bound for x, (DS (Cy, > Ky,)).

We define the coloring pattern as follows:
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Forevery 1 <i<mand1<j<n,

o (vij) =147 — 1(mod m)
and also
o(wy) =0 (wy) =m+1.
Thus the upper bound for star chromatic number of (DS (Cy, > K,,)) < m + 1.
Now, we prove the lower bound for xs((DS (Cp, > Ky,)).

Suppose the lower bound of x5 ((DS (Cy, > Kp,)) < m~+1. Let xs((DS (Cy, > K,,)) =
m, then there exist a bicolored path P,. Since {v;;} induce a clique of order n.
If we assign the same n colors to the second copy of the clique, then we get a
path on four vertices between these cliques which is bicolored, a contradiction for
proper star coloring. Thus we obtain xs((DS (Cp, > K,)) = m color is impossi-
ble. It concludes that the lower bound is x((DS (Cp, > K,,)) > m + 1. Therefore,
Xs((DS (Cp > Kp,)) = m + 1. Hence the proof of the theorem. O

2.6. Star Coloring of Degree Splitting of (P, > K,,)
A graph P,, > K, has a vertex set
V(PhoKy)={v;; :1<i<m,1<j<n}
and edge set
E(P,> K, = {viivit11:1<i<m-—1}
U{Uz’,jvi,j-i-k 1<i<m,1<j<n1<k<n-—j}.

Thus
|V (P> Ky)| =mn

and

mn(n —1) +2(m — 1)'

|E (P K,)| = >

Theorem 2.6. Let P,, be a path graph of order m > 4 and K, be a complete
graph with n > 2, then
Xs (DS (P> Kp)) =n+ 2.

Proof. We have
V(PmDKn):{viyjZlSiSm,ZSjSH}:SlLJSQUSg

where
S1 = {Ul,lavm,l}a

52:{’1}1‘7122§i§m—1}
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and
Ss=A{v;; :1<i<m,2<j<n}.

To obtain DS (P, > K,) from P,, > K,, we add three vertices wy, we and ws
corresponding to Sy, Sy and S; respectively. Thus we get V (DS (P, > K,)) =
{vij :1<i<m;1<j<n}U{w,we,ws}. First we find the upper bound for
Xs (DS (P> Ky)). For every 1 <i <m,

For n = 1(mod 3)

0 (Vigk—2) =1+ j —1(mod n+1), for 1 <k< {g}
o (vigk—1) =i+ j—1(mod n+1), for 1<k< [gw -1

o(igk) =i+j—1(mod n+1), for 1 <k< [21_1

and
o(w1) =0 (wz) =0 (ws) =n+ 2.

For n = 2(mod 3)

0 (vigk—2) =1+ 7 — 1(mod n+1), for 1§k§[

w| 3

1
1

oWigk)=1+7—1(mod n+1), for 1<k< [gw_l

0 (vi3k—1) =1+ 7 — 1(mod n+1), for 1§k§{

w3

and
o(w1) =0 (wz) =0 (ws) =n+ 2.

For n = 3(mod 3)

0 (vi3k—2) =1+ 7 — 1(mod n+1), for 1§k§g
o (visk—1) =1+7 — 1(mod n+1), for lgkgg

o(visk) =i+j—1(mod n+1), for 1<k<

w3

and
o(w1) =0 (wz) =0 (wsg) =n+ 2.

Thus xs(DS (P> Kp) < n+2.
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Now, we prove that xs(DS (Ppn > Ky) > n+ 2. Suppose xs(DS (P> K,) <
n+2. That is xs(DS (P, > K,,) = n+ 1. Since {v1;} induce a clique of order n. If
we assign the same n colors to the second copy of the clique, then we get a path on
four vertices between these cliques which is bicolored, a contradiction for proper star
coloring. Thus xs(DS (P, > K,,) > n+ 1. Therefore, xs(DS (P> Ky) =n+ 2.
Hence, there is a another proof to the theorem. [

2.7. Star Coloring of Degree Splitting of (C,, > P,)
A graph C,, > P, has vertex set
V(ICn>P,)={vi;j:1<i<m,1<j<n}
and edge set
E(Cm Dpn) = {Ui,lvi—i-l,l 01 < 7 <m-— 1}
U {vm,1v1,1} U{Ui,jvi,j-i-l 11<i<m,1<j<n-—1}.
Thus
[V (Cp> Py)| = mn
and

|E (Cp > Py)| =m+m(n—1).

Theorem 2.7. Let Cy, be a cycle of length m > 3 and P, be a path of length
n > 3 then,

4,if m =3k, k>1

5, otherwise

Xs (DS (Cr > Py)) :{
Proof. We have
V(ICnbPy)={v;;:1<i<m,2<j<n}=5US2USs
where
Sy ={vi1:1<i<m},
Sy={v;;:1<i<m,2<j<n-1}

and
Sz ={vin:1<i<m}.

To obtain DS (C,, > P,) from C,, > P,, we add three vertices wy, wy and ws
corresponding to Sy, Sz and Ss respectively. Thus we get V (DS (Cp > Py)) =
V (Cp > Pp,) U{wy, ws,ws}. First we find the upper bound for x, (DS (Cy, > Py,)).

The star chromatic number is defined as follows:
Case(i):
Ifm=3k k>1
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For n = 1(mod 3)
o (vigk—2) = i(mod 3), for 1<k< [g]

. n
0 (vi3k—1) =%+ 1(mod 3), for 1<k< LgJ

o (vigr) =1+ 2(mod 3), for 1<k < {gJ

and
o (wy) =0 (wy) = o (ws) =4.

For n = 2(mod 3)
0 (vi,3k—2) = i(mod 3), for 1<k< [5}

. n
0 (vizk—1) =1+ 1(mod 3), for 1<k< {51

o (vi3k) =1+ 2(mod 3), for 1<k< {gJ

and
o (wi) =0 (ws) =0 (w3) = 4.

For n = 3(mod 3)
n
0 (vi,35—2) = i(mod 3), for 1<k< 3

0 (vi3k—1) =1+ 1(mod 3) for 1<k < g

o (vi3k) =1+ 2(mod 3), for 1<k< g

and
o(wy) =0 (wy) = o (ws) =4.

Thus, xs (DS (Cp > Py)) =4 if m =3k, k> 1.

Case(ii)(a): When m =3k + 1, k € N.
We color the 3k vertices of Cy, by o (v;,1) = i(mod 3) and we assign the remains

of one uncolored vertex by 4.

Also, we assign
o (v ;) =i+ j— 1(mod 3).
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and
U(’wl) = 0'(’(1}2) = 0'(’(1}3) = 5.

Case(ii)(b): When m = 3(k — 1) + 2, k € N, here m = 5 is not included. That

ism=3k—-1)+5,k>2.

We color the 3(k — 1) vertices of C,, by 1, 2 and 3 and for the remaining five

vertices assign the color 4, 1, 2, 3, 4.

Also, we assign
o (vi;) =i+ j — 1(mod 3).

and
o(w) =0 (wg) =0 (w3) =5.

Thus, xs (DS (Cpy > Pp)) = 5.

When m = 5, then x, (DS (Cy, > P,,)) = 5. Hence, the theorem is proved. [
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