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Abstract. In the paper we extend and sometimes improve few results on the comparative
growth properties of composite entire or meromorphic functions of [3], [4] and [5] using
m-th generalized ,L*-order and the m-th generalized ,L*-lower order and Wronskians
generated by one of the factors where m and p are any two positive integers.

Keywords: Transcendental entire function, transcendental meromorphic function, com-
position, growth, m-th generalized ,L*-order and the m-th generalized ,L*-lower order,
Wronskian.

1. Introduction, Definitions and Notations

We denote by C a set of all finite complex numbers. Let f be an entire
function defined on C. The maximum modulus function corresponding to the
entire f is defined as M(r, f) = max{)f (z)| Hzl = r}. When f is meromorphic,
M (r, ) cannot be defined as f is not analytic. In this case one may define another
function T (r, f) known as Nevanlinna’s Characteristic function of f, playing the
same role as the maximum modulus function in the following manner:

T(r,f)=N(r,f)+m(r, f),

where the functions N (r, f) and m(r, f) are respectively the enumerative function
and the proximity function corresponding to f. For further details one may see [6].
If f is an entire function, then the Nevanlinna’s Characteristic T (r, f) of f reduces
tom(r, ).

The following definitions are well known:

Definition 1.1. A meromorphic function a = a(z) is called small with respect to f
if T(r,a)=S(r,f).
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Definition 1.2. Letas, ay, ....a be linearly independent meromorphic functions and
small with respect to f. We denote by L(f) = W (ay,a, ....a, f) the Wronskian
determinant of a;, ay, ...., a, f i.e.,

ai do ak f
a, a, a, f
Lh=| : :
© 0 0 sk
a’ a, . . . a’ f®

Definition 1.3. If a € C U {0}, the quantity

1-lims N(raf)
r—>oop T(rr f)
. ...m(raf)

= |Im!0nfw

o(a; f)

is called the Nevanlinna deficiency of the value ‘a’.

From the second fundamental theorem it follows that the set of values

of a € C U {0} for which 6(a; f) > 0 is countable and Y 6(a; f) + 0(o0; f) < 2
a#oo
(cf.[[6],p.43]). If in particular, } 6(a;f)+ 6(co; f) = 2, we say that f has the
a#oo

maximum deficiency sum.

LetL = L (r) be a positive continuous function increasing slowly i.e., L (ar) ~
L(r) as r — oo for every positive constant a. Singh and Barker [9] defined it in the
following way:

Definition 1.4. [9] A positive continuous function L (r) is called a slowly changing
function if for ¢ (> 0),

1 - L (kr)
ke = L(n)

<kf forr>r(e) and

uniformly fork (> 1).

Somasundaram and Thamizharasi [10] introduced the notions of L-order
and L-lower order for entire function where L = L(r) is a positive continuous
function increasing slowly i.e.,L (ar) ~ L (r) asr — oo for every positive constant ‘a’.
The more generalized concept for L-order and L-lower order for the entire function
are L*-order and L*-lower order. Their definitions are as follows:

Definition 1.5. [10] The L*-order p. and the L*-lower order A\ of an entire function
f are defined as

. logP' M (r, . logP' M (r,
pt = lim supg—() and A = lim infg—()
r»e  lOg[ret®] r—eo |og[ret(]
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where log™ x = log (Iog[k‘” x) fork=1,2,3,....and log® x = x.
When f is meromorphic, the above definition reduces to

. logT(r, f
pt = limsup 9T(r f)

. logT(r, f
0T ond At = lim infod T )
r—eo  log[ret] -

r—eo |og [retM]

In the line of Somasundaram and Thamizharasi [10] , for any two positive
integers m and p, Datta and Biswas [2] introduced the following definition:

Definition 1.6. [2] The m-th generalized ,L*-order with rate p denoted by ((';))p%

and the m-th generalized ,L*-lower order with rate p denoted as ((:;A% of an entire

function f are defined in the following way:

. I [m+1] M : f . | [m+1] M : f
Mol = lim sup o9 (. f) and MAY = liminf od (. f) ,
(v) r—e log [rexp[P] L(r)] (®) =% log [rexp[p] L(r)]

where both m and p are positive integers.
When f is meromorphic, it can be easily verified that

. log"™ T (r, f . log™ T (r, f
™oL Jim sup— 0 and ™A = iminf—29 10

O LA log[rexplPlL(n] @7 "=="og [rexpllL ()]

where both m and p are positive integers.

Since the natural extension of a derivative is a differential polynomial, in
this paper we prove our results for a special type of linear differential polynomials
viz. the Wronskians. In the paper we establish some new results depending on the
comparative growth properties of composite entire or meromorphic functions using
m-th generalized ,L*-order with rate p (respectively m-th generalized ,L*-lower
order with rate p) where m and p are any two positive integers and Wronskians
generated by one of the factors which extend and sometimes improve earlier results
of [3], [4] and [5]. We have used the standard notations and definitions in the theory
of entire and meromorphic functions which are available in [6] and [11].

2. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma2.1. [1] If f be meromorphic and g be entire then for all sufficiently large values
ofr,

T(r,9)

T(r,fog)<{l+o(1)} log M (1, 9)

TM(rg),f).
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Lemma2.2. [8]Let f and g be any two entire functions. Then for all r > 0,
1 1 r
> = -M|(- .
T(r,fog)> 3 IogM{BM(4,g)+o(1), f}

Lemma2.3. [7] Let f be a transcendental meromorphic function having the maximum
deficiency sum. Then
T L(1)
lim——~ =1+k—ko(oo; ).
e T(r f) (c0; 7)
Lemma2.4. Let f be a transcendental meromorphic function having the maximum defi-
ciency sum and m and p are any two positive integers.Then the m-th generalized ,L*-order
with rate p (the m-th generalized ,L*-lower order with rate p) of L (f) and that of f are
same.

[m]
Proof. By Lemma 2.3, lim log " T(r1(1)) exists and is equal to 1 for m > 1. Now
I

—co log™T(r,f)

: _ log™ T (1, L(f)
((r;))pt(f) = limsup 0]
r-e log [rexp P L(r)]
im 109 T (L) log!™ T (r, f)
o Jogl™ T (r, ) r—e  log [r explPl L (r)]

(m) L~

(p)pf .

In a similar manner, ™AL = M L
() O () f

This proves the lemma. O

3. Theorems

In this section we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function having the maximum
- : M - _ m
deficiency sum and g be entire such that (p)pg < (p)pf < oo where m, n and p are any
three positive integers . Then
log™ T (r, f +log™H M (r,
— (1 °g) +log 9 _,
e 1og™ T (r L () - K(r giL)

1if explP-IL(M(r, 9)) =
0 {exp[m‘” [r explPl L (r)]a} asr — oo
and for some a < ™ pL°

where K(r, g;L) =
)"
explP- L (M (r, 9)) otherwise.
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Proof. In view of the inequality T (r, g) < log™ M (r, g) and by Lemma 2.1, we get for
all sufficiently large positive numbers of r that

ie, log™T(r, fog)
< (65 + ) (logM (5.9 + expl-I LM (1, )
(3.1) +0(1).

Now from the definition of ((’;))p'g- we obtain for all sufficiently large positive num-
bers of r that

(3.2) log™*M(r, ) < (((';))p'g- + e) [Iog r+explP1L (r)] .

Therefore from (3.1) and in view of (3.2), we get for all sufficiently large positive
numbers of r that

log!™ T (r, f 0 g)
< O+ (Er;;p'; + e) .
(3.3) [exp[”_l] (rexpllL (r))(((?)pbtﬂ) +expl LM, 9))] :

Now from (3.2) and (3.3), it follows for all sufficiently large positive numbers of r
that

log™ T (r, f o g) + log™™ I M (r, 9)

< (g’)‘; Pt + e) [exp[”‘” (rexpllL (r))(((?’))pbtﬂ) +expldL(M(r, 9))]

(3.4) o) + (((r;))plg‘ + e) [Iog r+explP-1L (r)] )

Also in view of Lemma 2.4, we obtain for a sequence of positive numbers of r
tending to infinity that

log™ T (r,L(f)) > (((r;‘))pf(f) - e) log [rexplPl L (1]

ie., log™T(r,L(f)) > (((r:;pk - e) log [r explP] L (r)]

e, 109 9T (1L (1) > [rexpl L0 )

Now from (3.4) and (3.), we get for a sequence of positive numbers of r tending to
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infinity that
log™ T (r, f o g) + log"™* M (r, 9)
log™ M T (r,L(f))
(n) L~ . -1
o(1) + ((p)pg + e) [Iog r+explP-2l L (r)]
log™ ™M T (r,L(f))

(3¢””ﬂ“w“wmmmLUN&#ﬂ+wdmﬂummm>
(3.5) +

hwdﬂuﬂﬁﬁ*)

Since ((’;))p'g- < ((r;))p'; we can choose ¢ (> 0) in such a way that

(3.6) ((r;))p;_ +e< ((r;))p'; —&.

Case I. Let explP- L (M (r, g)) =0 {exp[m‘” [r explPl L (r)]a} asr — oo and for some
(m) L

a < (p)pf .
Asa < ((r;))p'f‘ we can choose ¢ (> 0) in such a way that
(3.7) a< Mok

(p)pf E.

since expl” L (M (r, 9)) = o{exp[m‘” [r explPl L(r)]a} asr — oo we get on using
(3.7) that
explP-1 L (M(r,9))

explm-1l [r explPl L (r)]a
exp[P—l] L(M(r,9))

—0asr— oo

ie., —0asr— .

explm-1 [r exp[P] L (I’)](((r:))P%_E)

Now in view of (3.5), (3.6) and (3.) we get that

log™ T (r, f +log™d M (r,
(3.8) liminf o' ¢ °f) 9 g _,
r—eo log™ T (r,L())

Case I1. If explP- L (M(r, 9)) # o{exp[m‘” [r expl’] L(r)]a} as r — oo and for some

a< E’Bp% then we get from (3.5) for a sequence of positive numbers of r tending to
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infinity that
log™ T (r, f o g) + log™ M (r, 9)
log™ YT (r, L(f))explP- L(M(r, 9))

o(1) + (((';))p'g- + e) [Iog rexplP] L (r)]

[rexpb1L 0] expl1L )

(e30 +€)[exor (rexpld L )6 ) expl- 1L G

(3.9) —
[rexplPl L (r)](W‘ ). el LM (1, )

Now using (3.6), it follows from (3.9) that

log™ T (r, f log™Y M (r,
(3.10) liminf_°9__1 (" T°g)+log g _
= og™ U T (1, L(f)) explP- L (M(r, 9))

Combining (3.8) and (3.10) we obtain that

log™ T (r, f log™H M (r,
liminf 28 (1r, °g)+log 9 _,
e og™ T (1, L(f)) - K(r,g;L)

Lif explP-UL(M(r, 9)) =
0 {exp[”“” [r explPl L (r)]a} asr— oo

and for some a < Mo’

where K(r,g;L) =
Ol

explP- L (M(r, 9)) otherwise.

Thus the theorem is established. O

Theorem 3.2. Let f be a transcendental meromorphic function having the maximum
deficiency sum and g be entire with ((';))p'g- < ((r")‘;/\'; < oo where m, n and p are any three
positive integers. Then

log™ T (r, f log™ m
liminf e (- fog)+log 9 _,
e og™ T (1, L(f)) - K(r, g;L)

1if explP-IL(M(r, 9)) =
0 {exp[m‘” [r explPl L (r)]a} asr — oo
and for some a < MAL

ON
explP- L (M (r, 9)) otherwise.

where K(r, g;L) =
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Theorem 3.3. Let f be a transcendental meromorphic function having the maximum
ici i ML o MHL o m o (m L
deficiency sum and g be entire such that (p)Ag < (p)/\f < (p)pf < oo and (p)pg < o
where m, n and p are any three positive integers. Then
log™ T (r, f + log™id M (r,
lim inf—2 (1 °9)+ log (rg) _
e log™ T (r L () - K(r,g;L)

7

Lif expl-dL(M(r,9)) =
0 {exp[m‘” [r explP] L (r)]a} asr — oo
and for some a < MAL

() f
explP- L (M (r, 9)) otherwise.

where K(r, g;L) =

Theorem 3.4. Let f be a transcendental meromorphic function having the maximum
deficiency sum and g be entire with ((r;))p'g‘ < ((r;))/\'; < ((:;p'; < oo where m, n and p are any
three positive integers. Then
log™ T (r, f o g) + log™ I M (r,
jim 1091 (1. f o g) +log 9 _,

e Jog™ U T (1, L(f))-K(r,g;L)

Lif expl-dL(M(r,9)) =
0 {exp[m‘” [r explP] L (r)]a} asr — oo
and for some a < MAL

()
explP- L (M (r, 9)) otherwise.

where K(r, g;L) =

The proof of Theorem 3.2, Theorem 3.3 and Theorem 3.4 are omitted be-
cause those can be carried out in the line of Theorem 3.1.

Theorem 3.5. Let f a transcendental entire function having maximum deficiency sum
and g be an entire function such that 0 < MAL" < Myl < o0 0 < ML < ((';))p'g- < 00

®" e (?)"
where m, n and p are any three positive integers. Then for every constant A and for any
real number X, -
m
lim log"" T(r,fog)
7 llog™ T (A, L(F))]

1+x

Proof. If x is such that 1 + x < 0, then the theorem is obvious. So we suppose that
1+x>0.

Now in view of Lemma 2.2, we have for all sufficiently large positive numbers
of r that

1 1 r
T(r,fog)> 3 IogM{gM(ng)W(l)/f}

ie., log™MT(r,fog)>o0(1)+log™YMm {%M (2,9) +0(1), f} .
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ie, log™T(r fog)>0(1)+ ((m)/\” - e) [Iog {%M (gg) +0 (1)}

®)
ol e ()

ie., logMT(r,fog)>o0(1)+ ((m)/\f - e) [Iog M (2,9) +0(1)

(r)
ok I ()|

ie., log™T(r, fog)

> o(1)+ (‘{3)\# - e) [exp[”‘l] [(2) explP-1 L (r)]((?)w_s +0(1)
(3.11) +explr1] L(%M (2’9))]

where we choose 0 < ¢ < min {(("‘;))/\%((';)) /\'g-*} .

Also for all sufficiently large positive numbers of r, we get from Lemma 2.4 that
(Er;))ptzf) + 8) log [rA explPl L (rA)]

(Pfet +<)roa [ exalL ()]

IA

log™ T (r4, L(f))

ie, log™T(r%,L(f))

IN

o g (4 L)
(3.12) < (((rs))plf_ . 8)1+X (Iog [rA exp[p] . (rA)])1+x .

Therefore from (3.11) and (3.12) it follows for all sufficiently large positive numbers
of r that
log™ T (r, f o g)

flog™ T (r2, L(f))}

0 (1)+(((r$/\'{ —eiexp[”‘” [(g) explP-1 L (r)]((:’))Ab*_i explP-1 L (%M (g g))]
>

(((r;;f?? T 6)1+X (1og[r explT L (r2)]) "

Thus from the above the theorem follows. [
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Theorem 3.6. Let f be an entire function and g be a transcendental entire function with
0 <ML <ML L0<MpLl <L and Y o(a; f) + 6(co; f) = 2 where m, n
<@ =@ <0l S gPs < oand L 0@ D)+ oleort) = 2 where m,
and p are any three positive integers. Then for every constant A and for any real number X,

log™ T (r, f o g)

|
~={log T (rA, L(g))}"™

The proof of Theorem 3.6 is omitted as it can be carried out in the line of Theorem
3.5.

Theorem 3.7. Let f be transcendental meromorphic having maximum deficiency sum

and g be entire satisfying the conditions that (i) ((r;))p'f- ((';))p'g- are both finite and (ii) ((r;))p'f‘

is positive where m, n and p are any three positive integers. Then for each & € (—o0, ),

{Iog[m] T(r,fo g)}lm
liminf

=" logi T (exp (%), L(T)

(n)

where A > (1 + a) o) p;* .

Proof. If 1+ a < 0, then the theorem is trivial. So we take 1 + a > 0. Now from (3.3)
we obtain for all sufficiently large positive numbers of r that

M L e .

o) + (((:;plg + e) cexplP UL (Mm(r, 9))

ie., {Iog[m] T(r,fo g)}lm

- [oom el ). o) -oo)

(3.13) + (((r;))plf‘ + e) cexplPL(M(r, g))]lm )

Again in view of Lemma 2.4 we have for a sequence of positive numbers of r
tending to infinity and for ¢(> 0) ,

Iog[m] T (exp (I‘A) , L(f)) > (((r;‘))ptzf) - g) log [eXp (rA) exp[P] {L (exp (rA))}]

ie, log™ T (exp(r*),L(f))

@14) = (((r:))p% - e) [rA +explP2 L (exp (rA))] )
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Now let
(((r,;‘;p#* + e) +0(1) = ki, (g;p#‘ = e) cexplPL(M(r,9) = ke,

(0t &) = kaand (ot - cJexpl L (exp () = k.

Then from (3.13), (3.14) and above we get for a sequence of positive numbers of r
tending to infinity that

L 1+a
{log!™ T (r, f o !7)}““ [eXp[n_l] (rexplIL (f))(((”))% ) ki + kz]
<

log™ T (exp (), L(1) kot + ks

{Iog[m] T(r,fo g)}lm

" 10g!™ T (exp (r*), L(f))

i.e

1+a

() L* 1
exp("Hl (r exp[P] L (I’))((P)Pg H)( o ki + © (M L
exp[nfll(rexp[F’] L(r)){(P)Py H]

<
Kar™ + Ky

where kq, ko ks and ky4 are all finite.

Since((“) p;” + e) (1 + a) < A, we obtain from the above

Q)

}1+LY

{Iog[m] T(r,fog)
liminf =
= log™ T (exp (r4), L(f))

where we choose (> 0) in such a way that

. A .
(m) L _(m L
O T+va ()P }

O<ex< min{
This proves the theorem. O

Remark 3.1. The condition A > (1 + a) -

) p'b;’ is essential in Theorem 3.7 as we see in the

following example.

Example3.1. Letf=g=expzm=n=p=1A=1a=0andL(r)= %exp(%)wherel is
any positive real number.
Then
A =pf =2 =ph =1, fog=exp@zand Z 6@ f) + 6(c0; f) = 2.
a#oo
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Also takinga; =1and a; = ... = ax = 0, we get that
la f | |1 expz|_
L(f) = A _‘ 0 expz =eXpz
Now
expr
logT(r,fog) ~ log P -t (r— )
(2r®r)2
= r—%logr+0(l) (r — o0) .
Therefore -
o {Iog[m]T(r,fog)} _r—1logr+o0(1)
liminf =

7

= Jog™ T (exp (), L(f)) r+0(1)
which is contrary to Theorem 3.7.

In the line of Theorem 3.7, the following theorem may be proved and
therefore its proof is omitted:

Theorem 3.8. Let f be transcendental meromorphic with Y 6(a; f) + 6(co; f) = 2and g

a#oo
be entire satisfying the conditions (i) 0 < ™AL < ™oL < oo and (ji) ™ 5 is finite where

ORIOE ®"

m, n and p are any three positive integers. Then for each & € (—o0, 00),

{log!™ T (r, f o g)}lm

Im =
= log™ T (exp (), L(f))

where A > (1 + ) ((';)) [

Theorem 3.9. Let f be meromorphic and g be transcendental entire such that 0 < M AL

(ON

< ((';))p'g- < oo and ((:;p'; < oo Where m, n and p are any three positive integers. Also let

Y. 6(a; g) + 6(c0; g) = 2.Then for each a € (—co0, 0),

afoo

}1+a

{Iog[”‘] T(r,fog)
lim

=0ifA>(1+a)M ot .
r—o0 |Og[n] T (exp (I’A) , L(g)) ( ) Pyg

(r)

Theorem 3.10. Let f be meromorphic and g be transcendental entire with ((r")‘;p'; < oo

and 0 < ((’;))p'g- < oo where m, n and p are any three positive integers. Also let and
Y. 8(a; g) + 0(o0; g) = 2. Then for each & € (—o0, 0),

afoo

}1+a

{Iog[m]T(r, fog)
liminf

=0where A > (1+a)-™ ot .
r>e og T (exp (rA), L(g)) Py

()
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The proof of Theorem 3.9 and Theorem 3.10 are omitted because those can
be carried out in the line of Theorem 3.8 and Theorem 3.7 respectively.

Remark 3.2. Considering f =g=expzm=n=p=1A=1a=0andL(r) = %exp(%)

(n)

for any positive real number |, one can easily verify that the condition A > (1 + @) ) p;* is

essential in Theorem 3.8, Theorem 3.9 and Theorem 3.10.

Theorem 3.11. Let f be a transcendental meromorphic function having maximum defi-
ciency sum and g be an entire function such that ((';))p'; < coand ((r;‘)))\';;g = co where m, n
and p are any three positive integers. Then
log™ T(r, f o g)
=

im———— =
= log™ T(r, L(f))

Proof. Let us suppose that the conclusion of the theorem does not hold.Then we
can find a constant g > 0 such that for a sequence of positive numbers of r tending
to infinity

(3.15) log™ T(r, f o g) < Blog™ T(r, L(f)) .
(n)
(r)

numbers of r and in view of Lemma 2.4

Again from the definition of p:if), it follows that for all sufficiently large positive

log™ T(r, L(f))

IN

(((';))ptzf) + e) log [r expl?l L (r)]
(3.16) ie, log"T(r L(f) < (((';))pk +e)|og [rexp[p] L(r)] )

Thus from (3.15) and (3.16) , we have for a sequence of positive numbers of r tending
to infinity that

log™ T(r, f o 9)

IA

Byt ¢rafrexel o]

[m] . B oL + ¢ )log [rexplP] L (r)
e log"™ T(r, f o g) - ((p) f ) [ ]

" log [rexp["] L(r)] - log [rexp[p] L(r)]
o™ T(r, fog) (m) L
e, | f = 00
v A log [rexplPl L (1)] OMER

This is a contradiction.
This proves the theorem. O

Remark 3.3. Theorem 3.11isalso valid with “limit superior” instead of “limit” if ((FS;A%W = o0
m) L

is replaced by (p)pfm7

= oo and the other conditions remaining the same.
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Corollary 3.1. Under the assumptions of Theorem 3.11 and Remark 3.3,

log™ 2 T(r, f log™ Y T(r, f
lim g T ( Og):oo and limsup g T ( og):oo
e 1og" T (r, L(f)) roe log™ U T(r, L(f))

respectively holds.

Proof. From Theorem 3.11 we obtain for all sufficiently large positive numbers of r
and forK > 1,

log™ T(r,fog) > KlogT(r,L(f))
ie, log™iT(r,fog) > {|Og[n_l]T(r,|-(f))}K,

from which the first part of the corollary follows.
Similarly, using Remark 3.3, we obtain the second part of the corollary. O

Remark 3.4. The condition ((”;;/\gq = oo in Theorem 3.11 and Corollary 3.1 is necessary

which is evident from the following example.

Example3.2. Letf =expz,g=zm=n=p=1andL(r)= % exp(%)where | is any positive
real number. Then

Pt =1<oo, A =1<coand Zé(a; f) + 6(c0; f) = 2.

fog
a#oo
Now taking a; = 1and a; = ... = ax = 0, we obtain that
a f ] |1 expz|_
L(f) = ap |7 ‘ 0 expz |~ Xpz.
Now r
T fog)=T(rL(f))=—.
s
Hence
logT(r,foyg) . _logr+0O(1)
im—— = |lim— =
r—e log T (1, L(f)) r—elogr + O(1)
T(r, f %
and lim- 109 Iim(—) -1,

m

r—oco T(r, L(f)) r—>oo(L)
which is a contradiction.

Remark 3.5. Choosing f =expz,g=zm=n=p=1,L(r) = %exp(%) for any positive real
number | and taking a; = 1 and a, = ... = 3 = 0 in Definition 1.2, one can easily verify that

the condition ((Z;P?og = oo in Remark 3.3 and Corollary 3.1 is essential.
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Theorem 3.12. Let f be a meromorphic function and g be transcendental entire having
the maximum deficiency sum with () pL" < co and (AL’ = oo where m, n and p are any

() ()" fog
three positive integers. Then
log™ T(r, f o g)
im————— =00
== 1og" T(r, L(g))

We omit the proof of Theorem 3.12 because it can be carried out in the line
of Theorem 3.11.

Remark 3.6. Theorem 3.12isalso valid with “limit superior” instead of “limit” if ((FS;A%W = o0

is replaced by ((Z;P%q = oo and the other conditions remaining the same.

In the line of Corollary 3.1, one can easily verify the following corollary:
Corollary 3.2. Under the assumptions of Theorem 3.12 and Remark 3.6,

_log™ ™ T(r, f o g) . logt™ ™ T(r, f 0 g)
lim — =oo and limsup — =00
= Jog™ M T(r, L(g)) o0 log™ M T(r, L(g))

respectively hold.

Remark 3.7. Considering f =expz,g=z,m=n=p=1,L(r) = %exp(%) for any positive

real number | and taking a; = 1 and a, = ... = & = 0 in Definition 1.2, we may establish the
necessity of the conditions ((’;‘;)\goy = coand ((r;;P%og = oo respectively, in Theorem 3.12 Remark

3.6 and Corollary 3.2.

Theorem 3.13. Let f be meromorphic and g be transcendental entire such that ((r;‘))p';

<o00,0<™ Ay < ") p; <coand Y 6(a;g)+6(co;9) = 2 where m, nand p are any
() (v) aoo

three positive integers. Then
@) ifexplP L (M (r,9)) =0 {Iog[”] T(r, L(g))} then

(n L
lim sup log™™ T (r, f o g) ®)F7
r—e0 log!™ T (1, L(9)) + explP-d L (M (r, 9)) ((';))/\'g-

and (b) if log™ T (r,L(g)) = 0 {exp[p‘l] L(M(r, g))} then

lim Iog[m+n] T (r, fo g) B
~<1og" T (r, L(g)) + explPI L (M (r, 9))
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explP-1 L(M(r,g))+O(1) explP-1 L(M(r,g))+O(1)
logM(r,g) - logM(r,g)
for all sufficiently large positive numbers of r that

Proof. Using log [1 + , we obtain from (3.1)

explP-UL(M(r, g9)) + O(1)
log M(r, )

log"™ T (r, f o g) < (((';))p% + e) log M (r, 9) [1 +

i.e.,
log"™ M T (r, f 0 g) < log (((r;;ﬁ + e) +log® M (r, g)

explP- L (M(r, 9)) + O(1)

+log |1+ logM (1, 9)
ie.,
log!™ ™ T (r, f 0 g) < log (((:;p'; + e) +log®@M(r, g)
explP-IL(M(r, 9)) + O(1)
logM(r, 9)
ie.,

log™ T (r,foyg)<
explP-1 L (M(r,9)) + O(1) + log M (r, g) - log ((('Bp% + e)
log M (r, ) - log® M (r, 9)

log®' M (r, 9) |1 +

expl> 1L (M(r.))+O(1)+1og M(r.g) g (7)p} +¢)
]D[ log™ M(r,9)
k=1

from the above for all sufficiently large positive numbers of r that

Further using log (1 +x) ~ x for x = we get

log™ ™ T (r, f o g) < log™™ I M(r, 9)

expl1L (M (5,9)) + O1) + log M (1 9) - Tog (g} +¢)

+log |1+ -
[11logM M (r, 9)
k=1

ie.,
T, gl 0]
expl I L(M(r,9)) + O() + IogM (1, 9) - Tog (7ot + ¢]
(3.17) + ’

ﬁ log® M (r, 9)
kel
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Again in view of Lemma 2.4, we get from the definition of L*—lower order for all
sufficiently large positive numbers of r that

log™ T (r, L(g)) > ((“) AL e) log [rexplPl L (n)]

O
ie., log™T(r,L(g) > (((';))/\'g- - e) log [r explPl L (r)]
ie., log"T(r,L(g)) > (?;))/\'g' - e) log [r explPl L (r)]
log™ T (r, L(9))

i.e., log [r exp[p] L(r)] <
((n) AL — 8)

() 7

Hence from (3.17) and (3.), it follows for all sufficiently large positive numbers of

r that o
n) L* .
(p)pg +é&

|Og[m+n] T (r, fo g) < W . |Og[n] T (rr L(g))

()"
explIL(M(r,9) + O +1ogM (1, 9) - log (7o} +¢)

+ n
11 Iog[k] M (r, 9)
k=1

logi™™ T (r,fog)

log" T (r, L(9)) + explP T L(M (1, 9))

n) L X
® "¢ log™ T (1, L(9))

R 1og™ T (r, L(g) + explT L (M (1, 9))

explP L(M(r, 9)) + O(1) + log M (r, 9) - log (g?;p#’ + f)

+ n
(log! T (r, L(9)) + explP L (M (r, 9))) - T log¥ M (1, )
k=1

i)

i log™ ™ T (r, f o g) ((';,))Ab*‘f

T og" T (r, L(g)) + explP L (M(r,g) T q 4 2Rl ILM()
log™™ T(r,L(5))

O(1)+log M(r,g)'log(((':;pf +£)
explP-11L(M(r,g))

+ .
logt™ T(r,L(g)) n [K]
[1 + explr-2] L(M(I’,ﬂ))] . k1;[1 log™ M (r’ g)

(3.18)
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since explPIL(M(r,9)) = 0 {Iog[”] T(r, L(g))} asr — oo and ¢ (> 0), is arbitrary we
obtain from (3.18) that

logi™™M T (r, f o g) ((r;))p ]
(3.19) lim sup ’ < .
e logi™ T (1, L(9)) + explP L (M (r, 9)) ‘(’5;\;*

Again if logi" T (r, L(g)) = 0 {exp["‘l] L(M(r, g))} then from (3.18) we get that

log™ ™ T (r, f o g)

3.20 l ]
(3.20) SRlog T (1,L(g) + expl L (M (1, )

Thus from (3.19) and (3.20) the theorem is established. [

In the line of Theorem 3.13 the following theorem may be proved and
therefore its proof is omitted:

Theorem 3.14. Let f be meromorphic with ((:;p'; < oo and g be transcendental entire
such that either 0 < (’;))p'g-” <ooor0< (';) Ay < oo holds where m, n and p are any three

positive integers. Further let )’ 6(a; g) + 6 (c0; g) = 2. Then
a#oo
@) ifexplPL(M(r,9)) =0 {Iog[”] T(r, L(g))} then

lim inf log™ T (1, f 0 9)
== log™ T (1, L(g)) + expl L (M (r,9))

and (b) if log!™ T (r, L(4)) = 0 {exp["‘l] L(M(r, g))} then

lim inf log™™T(r, f o ) _
= log™ T (r, L(g)) + expl LM (1, 9))

Remark 3.8. The equality sign in Theorem 3.13 and Theorem 3.14 cannot be removed as
we see in the following example:

Example33. Letf=g=expzm=n=p=1andL(r)= %exp(%) where | is any positive
real number.Then

AV =pf =AY =ph =1, fog=exp?zand Z(S(a; f) + 6(c0; f) = 2.

aFoo

Also choosinga; = 1and a; = ... = a = 0, it follows that
|a f | |1 expz|_
L(f) = a, |7 ‘ 0 expz |~ eXpz.
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Now
Thfog ~ —bo (r>w), Ty =~
(2m3r)2 n
and M(r,g) = expr.
So
L(M(r,g)) = L(ex r)—lex 1
)= PT) =7 &P expr/’
Hence

2
liminf—1°9 1(o9)
e log T (1, L(g)) + L(M(r, 7))
. log® T(r,foyg)
limsu
FaPTog T (1, L(9) + LM (1, ))
log [r - 3logr+ O(l)]

limsup =
r—co Iogr+O(1)+%exp( 1 )

expr
Now we state the following three theorems without their proofs as those
can be carried out in the line of Theorem 3.13 and Theorem 3.14;

Theorem 3.15. Let f be transcendental meromorphic with the maximum deficiency sum

and g be entire with 0 < ((r;))/lk < ((r;))p§ < oo and ((';))p'g- < oo where m, n and p are any
three positive integers. Then

@) ifexplP-L(M(r,9)) =0 {Iog[m] T(r L(f))} then

(n L
limsup log™ ™ T (r, f o ) OUG
e log™ T (r L(1) + explP LM (r,9)) ~ (DAY

and (b) if log™ T (r, L(f)) = 0 {exp[p‘l] L(M(r, g))} then

i |Og[m+n] T(r,fog) ~
r~e g™ T (r,L(f)) + exp[p‘l] L(M(r, 9))

Theorem 3.16. Let f be transcendental meromorphic with the maximum deficiency sum
and g be entire such that 0 < ((’;))p% < oo and ((';))p'g- < co where m, n and p are any three
positive integers. Then
(a) if explP~T L (M (1, 9)) = o{log™ T (1, L(f))} then
(n L
log™™ T (r, f Py
lim inf ML VALY) ©)

r=e o™ T (r, L(f)) + explP L (M (r, 9)) ~ ((r;))pk
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and (b) if log™ T (r, L(f)) = 0 {exp[p‘l] L(M(r, g))} then

fming log"™ ™ T (r, f o g) .
imi _
r=e 1og™ T (1, L(f)) + explP- L (M (1, 9))

Theorem 3.17. Let f be transcendental meromorphic with the maximum deficiency sum
and g be entire with 0 < ™AL < ML < o and M AL < co where m, n and p are an

4 O R O L O pareany
three positive integers. Then

@) ifexplP L (M (r,9)) =0 {Iog[m] T(r, L(f))} then

(n) AL*
lim inf log!™™ T (r, f o g) ()"
== og™ T (1, L(F) + explP T L (M (r. ) (AT

and (b) if log™ T (r, L(f)) = 0 {exp[p‘l] L(M(r, g))} then

liminf log ™ T (1, f o g) =0
= 1og™ T (r, L(f)) + explP- L (M (1, 9))

Remark 3.9. Taking f =g=expzm=n=p=1L() = %exp(%) for any positive real
number | and taking a; = 1 and a, = ... = 3 = 0 in Definition 1.2, one can easily verify that
the equality sign in Theorem 3.15, Theorem 3.16 and Theorem 3.17 cannot be removed

Theorem 3.18. Let f be transcendental entire and g be an entire function such that 0 <

((r;)))& < ((r;;pk < o0, ((’;))p; > 0and Y 6(a; f) + 6(co; f) = 2 where m, n and p are any

a#oo
three positive integers. Then
(n L
. log™ ™ T (1, f o g) ()7
limsup T - : T
r—eo log™ T (r, L(f)) + expl? ]L(EM(Q,g)) (p)pf

Proof. Now from (3.), we have for all sufficiently large positive numbers of r that
[m] (m) L Ta(r
log™ T(r,fog)>0(1)+|, A; —¢]|log{=M(—,g|+0(1)
(r) g \4
[p-1] (1 ([ ))]
+exp L 8M 4,g
ie.,

log™ T (r,fog)>0(1)+ (((r;;/\% - e)

a3+t o1 )

)
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i.e.,
log™ T (r, fog)> (((m;/lk - e) logM (gg)

oM (t19)+ o0 1 + i) + oL (M (5.9)
log M (%,g)

i.e.,

log"™* Y T (r, f 0 g) > log¥ M (£,9)+

| {'OQM(a,g)wxp[p TL(EM(5,9)) +o
(0]
’ explP-1] L(%M (g,g)) -logM (ﬁ,g) }

ie.,
log™ T (r, f 0 g) > logi? M (gg)
121 r logM(§,g)+explP-L(2M(%,g))+0(1)
log™" M (4’!]) + Iog{ explPIL(1M(,9))logM(L,9)
log” M (%, 9)

ie.,

log™A T (r, fog)>log[3]M( ,g)

——

@Ip(r log M(5,9)+expl" 1l L(3M(5.9))+o()
log™“M (4/9) +log explP-IL(1M(L,9))logM(L,9)

b TL (1M (3,9))-fog M (.

e., log™™MT(r, f o g) > log"™* M (%,g)+

(n) L

Py 1 r
fmp)u— expl 1L (M (3.9)
O
m L _ .
3 ()pg € [p—l] 1 r
log |exp 7«“) e exp L(éM(Z’g))

®)Ff
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o oo () ol 11 (o 1.)) s
logln-11 M(Z,y)ﬂog{... Iog{ eoxplp1] L( 1 M(‘_rvg)).k,g M(%,_q)
exp[p_l] L(% M(Zr,y))'|09[n71] M(%,g)

log™ M(%,9)+log

+log

0N (.2)

ie., log™™MT(r,fog)>log™!Mm (%,g)+

(n L
Py —€
© exp“‘q'-(ihﬂ(ﬁfgn

[o] [n-1] L g)+log]..... o] IOgM(Zr’g)HXP[p_l] L(%M(Zr’y))+0(1)]]
log M(4 9) logy...... I g{ exp[p—l] L(%M(Zr,y))logM(Zr,y)
exp[p’l] L( % M(‘—E,g))-log[”—l] M( i ,_q)

log™ M(£,7)+log

+log

™ e,
exp{[((,:g;i,ﬂ ].exp[p-l] L(3 M(g,g))}.mg[n] M(%.9)
()"

and later

log™™ T (r, f 0 g) > log!"* M (gg) +

) L _ .

Now from the above it follows for a sequence of positive numbers of r tending to
infinity that

10g™"1T (5, 0 9) = ({1 ot ¢ og | g explIL (7))

M L _ .

Pr — €

In view of Lemma 2.4, we get for all sufficiently large positive numbers of r that

log™ T (r, L(f)) < (((r;‘))pt(f) + g) log [r explPl L (r)]

which further implies
log™ T (r, L(f))
(3.21) < (((';))p% + e) log [3 explF] L(%)] +log 4.
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Hence from (3.21) and (3.21), it follows for a sequence of positive numbers of r
tending to infinity that

(n) L
e, log™MT(r,fog) > ((:])) pe (Iog[m]T(r,L(f))—Iog4)
()"
(n L p
®’ 011y (Lag(T
Loy 2o (MG
()" f
ie., IOg[m+n]T(r,fog)
(n) L
g
(p) log™ T (r, L(f)) + exp[P-2 L (EM (ig))]
™, . |_ +e 8 4
Ok
(n L
® ~
oo Iog4
0P e

Finally,

log™™ T (r, f o g)
log"™ T (1, L(f)) + explP L (1M (£, 7))
(n) P —¢
) oL ik é)log4
©" ~° (M%ﬂ
((m))p'; +e Iog[m]T(r L(f)) + expl-1] L(% (— g))

Since ¢ (> 0) is arbitrary, it follows from above that

(DN

i log™ ™ T (1, f 0 9) O
Irrn—>soo P [m] -0 (tm(c (m) L

log"™ T (r, L(f)) + exp L (8 ( g)) 0P

This proves the theorem. O

In the line of Theorem 3.18, the following two theorems may be proved and
therefore their proofs are omitted:

Theorem 3.19. Let f be transcendental entire and g be an entire function with 0 < mHL

()

<00, WAL > 0and Y 8(a; f) + 6(co; f) = 2 where m, n and p are any three positive
a#oo

O
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integers. Then

(n)AL*

li |0g[m+n] T(I’, fo g) N (p) g
Imsup > .

e log™ T (r, L(1) + expl I L (EM(5,9)) T (AT

Theorem 3.20. Let f be transcendental entire having the maximum deficiency sum and
g be an entire function such that 0 < ™AL < ™pl" < co and M AL > 0 wherem, nand p

®"f =@ ORG

are any three positive integers. Then

(n) /\L*

liminf log™™ T (r, f o g) O
imi N .

T e T ()

Now we state the following two theorems without their proofs as those can be
carried out in the line of Theorem 3.18 and Theorem 3.20:

Theorem 3.21. Let f be an entire function with ™AL > 0 and g be transcendental entire

ON

such that either 0 < ((';))A'g- <ooor0< ((';))p'g- < oo holds where m, n and p are any three
positive integers. Further let Y 6(a; g) + 6(c0; g) = 2. Then

a#oo

log™M T (r, f
limsu g (rfog)

p >1.
oo log™ T (r, L(g)) + exp[P-21 L (%M (%,g))

Theorem 3.22. Let f be an entire and g be a transcendental entire function with ML

() f
0,0< ((';))/\'g- < ((';))p'g- < coand Y 8(a;g) + 6(co; g) = 2 where m, n and p are any three
a#oo
positive integers. Then
(N 4L
iminf log"™™ T (r, f o g) (p)/\g
—00 [m] -1 1 r M
== 1og™ T (1, L(g)) + explP L (§M (4, 9)) )P
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