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Abstract. In this paper, we study the m*"-commutator and anti-commutator involving

generalized derivations on some suitable subsets of rings. We attain the information
about the structure of rings and the behaviour of the generalized derivation in the form
of multiplication by some specific element of the Utumi quotient ring which satisfies
certain differential identities.
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1. Motivation

It was shown by Herstein [10] that if d is a nonzero derivation of R, a prime ring
with a characteristic different from 2 such that [d(z), d(y)] = 0 for all z,y € R, then
R is commutative. Later, Bell and Daif [5] proved that if R is a semiprime ring, 7 is
a nonzero right ideal of R and d is a derivation of R such that [d(x), d(y)] = [z, y] for
all z,y € Z, then T C Z(R). Motivated by the above result, Huang [11] obtained
the commutativity of prime ring R with characteristic different from 2 satisfies
[d(z),d(y)]m = [x,y]", for all z,y € Z, a nonzero ideal of R, where 1 < m,n €
Z*. In [2], Ashraf and Rehman studied anti-commutator involving derivation, i.e.,
d(z) o d(y) = z oy and obtained the same conclusion.

On the other hand, Daif and Bell [7] proved that if R is a semiprime ring and
d is a nonzero derivation of R such that d([z,y]) = [z,y] for all x,y € R, then R is
commutative. In this direction, Ashraf and Rehman [2] discussed the commutativity
of prime ring R whenever R satisfies d(xoy) = zoy for all z,y € Z, a nonzero ideal
of R. In recent years, several algebraist studied various generalizations of above
mentioned identities and obtained the structure of rings and behaviour of derivations
and generalized derivations on rings (see [1, 8, 12, 19, 20, 21] and references therein).
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In this note we shall examine the action of derivations and generalized deriva-
tions having m-th commutator and anti-commutator on prime rings. More pre-
cisely, we study the differential identities which involves both commutator and anti-
commutator on some appropriate subset of rings and obtain the information about
the structure of rings and the behaviour of generalized derivation in the form of
multiplication by some specific element of Utumi quotient ring.

Throughout this note, unless specifically stated, R denotes a prime ring, i.e., for
a,b € R, aRb = (0) implies that either a = 0 or b = 0. A ring R is said to be a
left (right) faithful ring if for a € R, aR = (0) (Ra = (0) resp.) implies a = 0. For
a left faithful ring R, the right Utumi quotient ring of R can be characterized as
the ring U,-(R) (up to isomorphisms fixing R) satisfying the following properties:
(1) R is a subring of U.(R); (2) For each a € U,(R), there exists a dense right
ideal p of R such that ap C R; (3) If a € U, (R) and ap = 0 for some dense right
ideal p of R, then a = 0; (4) For any dense right ideal p of R and for any right
R-module map ¢ : pr — Rg, there exists a € U,(R) such that ¢(z) = ax for all
x € p. Analogously, for a right faithful ring R we may define U;(R) the left Utumi
quotient ring of R in terms of dense left ideals of R. Let R be a left and right
faithful ring. The two-sided Utumi quotient ring & of R is the subring of U,.(R)
defined as follows: U = {z € U,(R)| Az C R for some dense left ideal A of R}. In [6,
Theorem 2], Chuang proved that if R is a prime ring, then each dense right ideal
and U satisfy the same generalized polynomial identities (GPIs) with coefficients in
U. In any case, when R is a prime ring, all we need about U is that (1) R C U;
(2) U is a prime ring; (3) The center of U, denoted by C, is a field which is called
the extended centroid of R. The axiomatic formulations and the properties of this
quotient ring U can be found in [3]. For any x,y € R, the symbol [z,y] and z oy
stands for the commutator xy — yz and anti-commutator xy + yx, respectively. we
set togy =x, xoy1y =x 0oy = xy+ yz, and inductively z o, y = (x 0yp—1 y) 0y
for m > 1. Again we set [z,y]lo = z, [z,y]1 = [z,y] = 2y — yz and inductively
[, Y]lm = [[%,Y]m-1,y] for m > 1. An additive mapping d : R — R is called a
derivation on R if d(zy) = d(z)y + zd(y) holds for all z,y € R. In particular, d is
an inner derivation induced by an element g € R if d(x) = [g, ] holds for all z € R.
An additive mapping F' : R — R is called generalized derivation of R if there exists
a derivation d of R such that F(zxy) = F(x)y + xd(y) for all z,y € R.

2. Main results

We begin our discussion with the following remark as it is very crucial in developing
the proof for our main results.

Remark 2.1. ([4, Lemma 7.1]) Let pM be a left vector space over a division ring
D with dimpM > 2 and T € End(M). If x and Tz are D-dependent for every
x € M, then there exists A € D such that Tx = Az for all x € M.

Now we prove our main results.
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Theorem 2.1. Let 1 < m,n € Z*. Next, let R be a prime ring of characteristic
different from 2, T be a nonzero ideal of R and F' be a nonzero generalized derivation
associated with a derivation d of R. If F([x,y]m) = d(z) oy, d(y) for all z,y € T,
then either R is commutative or d = 0 and there exist a € U such that F(z) = ax

for all x € R.

Proof. By [16, Theorem 3], there exists an element a € U and a derivation d on
U such that F(x) = ax + d(z) for all x € R. In view of our hypothesis, we have
a([x, ylm) + d([z, y]m) = d(z) o, d(y) which is rewritten as

a([z,ylm) + Z(—l)k<7:) > yldy)y |y
k=1 itj=k—1
£ ()
k=0

3
|

¥ (—1)’“(’;‘);/%( ) yrd@)yS)—d(x)ond(y)

k=0 r+s=m—k—1

for all z,y € Z. In the light of Kharchenko’s theory [14], we split our proof into
two cases. Firstly, we assume that d is an U-inner derivation induced by an element
q € U, ie, d(z) = [¢,z] for all z € R, then we have a(z o y) + [¢,2 o Y] =
llg; 2], [g, y]]n for all x,y € Z. By Chuang [6, Theorem 1], the last identity is also
satisfied by U. If ¢ € C, then a(z oy, y) + [¢, 7 0 y] = [[g, 7], [, y]]n reduces to
a(xo,,y) = 0 for all ,y € U. This a polynomial identity and by Lanski[15, Lemma
2], there exists a field F such that & C My (FF), the ring of k x k matrices over a field
F, where k > 1. Moreover, U and M (F) satisfy the same polynomial identity[15,
Lemma 1], i.e., a(z o, y) = 0 for all 2,y € My (F). Now, we assuming x = ejo

and y = es2, we have 0 = aejo which implies that a;; = ag; = 0. Similarly,
assuming r = eg; and y = e;; we can prove that ass = aijp = 0, i.e., a = 0.
Thus in all, a(x o, y) + [¢,2 om y] = [[¢, ], [q,y]]n is a non-trivial generalized

polynomial identity (GPI) as ¢ ¢ C. If the center C of U is infinite, then we have
a(z om y) + (g, 7 om y] = [[g,7],[q,y]]n for all 2,y € U ®¢c C, where C is algebraic
closure of C. Since both ¢ and U ®¢ C are prime and centrally closed [9, Theorem
2.5 and Theorem 3.5], we may replace R by U or U ®¢ C according as C is finite
or infinite. Thus, we may assume that R is centrally closed over C (i.e., RC = R)
which is either finite or algebraically closed and a(xz o, y)+[q, zomy] = [[¢, =], [¢, Y]]
for all z,y € R. By Martindale [17, Theorem 3], RC (and so R) is a primitive ring
having nonzero socle H with C as the associated division ring. Hence, by Jacobson’s
theorem [13, p.75], R is isomorphic to a dense ring of linear transformations of
some vector space V over C and H consists of finite rank linear transformations
in R. If V is finite dimensional over C, then the density of R on V implies that
R =2 M, (C), where m = dimcV .

Suppose that dime¢) > 3 such that v and qv are linearly C-independent for all
v € V. By density of R, there exists u € V such that v,qu and u are linearly
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C-independent and x,y € R such that

=0, xqu=—u, zTzu=v, xqu=0~0
yo=0, yqu=—-v, yu=0, yqu= —u.

Applying density theorem, we see that
0= (a([z,ylm) + [¢: 2] om [0, y] — [ [z, y]a])v = 2w,

a contradiction, as char(R) # 2. Hence, we conclude that {v,qv} is linearly C-
dependent for all v € V. Thus, by Remark 2.1, there exists A € C such that qv = v
for any v € V.

For r € R,v € V, we can write, qu = vA, r(qu) = r(vA), and also ¢(rv) = (rv)A.
Thus 0 = [g, r]v for any v € V, i.e., [¢,r]V = 0. Since V is a left faithful irreducible
R-module, we have [g,7] = 0 for all r € R, i.e., ¢ € Z(R) which gives d = 0 and
hence F(z) = ax for all z € R.

Now suppose that dim¢) < 2. In this case R is a simple GPI-ring with 1 and
so it is a central simple algebra finite dimensional over its center. By Lanski[15,
Lemma 2], it follows that there exists a suitable field F such that R C M., (F)
the ring of m x m matrices over F and moreover, M,, (F) satisfy the same GPI as
R. Assume m > 3, then by the same argument as above we get the conclusion.
Obviously if m = 1, then R is commutative. Thus we may assume that m = 2,
ie.,, R C My(F), where Mo(F) satisfies a([z,y]m) + ¢, 2] om [a,¥] — [g, [, y]n] =
0. Denote by e;; the usual unit matrix with 1 at (¢, j)-entry and zero elsewhere.
By putting * = y = e12 and ¢ = ) gije;; in the above identity and then right

2%
multiplying by ej2, one can easily get (e12q)
m—+1

( 8 QQ%) ) = 0 implies that ga; = 0. Similarly we can get g1 = 0. Thus in
all, we see that ¢ is a diagonal matrix in Ma(F). Let ¢ € Aut(M2(F)). Since
Y(a) (¥ (), v()]m) + [¥(a), ¥(2)] om [(q), ¥(y)] — [¥(q), [(2), ¥(y)]n] = 0, ¥(q)
must be a diagonal matrix in Ms(F). In particular, let ¥(x) = (1 — e;5)x(1 + eij)
for i # j. Then ¥(q) = ¢+ (gii — gj;)€ij, 1-e., ¢ii = q;; for i # j. This implies that ¢
is central in Mo (F), which leads to d = 0. Now lastly, we assume that d is U-outer
derivation, then Z satisfies the polynomial identity

a([z.ylm) + i(—l)k@f) > Yy :vym"“Jri(—l)’f(TZ)ykwym—k

mtle, = 0. It follows easily that

k=1 i+j=k—1 k=0
m—1 m

e S (e T ) e
k=0 r+s=m—k—1

for all z,y,z,w € Z. In particular, if we take x = z = 0, then Z satisfies the

polynomial identity
(=¥ (7;) yrwy™ Tt =0

k=0
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for all y,w € Z. That is, [w,y]m = 0 for all w,y € Z, which can be written as
[Zw(y), ylm—1 = 0 for all w,y € Z, where Z,,(y) is an inner derivation determined by
w. By Lanski [15, Theorem 1], either R is commutative or Z,, = 0 i.e., Z C Z(R)
in which case R is also commutative by Mayne [18, Lemma 3]. O

Theorem 2.2. Let 1 < m,n € ZT. Next, let R be a prime ring of characteristic
different from 2, T be a nonzero ideal of R and F' be a nonzero generalized derivation
associated with a derivation d of R. If F(x op y) = [d(z),d(y)], for all z,y € T,
then either R is commutative or d = 0 and there exists a € U such that F(z) = ax
for all x € R.

Proof. By the given hypothesis and [16, Theorem 3], we have a(z o, y)+d(x0,y) =
[d(x),d(y)], which is rewritten as

a(zomy) + :1 <7;§) m;l vy’ | ay™ T+ é <7Z) yrd(@)y™ "
+ m (Z‘)ykx< > yrd<y>y5> = [d(x). ()l
= r+s=m—k—1

for all z,y € Z. In view of Kharchenko’s theory [14], we divide the proof into two
cases:

Case 1. If d is U-outer, then 7 satisfies the polynomial identity

a(@omy) + 2:: (Z) Yooy ey kZ:O (TZ) yrwy™

k=1 i+j=k—1
m—1

S 1 (VY (D e e
k=0 r+s=m—k—1

for all xz,y,z,w € Z. In particular if we take * = z = 0, then Z satisfies the
polynomial identity

" /m
Z < )ykwymk =0

k
k=0
for all y,w € Z. That is wo,,,y = 0 for all w,y € Z. Using the same argument as used
in Theorem 2.1 and by choosing w = e12, y = e11, we see that w o, y = e12 #0, a
contradiction.

Case 2. If d is U-inner derivation induced by an element g € U, i.e., d(z) = [q, x|
for all x € R, then we have a(z o, y) + [¢, 2 om y] = [[g, 2], [q, y]]n for all z,y € T.
By Chuang [6, Theorem 1], Z and U satisfy same generalized polynomial identities
(GPIs), i.e., a(z opm y) + [g,2 om y] = [[g,],[q,y]]n for all z,y € U. Using the
similar techniques with necessary variations as used in the proof of Theorem 2.1,
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we see that if V is finite dimensional over C, then the density of R on V implies that
R = M, (C), where m = dimeV.

Suppose that dim¢V > 2. Now, we want to show that v and qv are linearly
C-dependent for all v € V. If qv = 0, then {v, qv} is linearly C-dependent. Suppose
on the contrary that v and quv are linearly C-independent for some v € V.

If ¢>v ¢ Spanc{v,qv}, then the set {v,qu,¢?v} is linearly C-independent. Since v
and qu are linearly C-independent, by the density of R, there exist x,y € R such

that
v =v, xqu=>_0, zq?v = 0;
yv =0, yqu=—v, yg*v=0.

When m = n =1, then we see that
0= (a(z om y) + [, om y] — [lg, 7], [¢, Ylln)v = 2qv — 0.
Moreover, when m,n > 1, we have
0 = (a(z om y) + [g, x om y] = [[g, 7], [q, y]]n)v = 2" qu.
In both the cases we get a contradiction as characteristic of R is different from 2.

If ¢>v € Spanc{v, qu}, then ¢*>v = v3 + quvy for some 3,7 € C. By the density
of R, there exist x,y € R such that

v =v, zqv=0;
yv =0, yqu= —v.

For this, first we take m = n =1, we see that
0= (a(zomy) + g, 2 om y] = llg, 2], [g, ylln)v = 2qv — vy — .
Now, when m,n > 1, we have
0= (a(z omy) + g, om y] — [la, 2], [g, ylln)v = 2" qv — 2" Loy,

Using an argument similar to that mentioned above, we get a contradiction in both
cases. So, we conclude that {v, qv} is linearly C-dependent for all v € V. Thus, by
Remark 2.1, there exists A € C such that qu = v for any v € V.

For r € R,v € V, we can write, qu = vA, r(qu) = r(v\), and also g(rv) = (rv)A.
Thus 0 = [g,r]v for any v € V, i.e., [¢,r]V = 0. Since V is a left faithful irreducible
R-module, we have [¢g,7] =0 for all » € R, i.e., ¢ € Z(R) and hence d = 0. This
completes the proof. O

In view of Theorem 2.1 and Theorem 2.2, we can write the following corollaries
(proofs are omitted for sake of brevity)
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Corollary 2.1. Let 1 <m € Z*. Next, let R be a prime ring of a characteristic
different from 2, T be a nonzero ideal of R and d be a derivation of R. If d(x) o,
d(y) =0 for all x,y € I, then either R is commutative or d = 0.

Corollary 2.2. Let 1 < m € Z. Next, let R be a prime ring of a characteristic
different from 2, T be a nonzero ideal of R and d be a derivation of R. If [d(x) o
d(y)]m =0 for all z,y € I, then either R is commutative or d = 0.
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