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ON CONVEXITY FOR ENERGY DECAY RATES OF A VISCOELASTIC WAVE
EQUATION WITH A DYNAMIC BOUNDARY AND NONLINEAR DELAY

TERM *

Mohamed FERHAT and Ali HAKEM

Abstract. In this paper, we are interested in the study of the initial boundary value
problem for a system of viscoelastic wave equations in a bounded domain with dynamic
boundary conditions related to the Kelvin Voigt damping and nonlinear delay term
acting on the boundary. At first, the global existence of solutions is discussed using
the potential well method and introducing suitable energy and Lyapunov functionals to
establish general decay estimates for the energy.
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1. Introduction

In this paper, we consider the following wave equation with dynamic boundary

conditions:

(1.1)

t
Ui — AU — aAug — f g(t—s)Au(s)ds = |ulPu,
0

in Qx(0,+c),
u=0, on T'p X (0, +00),

t
Ut = —a[%(x, t) + 6%(x, t) - f g(t— s)Au(s)g—le(x, s)ds
0

+u1p(ue(X, 1) + pap(ue(x, t = 1))],
on Iy x(0,+c0)

u(x, 0) = up(x), ug(x,0) = us(x), x€Q,
ur(x, t—1) = fo(x, t— 1), on Iy X (0, +c0),

where u = u(x,t),t > 0, x € Q, A denotes the Laplacian operator with respect to
the x variable, Q) is a regular and bounded domain of R", (n > 1), dQ = I'; U Ty,
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I''NTy =@ and % denotes the unit outer normal derivative, u; and p are positive
constants. Moreover, T > 0 represents the time delay and ug, u;, fy are given
functions belonging to suitable spaces that will be explicated later. This type
of problems arises (for example) in the modeling of longitudinal vibrations in a
homogeneous bar on which there are viscous effects. The term Au; indicates that
the stress is proportional not only to the strain, but also to the strain rate. See
[5]. This type of problem without delay (i.e y; = 0), has been considered by
many authors during the past decades and many results have been obtained (see
[2,4,6,7,14,37,38]).

The main difficulty of the problem considered is related to the non-ordinary
boundary conditions defined on I';. Very little attention has been paid to this
type of boundary conditions. We mention a few particular results in the one
dimensional without delay term for a linear damping (m=1)and g = 0[15,17]. From
the mathematical point of view, these problems do not neglect acceleration terms
on the boundary. Such types of boundary conditions are usually called dynamic
boundary conditions. They are not only important from the theoretical point of
view but also arise in several physical applications. For instance in one space
dimension, problem (1.1) can modelize the dynamic evolution of a viscoelastic rod
that is fixed at one end and has a tip mass attached to its free end. The dynamic
boundary conditions represent the Newton’s law for the attached mass (see [4,
1, 6] for more details), which arise when we consider the transverse motion of a
flexible membrane whose boundary may be affected by the vibrations only in a
region. Also, some of them, as in problem (1.1), appear when we assume that there
is an exterior domain of R® in which homogeneous fluid is at rest except for sound
waves. Each point of the boundary is subjected to small normal displacements into
the obstacle (see [2] for more details). Among the early results dealing with the
dynamic boundary conditions are those of Grobbelaar-Van Dalsen [7,8] in which
the author has made contributions to this field and in [14] the authors have studied
the following problem:

Ug — AU+ AUy = uPP~tu, in Qx(0,+0c0),

u=0, on T X (0,+00),
U = —a (2206 1) + 0520 1) + alud ™ Lue(x, 1),
(1.2) on Ty x(0,+c0),

u(x, 0) = up(x), ug(x,0) = uz(x), x€Q,
ur(x, t—1) = fo(X, t— 1), on Iy x(0, +0),

and they have obtained several results concerning local existence which extended
to the global existence by using stable sets. The authors have also obtained the
energy decay and the blow up of the solutions for initial energy positive.

It is widely known that delay effects, which arise in many practical problems,
result from some instabilities. The authors in [11-13] showed that a small delay
in a boundary control turns a well-behaved hyperbolic system into a wild one
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which, in turn, becomes a source of instability. They also proved that the energy is
exponentially stable under the condition

(13) 2 < 1.

Recently, inspired by the works of Nicaise and C. Pignotti [10], Sthéphan Gherbi
and Said el Houari [15] considered the following problem in a bounded domain:

Ug — Au—aAug =0, in Qx(0,+c),
u=0, on Ty Xx(0,+00),
U = —a[2(x, 1) + a G2 (x,1)
+u1Ue(X, 1)) + pa(ue(x, t—1))] on Ty X (0, +0)
u(x, 0) = up(x), ug(x,0) = uy(x), xe€Q,
ui(x, t — 1) = fo(x, t—1), on Ty x(0,+c),

(1.4)

with a very particular restriction on h(uy), where they applied the Faedo-Galerkin
method combined with the fixed point theorem and showed the existence and
uniqueness of a local in time solution. Under some restrictions on the initial data,
the solution continues to exist globally in time. On the other hand, they proved that,
if the interior source dominates the boundary damping, the solution is unbounded
and grows as an exponential function. In addition, they showed that, in the absence
of the strong damping, the solution ceases to exist and blows up in finite time.

Motivated by the previous works, in the present paper we investigate problem
(1.1) in which we generalize the results obtained in [16], supposing new conditions
with which the global existence and stability are assured, by using the stable
sets method to prove the existence result and introducing a suitable Lyapunov
functional which helps us to prove energy decay rates.

The content of this paper is organized as follows. In Section 2, we provide
assumptions that will be used later, state and prove the existence result in Theorem
3.1. In Section 4, we prove stability result that is given in Theorem 4.1.

2. Preliminary Results

In this section, we present some material in the proof of our main result. For the
relaxation function g we assume

(A1) g : R* — R* is a bounded C! function satisfying
g(0) >0, 1- f gs)ds =1<1, ¢'(t) < -&(H)g(t),
0

(A2) ¥ : R = R is a nondecreasing function of the class C*(R) such that there
exist e (sufficiently small), ¢;, ¢, a1, a2 > 0 and a convex and increasing function
H : R* — R* of the class C*(R,) N C?(]0, oo[) satisfying H(0) = 0, and H linear on
[0,e1] or (H'(0) = 0and H” > 0 on [0, €1]), such that



70 M. Ferhat and A. Hakem

(2.1) clsl < [P(s) < cols| if [s| > e,
(2.2) P2S) S H M sY(s)) if sl <ey,
(2.3) a1sY(s) < G(s) < azsy(s),
where

G(s) = fo Y(ndr,

(A3)
oy < aplg.

We will also be using the embedding
H3(Q) — LP(Q), Hj(T1) < LP(T'y),
and Poincaré’s inequality. The same embedding constant c¢s will be used.

As in [10] we choose C such that

1-— —
Jetmw) o azz
a1 a

(2.4)

Lemma2.1. (Sobolev-Poincaré inequality). Let2 < p < % The inequality
lullp< csllVull, - for u € Hg(Q)

holds with some positive constant cs.

Lemma2.2. [28]. Forany g € C!and ¢ € H}(0, T), we have

t

t
[ [oe-sppaxas=-3 3 [(goqo)(t)+ | g(s)ds||qo||§]—g(t)||(pn§ + (g op)),
Q 0

0

where

t
(g0)(t) = fo g(t—s) fQ lp(s) — p(t)|%dxds.
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Lemma2.3. [28]. For u € H}(Q), we have

t 2
2.5) fQ ( fo g(t—s)(u(t)—u(s))ds) dx < (1 — )c2(govu)(t),

where

t
(@ov0 = [ gtt-9) [ o) - uopPoxes,

and cZ is the Poincaré constant and | is given in (A;).

3. Global existence and energy decay results

In this section, we will prove the global existence and general decay results. For
this reason, we introduce a new variable z as in [11],

z(X, k,t) = ug(x,t— k), xeTIi, ke(0,1),

which implies that
tzi(X, Kk, t) + (X, k,t) =0, in T;x(0,1)x (0, ).

Therefore, problem (1.1) is equivalent to

t
Uit — AU — aAU; + f g(t—s)Au(s)ds = |ulPtu,

0
in Qx(0,+c0),
u=0, on T X (0,+00),

t
U = _a[%(x,t)m%t(x,t)— f g(t—s)Au(s)%(x, s)ds.
0

+[L111P(Ut(x, t)) + MZI,Z}(ZK(X/ 1, t))]
on Iy x(0,+c)
T7Z¢(X, K, t) + ze(X, k,t) =0, in T'1x(0,1)x(0,00),
z(x,k,0) = fo(x, —7K), Xx€Q,
u(x, 0) = up(x), ug(x,0) = ur(x), xe€Q,
ux,t)=0, xely t=0.

(3.1)

Remark 3.1. For reasons of simplicity, we take a = 1 in (3.1).
Remark 3.2. By the mean value theorem for integrals and the monotonicity of ¢, we find

G(s) = j{; P(r)dr < sy(s).

Then, a; < ap < 1.
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Now inspired by [10, 28, 32], we define the energy functional related to problem
(3.1) by

t
E(t) = 3llucOI; + 3llueOl5 -, + 3(g0Vu)(R) + 3 ( f (S)dS)IIVU(t)Ili-

(3.2)
sz f Galy, k, dkdy.

Lemma3.1. Let (u,z) be the solution of (3.1) then, the energy equation satisfies

E/() < 300V~ J9OITUOIE - (11— £  pas) [ w@p(u(O)
(3.3) :
~(Sas - a1 =) | 201,001 1, 0)dy - SV (O

Proof. By multiplying the first and second equation in (3.1) by u¢(t), and integrating

the first equation over Q, and the second equation over I';, using the Green’s
formula, we get

& [31ue@I2 + Sue®IZ -, + HIVU)IE + 6lIVur®IZ - S llu@p ]
e, - [ fo ot~ VU Vur(icc+ [ et 1, Oy

We multiply the third equation in (3.1) by ¢z and integrate overI'; X (0,1) to obtain

1
Lk, t))dkd
0y fr 1 fo 2ap(2(y, k, B)dkdy

(3.4)

< f G(z(y, k, t))dkdy
I

& fr [G(z(y, 1, ©))dy — G(z(y, 0, t))1dy

then

1
6o g [ [ ook =-2 [ cegL oL [ e
r; Jo T Jr, T Jr,

From (3.4), (3.6) and Young’s inequality we get

t t
E(t)+ #1—% ffUth(Ut)dVdS'*‘EffG(Z(%llt))dVds
Iy

(3.7) +ils f fr ue(z(y, 1, 1))dyds = f (7/0Vu)(s)ds
fg(s)||Vu(s)||§ds+6f||Vut(s)||2ds—E(0)

Let us denote G* to be the conjugate of the convex function G, ie., G*(s) = sup,p_(st-
G(t)). Then G* is the Legendre transform of G, which is given by (see Arnold [4],
p.61 — 62)

(3.8) G'(s) =8(G)}(s) - GIG) *(9)], Vs = 0,
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and satisfies the following inequality
(3.9) st < G*(s) + G(t), Vs, t=>0.
Then, from the definition of G, we get
G'(s) = sy™'(5) — G(Y(s)).

Hence
(3.10) G, L0) = 207,109y, 10)- 6@y, 1,1)

(1 - al)z(% 1/ t)’jb(z()// l/ t))
Making use of (3.7), (3.9) and (3.10), we have

IAN I

E@®<- (#1 - %Z)‘fr ug(ug)dy — % ﬁ G(z(y,1,t))dy
—3(g’oVu)(t) — 3g(®)IIVu()lI2 - ol Vu(t)II3
+uz | (G(up) + G*(z(y, 1, 1)))dy
(3.11) 1 T a1 )
< 3(g"oVu)(t) — z9®OIIVu®)l3

= % - paa) [ wOprey
— (51 - pa(1 - a)) f 2(x, 1, OP(z(x, 1, ))dy — | Vur (D)2
Iy
This ends the proof. O

Now we are in a position to state the local existence result to problem (3.1), which
can be established by combining arguments of [9, 10, 28, 29].

Theorem 3.1. Letuo € H (Q), up € L*(Q), fo € L*(T'1 (0, 1)). Suppose that (A1) — (As)
hold. Then the problem (3.1) admits a unique weak solution satisfying

uel™((o,T) H%O(Q)), ug € L((0,T); H%O(Q)) NL®((0, T); LATy)),
Uy € L¥((0, T); LA(€2)) N L=((0, T); L*(I'w)).

Now we will prove that the solution obtained above is global and bounded in time.
For this purpose, let us define

t
I(t)=(1— fo g(S)dS)IIVUIE+(90VU)(t)—IIUII211

(3.12) !
o fr 1 fo G(z(y, k, 3))dkdy,
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t
m=wmwhﬂbfﬂW%WﬁDJW3
0

(3.13) 1
i f f G(z(y, k 3))dkdy,
I, Jo
where
(3.14) E(t) = J(t) + %llut(t)llé + %Hut(t)”g.rr

Lemma3.2. . Suppose that (Ao) — (A1) and (2.4) hold. Let (u, z) be the solution of the
problem (3.1). Assume further that 1(0) > 0 and

(3.15)

(zg’ ) E(O))T <1

Then I(t) >O0forallt>0.

Proof. Since 1(0) > 0, then there exists (by continuity of u(t)) T* < T such that
(3.16) I(t) >0,

for all t € [0, T*]. From (3.12) and (3.13) we have

i . .
M = g6 (1— f g(S)dS)IIVu||2+(90VU)(t)

> +2‘§’pjl)[ f fr G(z(x, k, t))dkdy | + L7 1(t)
(3.17) > prfl)( f g(s)ds)lIVu||2+(g0Vu)(t)

+ g |C f fr 1 G(Z(%k,t))dkdy]

2
> 2LVl

Thus by (3.7),(3.17), we deduce

t
N[Vl _@—fmm%W@
0

2(p+1)
G- £
E(0), Vt € [0, T*].

A

(3.18)

IN

2(p+1)
(p-1)

IA
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Exploiting Lemma 2.1,(3.15), we obtain

p+1 p+1 p+1

llull 5

p+1

C p-1

IVl Ivull?
p-1

¢t 12(p+1) 2
- (F=57EO) 7 HIvullZ

< al[[Vul?2

t
(1 —](; g(s)ds)lqullg, Yte [0, T].

IN

(3.19)

INIA

A

Hence
t 1
l(t)z(l— f g(s)ds)nwn%+(goVu)(t)—||u||g:1+c f f G(z(y, k, t)dkdy > 0,
0 0 Iy

Vt € [0, T*]. Repeating this procedure and using the fact that

" (2(p+1)
I T

We can take T* = T. This completes the proof. O

E(u(t)))T <a<l.

4.  Asymptotic behavior

In this section, we prove the energy decay result by constructing a suitable Lya-
punov functional.

Now we define the following functional

(4.1) L(t) = ME(t) + e(t) + eq(t) + el (t),
where
4.2) qb(t):Luutdx+]r‘l uudy,

t
(4.3) (p(t):—Lutfo g(t—s)(u(t) — u(s))dsdx,
and

1

— -2kt

(4.4) I(t) = ]r‘lfo e G (z(x, k, t))dkdy.

We also need the following lemma



76 M. Ferhat and A. Hakem

Lemma4.l. Let (u,z) be a solution of problem (3.1). Then there exists two positive
constants Aq1,A, such that

(4.5) ME() < L(t) < A,E(t), t>0,

for M sufficiently large.

Proof. Thanks to the Holder and Young’s inequalities, lemma 2.1 and using the fact
that ||ullor, < B||Vull2, we have

5) 601 < <l + 7wl + wedIVUE + wBIVuE,
t
o® = |- [ u [ o= 9 - uesix
Q 0
t 2
w < otz 4 [ ( [ ote- 900 - uones) o
t

< %(IlutH% +(1- |)C§f0 g(t=9)[[Vu(t) —VU(S)IlgdS)

< 4 (w2 + (€ = DeX(goVu)(®),
and it follows from (4.4) that V¢ > 0

1
e = ‘ e 2"G(z(x, k, s))dkdy‘
LI

1
< ¢ f f G(z(x, k, 3))dkdy.
I, Jo

Hence, combining (4.6)-(4.8). This yields

IL(®) = ME@®)] = ed(t) + p(t) + €l (1)
< (& +5) lud? + (ew + €B?) [Vul2

4, !
(4.9) + s ludBy +c f f G(z(x, k, t))dkdy
1‘1 0
+ L5 (govu)(b).
Where 2
e e ) , e (-1
Cl_(5+§)’ cg—(ea)+eB), C3_E, Cq = 2 ’
(4.10) IL(t) — ME(t)] < csE(t),

where cs = max(cy, Cy, C3,C4). Thus, from the definition of E(t) and selecting M
sufficiently large,

(4.11) B2E(t) < L(t) < B1E(Y).
Where 51 = (M —€cs), f2 = (M + ecs). This completes the proof. O
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Lemma4.2. Let (u,z) be the solution of (3.1). Then it holds

%gf)(t) <e ((1+|)(1—|)2+(H1+H2)QC§BZ _ 1) IIVullg
(4.12) S (govu)(t) + €52 ||1,l}(z(x 1, O)2 + et Il + llullZ

p+l
+e(f:—; + 1) uell2  uell2 + € 21y Ul

Proof. We take the derivative of ¢(t). It follows from (4.2) that

(4.13) G0 = f UrudX + f Uudy + [lugll3 + lludll3 -,
Q Q

using the problem (3.1), then we have

t
SO = lludli3 + lluell3, r, — IVull3 + f f g(t- S)VU(S)Vu(t)dsdx

(4.14)
“p [ (a1, 0000 - s f YUy + =l

we estimate the fourth term in the right hand side of (4.14) as follows

t
A Vu(t) ](; g(t —s)Vu(s)dsdx

2

t
FIVul2 + 3 L(fo g(t—s)(IVu(s) — Vu(®)| + [Vu(t)l)ds | dx

1+(L+A)(1-1) 1+4)a-1
LA gy o EDED Gog) (),

(4.15)

IN

IN

for the fifth and sixth term in (4.14), Holder and Young’s and trace operator in-
equalities to get

1
(4.16) | f P(uudy| < ac?B?||Vulf3 + Elltk(ut)lli_n,
Iy
and
(4.17) | f P(z(x, 1, t))udl 1| < ac?B?||Vull5 + %Hg{/(z(x, 1, )5
Iy

LetA = ﬁ in (4.14) and using (4.16), (4.17), then (4.14) becomes

gt (1) < e((1+I)(1—I)2+(y1+yz)ac382 _ 1)”Vu”2
(4.18) G (govu)(t) + e ||¢(z(x 1O + ezt lull; + llul?
+e(% + 1) el Huel3 + e 52 (Ul .,

This completes the proof. O
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Lemma4.3. Let (u, z) be the solution of (3.1). Then ¢(t) satisfies

2p
dot) < a (1 +2(1 - 1)? + ¢ (FEQ) )||Vu||g

2
+allud + pallp oI, + Z22 (—g'oVu)(t)

(4.19) ) (2(a +1)+ c§) (goVu)(t)

4o

s -2 [ 9100,
Iy

Proof. Now taking the derivatives of ¢(t), and using the problem (3.1), we obtain

t
¢ == v fo gt - H(u) — u(s))dsclx

t
—futf g’ (t—s)(u(t) — u(s))dsdx
Q " 0
_ 2
( fo g(s)ds) fQ ugdx
t
:fVu(t) (f g(t—s)(Vu(t)—Vu(s))ds) dx
e t 0 t
(4.20) - fQ ( fo g(t—s)Vu(s)ds) ( fo g(t—s)(Vu(t)—Vu(s))ds) dx
t
—f|u|"‘lu(f g(t—s)u(t)—u(s)ds)dx
Q 0

t
+ fQ p(u(D) fo g(t = $)(u(t) - u(s))dsdx
+ fQ u2p(z(x, 1, 1)) f; g(t —s)(u(t) — u(s))dsdx

t t
— T+ — _ _ 2
fQ Ut ](; g’ (t = s)(u(t) — u(s))dsdx ( fo g(s)ds) fQ ugdx.

Next we will estimate the right hand side of (4.20), using Holder, Young’s inequal-
ities and (A;) to have

t
(4.21) fQ VU( fo g(t—S)(VU(t)—Vu(s))ds)dx

< afIVull? + S (govu)(b),
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t t
—f (f g(t—s)Vusds) (f g(t—s)(Vu(t)—Vu(s))ds) dx
Q 0 . 0 )
_ 2
SQL(L g(t s)(qu(t)lzds) dx

t
+§f0fog(t—s)wu(t)—Vu(S)lds

t 2
(4.22) <a f ( f g(t—s)(IVu(t)—Vu(s)I+|Vu(t)|)ds) dx
Q 0

t t
1 _ _ _ 2
+2 (fo g(t s)ds)fgﬁg(t s)(|VuZ(t)| Vu(s)|“dsdx
t
saf(f g(t—s)qu(t)—Vu(s)lds) dx
Q 0

+2a(1 - 1IVu() + 7= (1 - I)(goVu)(t)
< 2a(1 - VUl + (2 + £) (1 - D(goVu)(p).
Employing Young’s inequality, lemma 2.1, we have

t
flulp_lu(f g(t—s)(u(t)—u(s))ds)dsdx
Q 0 5
(-
Safglul dx+40(‘fQ [)g(t s)(u(t) — u(s))ds | dx,

using lemma 2.1 to obtain

and

2
dx

(4.23)

E(0)\?
(4.24) f u?Pdx < ¢2°|Vul2” < cip(ﬁT()) [Vul2.
Q

By inserting (4.24) in (4.23), we get

t
(4.25) fQ ulP~ (fg g(t—s)(u(t) - u(S))ds) dsdx
< act? (52)7 Ivulg + P2 govu,

where g is positive, continuous and g(0) > 0, for any to, we have

t to
(4.26) f g(s)ds > f g(s)ds = go, Vt>to,
0 0

then we use (4.26) to get

t t
'(t — — _ 2
(4.27) L Ut L g'(t = s)(u(t) — u(s))dsdx (fo g(S)dS) L ugdx

0 2
< allud + 295 (—g'ovu)(®) - gollud3,

79
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and "
) - f g ) [ gle=9)u - u)isix
< il IRy, + L8 (rovu)(h),
and ¢
‘— f u2v(2(x,1,1) f g(t—s)(u(t)—u(s))dsdy‘
(4.29) ( ~ ) 2
< 12 f Y2(z(x, 1, 0)dy + L2 (govu(t).

A substitution of (4.21)-(4.29) into (4.20) ylelds

(1) < a(1+2(1 - 1) + PER)@) vul

—(g0 — a)llutll? + pally(ullz I,
+22(1 = )(2(a + 1) + c2)(goVu)(t)

+c2(1 = )2, IPZ(Z(X/ 1,0)dy.

+20% oVu)(t)

(4.30)

O

As in [10], the derivative of (4.4) can be estimated as follows

-2t

(4.31) %I(t)s—Zl(t)—e f G(z(y,l,t))dy+% f G(z(y, 0, t))dy.

I I

Theorem 4.1. Let (A1) —(A4) holds and let ug € H%O(Q), u; € L2(Q), fo € L?2(I'1 % (0, 1))
be given. Suppose that (2.4) holds. Then the solution of the problem (3.1) is global and
bounded in time. Furthermore, we have the following decay estimates:

E(t) < wiH Y (wot + w3), Yt>0,

where

1
(4.32) Hi(t) = ft %(S)ds

Proof. . First, we prove T = oo. It is sufficient to show that I||Vu||§ is bounded
independently of t. We have from (3.13) and (3.14)

EQ) = E®M) = 3llud?+ludi;, +30
> 2||ut||2+||ut||2rl (253) QIVUIR)
> ||Vul2.

Therefore
(4.33) IVul3 < BE(0).
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where g is a positive constant which depends only on p, so we obtain the global
existence result.
Hence we conclude from lemma 4.2, lemma 4.3 and 4.31 that

L0 < (e(H22 (2(a + 1) + 2 + 1)) (90Vu)(®)
~(e(@-a-@-n22+@+ I»))) IVul2
= (66" (52) = ua + pdaciB2) VUl

+ 557 TS — e(go — & = 1)lludli2 — MO Vur i

—Mc, ]; ugp(uy)dy — Mco fr z(y, 1, 0)Y(z(y, 1, 1))dy

(4.34)
PR, + e (S + 42 Igalr, L I,
-2 | f Gy, k O)dkdy — e* [ Glaty, 1, 1)dy
I, Jo ZT I,
M eg(0)c?)
¢ [ om0+ - L) o
T

cu
+e( 2oy 1)||ut||2r

Using the fact that
ludl3r, < clVul3,

and adding and subtracting the following term Me ||ut|| |n the right hand side of
(4.34), we get

L0 < (e(H22 (26 + 1) + 2 + 1)) (90Vu)(®)
—(e(@-a—@=n22+@+1)))Ivul}
— (e (BE2) - (u1 + po)ac?B?) | |Vu||2

+57IT — (g0 — a = D)llueli2 = MeluelZ,
e (M(caar + £2)) I )llZ -, — (M (6 —8)+ 22) IVudl2
(435 e (2L +@-12) I, L),

re (2 1 Mc) fr 2(y, 1, 0¢(2(y, 1, ))dy

1
—2¢ f f e G(z(y, k, t))dkdy
Iy

+ (4 - <22) (g ovuyy

. Choosing carefully € to be sufficiently small and M sufficiently large and putting

M eg(0)c) _
(E T g |70 >0,

ba(1—1) 1-1))
(—Za (2(a+1)+c§ + T)) =m >0,
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Q-a-1-D2Q+@+1)-c® (@) —(u1 + yz)acgsz) =1 >0,

(go—a—l):q3>0,

(M(5—3)+Cﬂ):n4>o,
aT

2) 4
(4.35) takes the form
dL(t
(4.36) % < —0OeE(t) + e%(goVu)(t) + ec||1,b(ut)||§_rl,

where 6 is a positive constant. Setting

0 €
Al:_e/ /\ZZTIL/ /\3:€C,

pe 2
the last inequality becomes

oL

(4.37) i~

< —ME(t) + A2(goVu)() + Asllg(ull3
. Multiplying the last inequality by &(t), we get

EHEY < —EMOE) + AEO@0VU)D) + AsE®IPUIZ,,
~MEWDE) — A2£(0(7 0VU)(t) + AP (uDlZ,,
~MEME() — ' () + AsEDIPUIIR .,

. We consider the following partition on I'y

(4.38)

ININ A

Tu={yelpylul>€}, Tur={yelul<e),
. Itis clear that F = L(t) + c£(t)E(t) is equivalent to E(t). Then
(4.39) F (1) < —AEME®) + AsE@IPulEy, Yt >t
. From (2.1) and (2.2), it follows that
(4.40) [Y(u)lPdy < f utllg(uol3dy < - ().
rlz rlZ

1. Case 1l
H is linear then, according to (A;),

cilsl < [Y() < cylsl, Vs,

and so

P2(s) < C,8U(s), Vs
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H is linear on [0, €']. In this case one can easily check that there exists y'l >0,
such that [(s)| < ;| for all |s| < €', and thus

(4.41) lp(udlRdy < 1, f U Uy < —,E V),

Fll rll

. Using (4.40), (4.41) and the fact that &' < 0,, it is clear that 9 = L(t)&(t) +
c(u + y’l)E is equivalent to E(t). Then from (4.39) it produces

t
¢ &(s)d t
(4.42) E(t) < ce fo e = H;* (f E(S)ds).
0

2. Case 2

H'(0)=0andH"” > 0on [0, €] since H is convex and increasing, and H™! is concave
and increasing. By Jensen’s inequality

[Y(ulPdy < frH_l(Uth(Ut)dV)

ITy]H™? (ﬁ Utl/)(Ut)dV)
cHY(=C'E (1)),

(4.43) fe

IN A

. Then, using (2.1), (3.3), we get

frl Y (uy)*dy fru It,l}(ut)|2dy+fFlz I (up)dy
-1
(4.44) fruH Uep(Ug)dy + fr Up(udy

1

[CiolH! (ﬁ UtBD(Ut)dV) + ];u g (up)dy
cHH(—C'E' (1)) — c&(®)p;E (V),
. Itis clear that F = L(t) + cu1E(t) is equivalent to E(t). Therefore, (4.39) becomes

IA

IA

IA

(4.45) F () < M EME() + cHY(-CE (1)), Vt> to.
. Let us denote by H* the conjugate function of the convex function H, i.e,

(4.46) H* = sup(st — H(t)).

teR,
Then H* is the Legendre transform of H which satisfies the following inequality
(4.47) st<H"+H(t), Vs t>0,

and
(4.48) H* = s(H)™(s) — H[(H)™%(s)], Vs > 0,
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. The relation (4.48) and the fact that H'(0) = 0 and (H') ™%, H are increasing functions
yield
(4.49) H'(s) <s(H)™(s), VYs>0,

. Using the fact that E' <0, H" > 0, H” > 0, we derive ¢y > 0 small enough and we
find that the functional F; defined by

(4.50) F1(t) = H'(eoE(®)F(t) + c3E(D),
satisfies for some v, v, > 0

(4.51) viF1(t) < E(t) < voF4 (),

. Taking the derivative of (4.50)

Fy () €oE (H" (€oE(t))(H' (€oE(D)F(t) + c3E(1))

H' (eoE(D))(L (1) + cpaE (1)) + caE (t)

—MEEMH (eoE(1))

GH' (eoE(t))HH(—C'E (1)) + GCE (1)

~MEMEMH’(eoE () + GH*(H' (eoE ()

—GE(DE (1) + caE (1) ,

—MEMEMH (e0E(t)) + eoCaE(DE(L)(H (0E(1)))

GE(DE (1) + c3E (D)

—CE(H2E(H),

where Hy(t) = tH'(eot). We can easily observe from lemma 4.1 and 2.1 that L(t)is
equivalent to E(t), so F1(t) is also equivalent to E(t). By the fact that H; is increasing

we obtain
(4.53) Fy(t) < —CE(t)HF4(t), VE > 0.

Noting that H; = 7%, we infer from (4.53)

(4.52)

IN T IAN + IN+ N+

(4.54) [Fr()H1(F1(1)] > E&(t), Vt > 0.

A simple integration over (0,t) yields
t
(4.59) Hu(F(0) > ¢ [ £(0)ds + Hu(FL0)
0
. Exploiting the fact that H.* is decreasing, we infer

t
(4.56) Fi(t) < H;! (e f &(s)ds + Hl(Fl(O))),
0

. The equivalence of L, F; and E yields the estimate

t
(4.57) E(t)(t) < H;* (6 f &(s)ds + Hl(Fl(O))).
0

This completes the proof. O
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Remark 4.1. Our work is based on some manipulations in [10,32] and our Lyapunov func-
tional is different from the one used in [32]. This work can be viewed as a continuation of
the works of S. Messaoudi and M. Mustafa [32].
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