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Abstract. In this paper, we study semilinear stochastic evolution equations with semi-
monotone nonlinearity and multiplicative noise in L? spaces for 2 < p < co. We do not
impose any coercivity or Lipschitz condition on the nonlinear part of equations. We
prove the existence, uniqueness and measurability of the mild solutions. The proofs of
the existence and uniqueness are based on a version of the It type inequality which is
stronger than analogous inequalities.
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1. Introduction

Stochastic evolution equations (SEE’s for short) describe the evolution in time
of the stochastic phenomena and use to model dynamical systems with random ef-
fects such as problems arising in biology, chemistry, quantum mechanics, statistical
physics, economics, etc. There are two approaches in the study of nonlinear SEE’s.
The first which is called the variational method, considers Hilbert space valued
solutions in the framework of Gelfand triple under certain monotonicity and coer-
civity conditions on coefficients; see e.g., [20], [26] and [27]. The second approach,
the one adopted in this paper, is the semigroup method in which we use the tools
of semigroup theory to study mild solutions of semilinear SEE’s. This approach
gives a unified treatment of a wide class of parabolic, hyperbolic and functional
stochastic partial differential equations. Furthermore, its advantage over the varia-
tional method is in that one does not require the coercivity condition. In semigroup
method, one usually investigate existence, uniqueness and stability of mild solutions
of semilinear SEE’s under standard Lipshitz-type assumptions on coefficients. The
Hilbert space theory of this case has been studied by many authors; see e.g., [8]
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and references therein. Brzezniak extended a number of results of the same type to
martingale type 2-spaces [3], [4]. van Neerven, Veraar and Weis studied stochastic
equations in the setting of UMD Banach spaces [23].

On the other hand, some authors use semigroup method to study more gen-
eral semilinear SEE’s with (semi)monotone nonlinear drift instead of Lipschitz one.
This approach has first followed by Browder [2] and Kato [18] for deterministic
monotone-type semilinear evolution equations. Zangeneh [33, 35] applied this ap-
proach to prove the existence and uniqueness of mild solutions of monotone-type
semilinear SEE’s with multiplicative noise and studied [34] the measurability of
mild solutions of these equations. Following this program, Jahanipur and Zangeneh
[13] studied (sample-path and p-th mean) exponential asymptotic stability of so-
lutions and Jahanipur [14] proved similar stability theorems for stochastic delay
evolution equations. Hamedani and Zangeneh [10] considered a stopped version of
monotone-type equations and obtained the existence, uniqueness and measurability
of the solutions. Using the tools of random fixed point theory, Jahanipur [15, 16, 17]
generalized this approach to study stochastic functional evolution equations. More-
over, Salavati and Zangeneh [28, 30] extended this method to investigate semilinear
SEE’s with Lévy (jump) noise.

In this paper, we consider monotone-type semilinear SEE’s with multiplicative
noise in LP(R), 2 < p < 00, and we prove existence and uniqueness of mild solutions.
Our results are remarkable from two points of view. First, we relax Lipschitz con-
dition on nonlinearity drift to semimonotone one without imposing the coercivity
hypothesis. Furthermore, while all the results for the semilinear SEE’s obtained
under our assumptions, have been restricted to the Hilbert space setting, we study
the problem in the more general case LP(R),2 < p < oo, and therefore we extend
some of the results mentioned above.

We make an iterative method to prove the existence and uniqueness of mild
solutions in r-th moment for » > 2. This method is based on a version of Itd type
inequality. This is a pathwise inequality for powers r > 2 of stochastic convolution
integrals in LP(R),2 < p < oo, and generalizes corresponding inequalities (for ex-
ample, Theorem 2 of [13]). We adopt the same approach as in [15] and we use a
method based on random fixed point theory.

The organization of the paper is as follows. We begin by recalling some prelimi-
nary materials in the Section 2. Section 3 is devoted to prove an Ito type inequality
inequality. In Section 4, we study the measurability of the solutions of the random
integral equation. In Section 5, we introduce the semilinear SEE of monotone-type
and prove the existence and uniqueness of it’s mild solution.

2. Preliminaries

Throughout the paper, (2, F,P) denotes a probability space equipped with a
filtration (F;);>o satisfying the usual conditions, p > 2, T > 0 and r > 2 are
given constants. The conjugate exponent of p will be denoted by ¢ and we will
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simply write LP for LP(R). Moreover, H is a real separable Hilbert space with inner
product (., .)g, E is a real Banach space with dual E*, and L(H, E) stands for
the space of all bounded linear operators from H to E. We recall that the duality
mapping J : E — E* is defined for every z € E by

J(@) ={a" € B : (w,2") = [[a"|* = ||=]* },

in which (z, 2*) is the duality pairing between E and E*. It is well-known that
if E is uniformly convex, then J is single valued and continuous. Also, Wy :=
(WH(t))ie[o,r) denotes an H-cylindrical Brownian motion, i.e., Wx () is a bounded
operator from H to L*(2), for each h € H the process Wih := (Wg (t)h).ejo,r) is
a real Brownian motion, and for all hy, he € H and t1,t2 € [0,T] we have

E(Wg(t1)h1 - Wi (ta)ha) = (61 Ate){h1, ha) -

Furthermore, we assume that A : D(A) C L? — LP is the generator of a Cy-
semigroup (S (t)) 4> Of bounded linear operators satisfying an exponential growth

condition with parameter \ > 0; that is,
IS < et vt >0

If ||S(®)|| <1 for all ¢ > 0, then S(t) is called a contraction semigroup.

2.1. Derivative of LP-norm

Here we calculate the first and second Fréchet derivatives of LP-norm function.
These results are used in the next sections. Let

Wa) = llelz, Ve e LP(R)-

The first and second Fréchet derivatives of h at the point x € LP(R) are defined
as mappings Dh(z) : LP — R and (D?h(z))(y) : LP — R such that for any
y,z € LP,

1 r r
D) = Tim 4 (e + s — el0)
.T L _
= 1 _( t P) . tylP—2 t
i - ([letP)" o [lo s+t

_ _ _ 2 _
= TIIIHL”/III” 2$y:T||I||2p2/||I||Lpp|$|p “xy

rllallz? (y, J (@),

where J(x) is the value at = of the duality mapping of J, and similarly

(2, (D*h(2))(v)) = (2 D(rllz]7:*(y, J (@))))



604 M. Amintorabi and R. Jahanipur

1
= lim- l( |z +tz|7, /|$—|—tz|p72(x—|—t2)y)

tl0
(el / o2y ]

d
= limr (aHx—FtZHTL;p)/|x+tz|p72(:17—|—tz)y

tl0

rep( d _
o+ 22177 (5 / o+ e 2<:c+tz>y)]

= (= p)lal? [ lap s [ ooy
tr(p — V)2l /|x|p 2,

= =)l 5 @), T @)

4rlp = Dl [ a2y

(, (DQh(x))(y)>‘ < r(r=plel2 2l e lyllee + 7 = Dl 22l eyl e

So, by Holder’s inequality

and therefore,
(2.1) ID*(h(x))|| < r(r —1)ll2]|75>

2.2. ~-radonifying operators

Suppose (n)n>1 is a Gaussian sequence; i.e., a sequence of independent real-
valued standard Gaussian random variables. A linear operator R : H — F is called
~-radonifying if for some (and consequently for every) orthonormal basis (hy)n>1
of H, the series > ° | v, Rh,, converges in L*((2, E). We denote by v(H, E) the set
of all y-radonifying operators from H to E. For any R € v(H, F) the norm of R is

defined by
1
o 2\ 3
1l = (B 30 men|)
n=1

Note that || - [|y(#,5) is independent of the orthonormal basis (hy)n>1 for H. En-
dowed with this norm, vy(H, F) is a Banach space. If R € v(H, FE), then R is
bounded and ||R| < [[R[ym,g). If E is also a Hilbert space, then y(H, E) is
isometrically isomorphic to Lo(H, E), where Lo(H, E) denotes the space of all
Hilbert-Schmidt operators from H to E. Specially if E is finite dimensional, then
~v-radonifying norm is the same as operator norm. For more information about
~-radonifying operators and their properties, see [24].
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2.3. It6 formula in UMD Banach spaces

A Banach space F is said to have the unconditional martingale difference prop-
erty, or briefly, F is a UMD space, if for some (equivalently, for all) p € (1, 00) there
exists a real positive constant C' such that

N
E Endp
n=1

for all (£,)2_; € {—1,1}" and every LP-integrable E-valued martingale difference
sequence (dp)n>1. For example every Hilbert space is a UMD space. Also, the
spaces LP(S) for 1 < p < oo and o-finite measure space (5, .4, u) are UMD spaces.
If £ is a UMD Banach space, then it is well-known that for a suitable class of
functions ® : [0,7] x Q@ — v(H, E) the stochastic integral with respect to Wy is
well-defined (see, e.g., [22]).

N

>,

n=1

p

p
E <C VN >1

Let E and F' be two normed linear spaces and h : [0,T] x E — F be a function.
We say that h is of class C12 if h is Fréchet differentiable with respect to the first
variable and twice Fréchet differentiable with respect to the second variable and h,
D1h, Doh and D3h are continuous functions on [0, 7] x 2. Now, we recall the main
result of [6].

Theorem 2.1. (Ité formula) Let E and F be UMD spaces. Assume that h :
[0,T] x E — F is of class C12. Let ® : [0,T] x Q — L(H, E) be an H-strongly
measurable and adapted process which s stochastically integrable with respect to
Wy and assume that the paths of ® belong to L*(0,T;~v(H, E)) almost surely. Let
Y 1 [0,T] x Q — E be strongly measurable and adapted with paths in L*(0,T; E)
almost surely. Let & : Q — E be strongly Fo-measurable. Define ¢ : [0,T]xQ) — E

by
C=§+/O w(s)ds—i—/o O(s)dWg (s):

Then s — Dah(s,((s))®(s) is stochastically integrable and almost surely we have,
for allt € 10,7,

B(0C(0) = h0.C0) = [ Dihs.C)ds + [ Dahis.c(s))w(s)ds
-|-/O Dgh(s,C(s))fb(s)dWH(S)—l—%/o Tr(p(s)(D%h(s,C(s)))d&
Moreover,

(2.2) /O t

ds-

Trag) (D3h(s, ()

ds < /Ot HD%h(s@(s))HH@(s)

2
v(H,E)



606 M. Amintorabi and R. Jahanipur

The following theorem is a maximal inequality for stochastic convolution inte-
grals to which we refer several times in the next sections. we recall it from [25].

Theorem 2.2. Let E be a 2-smooth Banach space and let ® be a progressively
measurable process in y(H, E).If

T
/0 | o)y gyt <00 as.

then the stochastic convolution process X (t) = fg S(t—s)®(s)dWp(s) is well-defined
and has a continuous version. Moreover, for all real positive b there exists a constant
D, depending only on b and E, such that

23 8 s X0 < DE( [ 20 )

We conclude this section by recalling the well-known Burkholder-Davis-Gundy
inequality for stochastic integrals in UMD Banach spaces from [32].

Theorem 2.3. (B.D.G inequality) Let E be a UMD Banach space and ® : [0,T] x
Q — ~v(H, E) be an H-strongly measurable and Fi-adapted process which is scalarly
in LO (Q, L?(0,T; H)) If ® is stochastically integrable with respect to Wy, then for
0 < b < oo we have

b
(2.4) E sup < CpuE[2”,

2 . )
0<t<T L2(0,T;H),E)

/t O(s)dWg(s)
0

where Cp g is a constant depending only on E and p.

3. Ito type inequality

In this section, we prove an It6 type inequality. This is a pathwise inequality
for the norm of the stochastic convolution integral. We use this result to prove the
existence and uniqueness of the mild solutions of stochastic evolution equations.
One of the first attempts to obtain inequalities for the stochastic convolution inte-
grals was the one made by Kotelenez [19], where he considered Hilbert space valued
processes and power r = 2 for stochastic convolution integral. Tubaro [31] extended
this result to exponents r > 2 and Ichikawa [11] proved it for the case 0 < r < 2.
van Neerven [25] and BrzezZniak [5] considered such inequalities for processes with
values in some Banach spaces of special kind (Theorem 2.2).

While all of these inequalities are for moments and involve expectations, we
need a pathwise inequality for studying monotone-type semilinear SEE’s. There
exist several results of this type for Hilbert space valued processes. In particular,
Zangeneh [33] proved a pathwise inequality for the square of the norm of stochastic



Stochastic Evolution Equations with Monotone Nonlinearity in L? Spaces 607

convolution integral in a Hilbert space. Jahanipur and Zangeneh [13] extended
this inequality to the powers r > 2 in a special case that the stochastic convolution
integral is an It0 integral with respect to the Wiener process. Salavati and Zangeneh
[29] proved more general case where integrator is a general martingale.

We adopt the same approach as in [13] to prove a pathwise inequality for powers
r > 2 of the norm of stochastic convolution integral in LP, p > 2. First, we recall
our main assumptions.

Hypothesis 3.1.  (a) Xo is an Fo-measurable random variable.

(b) f:]0,T] x Q@ — LP is strongly measurable and adapted process with paths in
LY(0,T; LP) almost surly and fOTIEHf(t)HTdt < 0.

(¢c) g:[0,T] x Q— L(H,L?) is an H-strongly measurable and adapted process
which is stochastically integrable with respect to Wy, almost every path of g
belong to L?(0,T;~(H, LP)) and fOTEHg(t)ny(H_’LP) < 0.

Theorem 3.2. (Ito type inequality) Let hypotheses 3.1 hold and
t t
X(t) = S(t)Xo +/ S(t—s)f(s)ds +/ S(t—s)g(s)dWr(s), 0<t<T.
0 0

Then for all t € [0,T] we have
XI5, < e™||Xo|[], +7 / NI || X (s)|[7 2 (s), (X (5))ds
t
+r / M= X (5)]| g (s), J(X (5)))dW i (s)

t
rA(t—s r—2 2
(3.1) (e =) [ )] g
where J(X (s)) denotes the value of the duality mapping J at X (s).

It is easy to see that by an appropriate transformation, we may assume that
A =0 (see, e.g., Lemma 1 of [13]). Then according to the Lumer-Phillips theorem,
we have (Ax, J(x)) <0 for each z € D(A).

The main idea of the proof is to approximate X (¢) using the Yosida method.
For each n € N we define the mapping R,, : LP — D(A) by R,, = nR(n, A) where
R(n,A) = (nI — A)~%; hence |R,|| < 1. Let

X(7)l = R, Xy, fn=Rnf, gn = Rng
and define

Xn(t) = S{t)X§ —l—/o S(t — 8)fn(s)ds —l—/o S(t — 8)gn(s)dWg(s)-

Now, we state and prove some lemmas.
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Lemma 3.1. Under the above conditions,

[0 = X0l 2= sp[1X(6) = X(0)], — 0

in L™ as n — oo. Moreover, there exists a subsequence, again denoted by {X,},
such that

dt — 0-

T
B[ IX.01, - IX0l;,

Proof. By Theorem 2.2, we have

B s | [ st 1006 - stonawats)| |
SDE[/OT gu(s) — g(s) i(HprJ y

Since
Hgn(s) - Q(S)H,Y(H’Lp) < HR" - IHHg(S)H»y(H,LP) S 2Hg(s)H’Y(HﬁLT’) @5

by Hypothesis 3.1(c) and the fact that R, — I strongly, the dominated conver-
gence theorem implies

r/2
} — 0.

IE[/OTHgn(S) —g(s)”i(Hpr)
So, .
| [ 8 -5)0ns) - stspawus)  —0 in 1

oo

On the other hand, by Holder’s inequality,

B s | [ St - 8)(fals) — S| ] <778 / ) = F6) s

0<t<T

and the right hand side of the above inequality tends to zero by the dominated
convergence theorem. Hence,

— 0, in L"

o0

H /0' S(t—s)(fals) — f(s))ds

Moreover,
|St)(X5 — Xo)||, < 1X§ = Xollzy — 0 boundedly.

From (1) we imply that there exists a subsequence, again denoted by {X,}, such
that for each ¢ € [0, 7],

1 Xn@lze — X Ol7e  a-s.
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and
[ Xn(w) = X(w)||te — 0 a.s.

Furthermore, we have

[, — X )],

< 27X (tw) — X(t,w)HZp
+@ + || X (W),

Now, Lemma 3 of [13] yields the result. [

Lemma 3.2. Let J(X,), J(X) denote the values of duality mapping at X,, and
X, respectively. Then, after choosing a subsequence if it is necessary, we have

T
B[ X)) - S ()]s — 0.
0

Proof. By Lemma 3.1, one can find a subsequence denoted by the same notation
{X,}, such that

| Xn(s) = X(s)||,, — 0 as., for all s€[0,T).
Hence, from the continuity of the duality mapping we imply that
| J(Xn(s)) — J(X(s))qu — 0 a.s., for all s€[0,T].
On the other hand
[70¢a5)) = T, < 2 (1Xat + (X G),)-
Now, applying Lemma 3 of [13] and Lemma 3.1 we obtain the desired result. [

Lemma 3.3. {X,} is a D(A)-valued process, the process {AX,} has integrable
paths almost surely and we have for all t € [0,T] that

(3.2) X (1) _X3+/0 AXn(s)ds—F/O fn(s)ds—l—/o In(8)dWg (s),
and
X0l < W¥oll 47 |12 ). T (X))
41 [ 1) 0n(5), (X ()W ()
0

t
(3-3) +gr(r — 1)/0 1Xn () 172219 ()13 57, ) -
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Proof. Note that

/O " AX, (0)d6 = /O " AS(0)Xnd0+ /0 tA( /0 "5 ) f(s)ds) o
T

T

+/OtA(/09 500 — S)Qn(s)dWH(s))de,

Ts

Furthermore, we have
Ty =5)Xy — Xg,

and by the Fubini theorem,

n- [ St~ ) fuls)ds / ().

Also, by the Fubini theorem for stochastic integrals in UMD Banach spaces [21], we
have

T; —/0 S(t — 8)gn(s)dWg(s) —/0 gn(8)dWx (s).

Hence (3.2) is obtained. Now we apply It6 formula (Theorem 2.1) to h(X,,(-)) where
h(z) = ||z||}». We find

Xl = I 7 [ X521 T
1 [ IR Ao 0. (e 5l
b [ 155209, 0 ()i )
#3 [ Trao (D 0Xa(o)1))

where J(X,(s)) denotes the value of duality mapping at X, (s). Here we have
used the first and second Fréchet derivatives of || - ||7,. Since || XF%» < [ Xol|%es
(Az, J(x)) <0 for all x € D(A), and

gn(8)lyez,Ley < N19(S)Ily(2r,L7),

we can apply the inequalities (2.1) and (2.2) to conclude the result. O

Proof of Theorem 3.2. It is enough to prove that the right hand side of
(3.3) (after choosing a subsequence) converges term by term to that of (3.1), in
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probability. We prove this in three steps:
Step 1: Note that

[ X2 (9 T = [ X (0 X ()
0 0

< | [ X152 = X)) T ()|
0

An(t)
+] [ IX@IG ) — 1. I X))
Bn ()
] [ IX @I T80 (9) = T ().
Chr(t)

By Hélder’s inequality and elementary inequality |a — b|* < |a* — b¥| which is true
for all non-negative numbers a,b and all k£ > 1, we obtain

B s 4,0] <& [ 1x 015 - X

0<t<T
r—2

< [IE/OT T%ds} N X
= bl [ ol o]
< [E / : ds} N [E / 175 50ds

The second and third terms on the right, are bounded and according to Lemma
3.1, after choosing a subsequence, the first term tends to zero. So, for this subse-

quence we have sup A, (t) — 0 in L' and hence in probability. Also, the Holder
0<t<T
inequality implies that

£, o]

X () 170" = 1X ()17

1

=y

1
-

[ Xn ()lzr — X (s)lr

[TEIIXnH;]

T
s B < [ X2 6) = £ |50t

3

</0T 1n(s) = f(s)IIEpds) XL

The first and third terms on the right are bounded and the second term tends to zero
almost surely by the dominated convergence theorem. Hence, supy<;<7 By (t) — 0
almost surely and so in probability. Moreover, by Holder’s inequality we have

< (T)X%)"

ds

La

e s cuo] < [ x|

0<t<T

J(Xa(s)) = J(X(5))

Lp
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<(TE|X||;)“<E / IIf(S)I’L'pds>T<1E / |J(Xn<s>>—J<X<s>>|zqu>T.

By Lemma 3.2, after choosing a subsequence, the right hand side tends to zero. So,
for this subsequence we get supy<;< Cn(t) — 0 in L! and hence in probability.
Step 2: We have T

‘/ X0 ()17 (gn (5), (Xn () AW (s /IIX Mze™(g(s), J(X(s)))dWr (s)

<

/0 (X () 157 = IX (1152 ) (g0 (5), T (X () AW (s)

Pn(s)

+ /0 1X(3)l|75° (gn(s) — g(s), J(Xn(s))) AW (s)

Pn(s)

$)Ize”(g(s), J(Xn(s)) = J(X(s))) dWn(s)
pn(s)
= Dn(t) + En(t) + Fn(t).

Since the y-radonifying norm and the operator norm are equal in finite dimensional
spaces, By B.D.G inequality (Theorem 2.3) for b = 1 and the Holder inequality, we
obtain

E[ sup Du(t)] < C Eljga] = C E|jpu|

0<t<T

T
=CE sup </ lon(s) |ds>
If<1 0

T 1/2
<ce s ([ ||son<s>||2ds) 107

llFll<1

1/2
SOE[ / 1 ()II72> = 1 X ()17 || )H';Hgn<s>ui<H,Lp>ds]

2 r—2 r—2 1/2
sc[EHXnHoo(quuo +1x153)] " x

1/2
[ / 1Xa(5) 552 = 1X ()52 g (s |2<H,Lp>ds}

2
=

~v(L?(0,T;H),R)

r—271/2
< ClEIXall% + (EIXall%) " (BIX|) T | %

20w :
[ / X ()50 — X (s ||Lp!ds] [E / ||g<s>||;<H,Lp>],

where C' is the same constant as in (2.4). Since E|| X, ||%,, E||X|/%, are bounded by
a constant independent of n, Hypothesis 3.1(c) and Lemma 3.1 imply that the right
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hand side tends to zero along some subsequence. So, after choosing a subsequence

if necessary, we get sup D, (t) — 0 in L!. Similarly, one can see that
0<t<T

T 1/2
E{ sup En(t)} < C E|Ynllyz20,m;m)8) < C E(/O ||¢n(5)||2d3>

0<t<T

T 1/2
<c E[ / IX (I 2lgn(s) - g<s>|i<H,Lp)ds}

r—1 4 2 1/2
< CB[IXIE ([ lon(e) = 96 impts) |

|=

r—1

r—2 T T T
<CT= (EIIXIIZO> <E/O lgn(s) = g(5 e, Lry | -
But by the dominated convergence theorem,

T
E / 19n(5) = 9(5) 1.1y — O-

Therefore, sup E,(t) — 0 in L'. Also by Holder’s inequality, we find
0<t<T

B sw mo] <cz( [ ' ||pn<s>||2ds)1/2

0<t<T
T 1/2
< CEUO IX ()15 11T (Xn(s)) — J(X(S))IlzmIIQ(S)Hi(H,m)dS]

< CE[IX I [17 (X)) = XDz o0y IOl 1,20 | 2 0.1

< CKE || X1 2[|I1(Xa () = J(X ()]1o]

o)

T z
(E / ||g<s>||:<H,Lp>ds) |

where K is a constant. By Lemma 3.2, the right hand side approaches zero after
choosing a subsequence. Hence, supy<;<r Fn(t) — 0 in L' along some subse-
quence. o

Step 8: By Hélder’s inequality,

L7(0,T) || Hg(')H'y(H,LP)}
< CK(E|X|5)" x

(& s - IOE) v

<l

t t
sup ‘/ IIXn(S)||Z§2IIQ(S)II§(H,Lp>dS—/ X (N2 g ()5 21,0y D
o<e<7 | Jo 0

T
< [ Iae? - 1x @

lg()I5 o1, o s
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=T
ds] [ / (I .10y

Lemma 3.1 implies that by passing to a subsequence, the right hand side tends to
zero in L1 ]

<[ [ 1ol - 1xGI5
0

4. Measurability of the solutions

In this section, we stablish the existence, uniqueness and measurability of the
solution to the integral equation

(4.1) X(t,w)zS(t—s)Xo(w)—i-/o S(t—s)f(s,w, X(s,w))ds + V(t,w),

on [0,7] with X : Q@ — LP. Suppose that V : [0,T] x  — LP satisfies the
Carathéodory condition; i.e., V(-,w) is continuous on [0,7] for each w € © and
V(t,-) is measurable on Q into (LP, B) for all ¢t € [0, 7], where B denotes the Borel
o-field of subsets of LP. Moreover, we assume that V(0,w) = 0 for all w € .
This equation appears in the next section when we use an iterative method to
prove the existence of the mild solutions to semilinear SEE’s. In fact, existence
and measurability of the solution of (4.1) is necessary in each step of iteration. We
proceed as in [15] and we use the method based on random fixed point theory.

We say that the mapping h : [0,T] x LP — LP is weakly closed as a Nemytskii
operator, if whenever x,, — x weakly in L?(0,T; L?) and h(-, z,(-)) — &(-) weakly
in L2(07T; Lp)7 then 5() = h(,l’())

The following are the relevant hypotheses on nonlinear part f of (4.1).

Hypothesis 4.1.  (a) The function f :[0,T] x Q x LP — LP is jointly measur-
able.

(b) For each w € Q, the mapping (t,x) — f(t,w, ) is weakly closed as a Nemyt-
skii operator.

(¢) There exists a nonnegative measurable function M : Q — R such that for
each t € [0,T] and w € Q, the function v — f(t,w,x) is semimonotone with
parameter M (w); i.e.,

(f(t,w,2) = f(tw,y), J(z — y)) < M(w)]lz = ylL-

(d) There exists a constant C such that ||f(t,w,2)||lLr < C(1 + ||z|Le) for all
te€0,T], weQand z € LP.
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We first consider (4.1) in finite dimensions. It is well-known that the space LP has a
Schauder basis ( see, e.g., [9]); i.e., there exists a sequence (ay,, Ty )n>0 in (LP)* x LP

such that
oo
z= (z,an)Ty ,
n=1

for all x € LP. Let N € N and Ey = span{zi,z2,...,2n}. Then {EN}F_; is an
increasing sequence of finite dimensional subspaces of LP such that Jy_, En is
dense in LP. We recall that the natural projection Py : LP — E is defined by

N
Py(x) = Z(z,an>xn

n=1

Theorem 4.2. If we substitute LP by Ey, then under Hypothesis 4.1, the integral
equation

t

(4.2) Xo=0, X(t,w) = / f(s,w, X (s,w))ds
0

has a unique measurable solution.

Before proceeding in the proof, we recall two results. First we give the following
simple but useful lamma, the proof of which is similar to that of Lemma 2 of [36].

Lemma 4.1. If a(:) is an LP-valued integrable function on [0,T], € LP and
Xt)=z+ fot a(s)ds, then

IX®NIZe = l2lZs + 2/0 (a(s), J(X(s)))ds.

Theorem 4.3. [12] Let K be a closed, convex and separable subset of a Banach
space. Then any continuous compact random operator h : & x K — K has a
random fized point.

Proof of Theorem 4.2: Let

K= {x € C([O,T],EN)‘ lz@)| < eCt—1 for allte [o,T]},
where C' is the constant appeared in Hypothesis 4.1. Define h on Q x X — En by
t
eo,)(0) = [ Fls.,(s))ds
0

Then K is the closed and convex subset of the separable Banach space C ([0, T, Ex ).
Hypothesis 4.1(d) shows that h is a map into K and by Hypothesis 4.1(a), for each
x € K, h(-,z) is measurable. Now fix w € 2. We show that h(w,-) is a continuous
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and compact operator on K. Let (z,,) C K be a sequence strongly convergent to x;
ie.,
sup ||z (t) — z(t)| 2y — 0.
0<t<T

Then, there exists M > 0 such that

sup |z, (®)|| < M for all neN.
0<t<T

Consider an arbitrary subsequence of {z,} which we denote it by the same symbol
{z,}. From Hypothesis 4.1 it follows that f(-,w,z,(-)) is a bounded sequence in
L?(0,T; Ey) and so it has a subsequence f(-,w,zy, (-)) which is weakly conver-
gent in L2(0,T; Ey). Therefore, by Hypothesis 4.1(b) f(-,w,zn, (-)) = f(-,w,z("))
weakly in L2(0,T; Ex). Hence, the whole sequence f(-,w,z,(+)) is in fact weakly
convergent to f(-,w,z(+)) in L?(0,T; Ex). Foreacht € [0,T], since f(t,w,xn(t)) —
f(t,w,z(t)) weakly in Ey and Ey is finite dimensional, f (¢, w, z,(t)) — f(t, w,z(t))
strongly in Ex. Now, by Hypothesis 4.1(d) and the dominated convergence theo-
rem, we have

T

sup Hh(w,xn)(t) - h(w,x)(t)H §/0 ||f(s,w,3:n(s)) - f(s,w,a:(s))HENds,

0<t<T

the right-hand side of which goes to zero as n — oo. Thus, h(w,-) is continuous.
To prove the compactness of h, we note first that for each x € K and all ¢ € [0, T},

Hh<wafc><f>llé/0 ||f(s,w,:c(s))||ds§0/0 (1+ [l(s)]])ds < (e - 1).

Hence, h(w,-) is uniformly bounded. Moreover, for 0 < ¢; < to < T and z € K we
have

12
I[B(w, ) (t2) — h(w, 2)(t1)]| < / £ (5,0, 2(5))||ds < (t2 — t1)(et2 — ).

ty
So, h(w,-) is an equicontinuous family on [0,T]. Therefore, h(w,-) is a compact
operator. Now by Theorem 4.3, there exists a measurable function ¢ :  — K
such that

Ew)(t) = / fs.0.6@)(s)ds,  VEe[0,T]

According to Proposition 5.1 of [15], if we define X : [0,T] xQ — En by X (t,w) =
&(w)(t), then X is jointly measurable and X is a solution of problem (4.2). It remains
to show the uniqueness of the solution. Let X and Y be two solutions of (4.2). We
have

X(tw)-Y(tw) = /Ot (f(s,w,X(s,w)) - f(s,w,Y(s,w)))ds.
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By Lemma 4.1 and Hypothesis 4.1(c), for each w € Q we obtain
[ X (t,w) - Y(t,w)H2
¢
=2 [ (75,0, X(5,0) = F5.00,Y (5,0)), T (X (5,0) = Y (s,)))ds
0
¢
< 2M(w)/ HX(s,w) — Y(s,w)szs.
0
Hence,

E( sup
0<s<t

Thus, by the Gronwall inequality

X(s.) =¥ (s, ) <2310 [ (s

0<0<s

X(0,0) — Y(9,w)H2> ds.

E(Osup [| X (s,w) — Y(s,w)”2) =0 Vit € [0,T7;

<s<t
that is, X =Y.

Theorem 4.4. Assume that [ satisfies Hypothesis 4.1. Then the equation

t
X(0)=0, X(tw) :/ f(s,w, X (s,w))ds
0
has a unique measurable solution.

Proof. The uniqueness follows as in the proof of previous theorem. Let P, : LP —
E,, be the natural projection of LP onto E,. By Theorem 4.2, for each n € N and
w € Q, the equation

Xo=0, X(t,w)= /t P, f(s,w, X (s,w))ds
0

has a unique measurable solution X, (¢,w). Due to Lemma 4.1 and Hypothesis
4.1(c), we obtain

X (t, )7, :2/0 (Pof(s,w, Xp(s,0)), J(Xn(s,w)))ds
:2/ (Pof(s,w, Xn(s,w)) = Pof(s,w,0), J(Xn(s,w)))ds
0
—|—2/ <Pnf(s,w,0),J(Xn(s,w))>ds
0
§2M(w)/0 HX,,@,W)H;de/O 1/ (5,00, 0], | (5. 0)]], ds

< (2M(w)—|—1)/0 ||Xn(s,w)H2Lpds+/0 ||f(s,w,0)||2Lpds.
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So, by the Gronwall inequality,

T
sup HXn(t,w)HLp < e(2M(w)+l)T/ Hf(S,W,O)HiPdS < Te@ME@)H+1T
0<t<T 0

Now fix w € . The above inequality shows that {X,(-,w)} is a bounded se-
quence in L2(0,T; L?). Also by Hypothesis 4.1(c), the sequence f(-,w, X, (-,w)) is
bounded in L?(0,T; L?). Therefore, there exists a subsequence, again denoted by
(X (-,w)), such that (X,(-,w)) and f(-,w, Xn(-,w)) are both weakly convergent
in L2(0,T; LP). Let X(-,w) be the weak limit of (X, (-,w)). Then, by Hypothesis
4.1(b), f(-,w, X (-,w)) is the weak limit of f(-,w, X, (-,w)). Since L? is a reflexive
Banach space, by Theorem 3.2.13 of [1], (an,z,) is a shrinking basis; that is, for
each v € LY, ||Pfv — v|| — 0 as n — 0. So, we have

<Pnf(t,w,Xn(t,w)),v>
= (Pof(t,w, Xn(t,w)) — f(t,w, Xn(t,w)),v) + (f(t,w, Xn(t,w)),v)
= <f(t,w, Xn(t,w)), Prv — v> + <f(t,w, X (t,w)), v>

— (f(t,w, X (t,w)),v), as n— oo.

Thus,

<Xn(t,w),v> :/0 <Pnf(t,w,Xn(s,w)),v>ds—> </0 f(s,w,X(s,w))ds,v>,

and hence,
t
(X (t,w),v) = </ f(s,w, X (s,w))ds, v)-
0
Therefore,

X(t,w)z/o f(s,w, X (s,w))ds-

It remains to show that X (-,-) is measurable on [0,T] x . For arbitrary v € L9,
we see that

[ e — [ ey

¢
and the function (¢, w) — / (Xn(s,w),v)ds is measurable. Hence, the function
0

¢
(t,w) — / (X (s,w),v)ds is also measurable and (X (-,w),v) is continuous. So,

0
we can differentiate and obtain
d t
= E/o (X (s,w),v)ds,

which shows that (X (¢,w),v) is measurable in (¢,w) € [0,T] x . By separability
of LP, this implies the measurability of X (-,-) on [0,T] x Q. O

<X(t, w), v>
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Now, we are ready to state and prove our main result in this section.

Theorem 4.5. Assume that Xy is an LP-valued random variable and (S(t)) 18
a Cy-semigroup on LP satisfying an exponential growth condition with generator
A. Let V satisfies the Carathéodory condition and V(0,w) = 0 for all w € Q.
Furthermore, let Hypothesis 4.1 holds. Then (4.1) has a unique measurable solution.

Proof. One can easily see that it suffices to prove Theorem 4.5 in the case that
A=0,Xg=0and V =0.
Uniqueness. Assume that X and Y are two solutions of (4.1) and fix any w € Q.
Then using the Itd type inequality (Theorem 3.2) with ¢ = 0 and r = 2, and
Hypothesis 4.1(c), we obtain
2
HX(t,w) — Y(t,w)HLF
t
<2 [ (o X)) = (5,60Y (5,0)), (X (510) = ¥ (s,0) s
0

< 2M(w)/0 | X (s,w) —Y(s,w)Hipds.

So,

E( sup
0<s<t
Hence, by the Gronwall inequality, we conclude that X =Y.
Existence. Consider the Yosida approximations

X(&w)—Y(&w)Hip) < 2M(w)/0tE< sup

0<0<s

X(0,0) — Y(e,w)]

2
)ds.
Lp

R, :=n(nl — A" . L — D(A), A, :=AR,

and f,(t,w,x) = Apz + f(t,w,z). First, let us show that f, satisfies Hypothesis
4.1. Tt is clear that f, is jointly measurable. Moreover, A, is continuous and so
weakly closed. Hence f,, is weakly closed as a Nemytskii operator. Since LP is a
reflexive and strictly convex Banach space and A is maximal monotone, A, is a
monotone operator. Thus, for all z,y € LP we have

<fn(t,w,x) — fult,w,y), J(x — y)> = <Anx — Ay, J(x — y)>
<0
—|—<f(t,w,3:) - f(tvwvy)a J(I - y)>
< M(w)llz - yll7.

So, fn(w) is semimonotone. Note also that ||A,|| < n and therefore,

[fn(t.w, )| L, < nllwllze + CA+ 2lze) < (n+ Y1+ [la]|v):
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Now, by Theorem 4.4, for each n € N the integral equation
t
Xo=0, X(t,w) :/ frn(s,w, X (s,w))ds,
0

has a unique measurable solution X,,(¢,w). According to Lemma 4.1, Hypothesis
4.1(c) and Cauchy-Schwartz inequality, we have

HXn(t,w)Hip = 2/ (AnXn(s,w), J(Xy(s,w))) ds
0

<0

+ Z/t <f(s,w,Xn(s,w)), J(Xn(s,w))>ds
0
oo [ Prtesfl v | ool Pt

§(2M(w)+1)/0 ||Xn(s,w)H2Lpds+/O 17 (5.0, 0)||?, ds.

Thus, by Gronwall’s inequality

T
49 s Xl <O [0
- = 0

On the other hand, A,, is bounded and generates the uniformly continuous contrac-
tion semigroup (S, (t)). We claim that for each x € L?, S,(t)z — S(t)z. Since
D(A) is dense in LP, it suffices to prove this for z € D(A). For € D(A), we have

Sz - Sa(z = /O d%(Sn(t— 0)S(0)z)do

_ / St — 0)[ Ay — AJS(0)2d,
0

and

[|Sn(t — 0)[An — AIS(O)z|| < [|(An — A)S(0)z]|.
Also,
(A, —A)SO)z = [(I —n "A)"' —I|AS(0)z = (R, — I)AS(0)x — 0,

0 — AS(0)z is continuous and so bounded on [0,T], and ||R,, — I]| < 2. Hence,
by the dominated convergence theorem, Sy, (t)r — S(t)x. We claim that

(4.4) X, (t,w) = /0 Sn(t —8)f(s,w, Xn(s,w))ds:
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In fact, for any fixed w € Q, by Theorem 2.38 of [7], the problem

dy

YO0,w) =0, —
0.w) =0, =

=AY (t,w) + f(t,w, Xn(t,w)),

has a unique solution

Y(t,w)_/o Sy (t — 8)f(s,w, Xn(s,w))ds.
That is, t t
Y(t,w)_/o AnY(s,w)ds+/0 f(s,w, Xp(s,w))ds.
Thus, t
Xo(t,w) =Y (t,w) :/0 (A X, (s,w) — A, Y (s,w))ds.

and so, by Lemma 4.1 and monotonicity of A,

HXn(t,w) - Y(t,w)‘

621

ip —9 /Ot (AnXon(5,0) = AnY (5,0), T (Xa(5,) = ¥ (5,)) )ds < 0

Hence, supg<;<r HXn(t, w)-=Y (¢, w)Hip = 0;i.e, X,, = Y and we obtain (4.4). Now,
we are going to use the method of the proof of Theorem 4.4. Fix w € Q. From (4.3)
and Hypothesis 4.1 (b) and (d), it follows that there exists a subsequence (X, (-,w))
and an element X (-,w) € L?(0,T; LP), such that (X, (,w)) and f(-,w, Xn, (-, w))
are respectively weakly convergent to X (-,w) and f(-,w, X(-,w)) in L?(0,T; LP).

So, for each v € LY we have as n — oo that

(Sn(t = s)f(s,w, Xn(s,w)),v)
= (Sp(t —5)f(s,w, Xp(s,w)) = S(t — ) f(s,w, Xn(s,w)),v)
+ <S(t —9)f(s,w, Xn(s,w)),v> — <S(t - s)f(s,w,X(s,w)),v>

and thus, .
(Xn(t,w),v) = / (Sn(t = s)f(s,w, Xn(s,w)),v)ds
0
tends to fot (S(t—s)f(s,w, X(s,w)),v)ds as n — oo. Hence,
<X(t,w),v> = </0 S(t— s)f(s,w,X(s,w))ds,v>,
and therefore,

X(t,w) = /0 S(t—8)f(s,w, X (s,w))ds-

This finishes the proof of the existence.

Measurability. Similar to the proof of Theorem 4.4, one can see that X (-,-) is

measurable on [0,7] x Q. O
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5. Existence and uniqueness of mild solutions

In this section, we use semigroup theory to make an iterative method in order
to prove the existence and uniqueness of the mild solutions of monotone-type semi-
linear SEE’s. The It6 type inequality (Theorem 3.2) is a key tool to study both
existence and uniqueness. Consider the following semilinear stochastic evolution
equation on LP (p > 2):

dX (t) = AX()dt + f(t, X (£))dt + g(t, X(£)dWg (¢), t € [0,T]
(5:1) { X(0) = Xo,

where the initial data Xy is an LP-valued Fjp-measurable random variable and
E|| Xo||}» < 0o. Our hypotheses on A, g and nonlinear part f are as follows.

Hypothesis 5.1.  (a) A: D(A) C LP — LP is the generator of a Co-semigroup
(S(t))t>0 of linear operators satisfying an exponential growth condition; i.e.,

there exists A > 0 such that

IS@)) < e vt >0

(b) f satisfies Hypothesis 4.1 with the constant M which is independent of w € Q.

(c) g:[0,T]xQxLP — ~v(H, LP) is a progressively measurable process such that
forallt €]0,T], we€ Q and x,y € LP

Hg(t,w,:v) - g(t7w7y)H.y(H1Lp) < Cllz —yllLr,

where C' is the constant appeared in Hypothesis 4.1(d). Moreover,

E(pr@mm%mﬂ<m,W€mj}
0<s<t

Definition 5.2. An adapted process X : [0,T] x Q@ — LP is called a mild solution
of (5.1) if it satisfies the integral equation

(5.2) X(t)=S5(t)Xo +/() S(t—s)f(s,X(s))ds —1—/0 S(t—s)g(s,X(s)dWr(s).

Theorem 5.3. If Hypothesis 5.1 holds, then (5.1) has a unique continuous mild
solution X such that

E( sup ||X(S)HTLP) < 00, r>2te(0,T)
0<s<t

Proof. One can easily see that it suffices to prove the theorem in the case that X
and A are zero.
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Uniqueness: Let X (t) and Y(¢) be two continuous mild solutions of (5.1) with
initial data X (0) = Y(0) = 0. Then we have

X(1)— V(1) = / S(t— )(£(s. X()) — F(5. Y (s)))ds
+ / S(t - 5) (g, X (5)) — g(s, Y(5))) AW (5).

We can apply It6-type inequality (Theorem 3.2) with » = 2 and find that

1 (6) =

IN

[ 2/0 (f(5,X(s)) = f(5.Y(5)), J(X(s) = Y (5)))ds

=2 [ (ol X)) g5 () T = V(5) W)

[ s, X) =g YO

By Hypothesis 5.1 (b) and (c), we have

63) [ (5, X () — (5, ¥ (), (X(5) - ds,
and . , , ,
(5.4) /0 g(s,X(s))—g(s,Y(s))H’y(HYLP)dsg02/0 HX(S)_Y(S) | ds.

Also, using B.D.G inequality (Theorem2.3) with b = 1, Hypothesis 5.1(c) and
Cauchy-Schwartz inequality, we obtain

P
B s | [ (305, X(9) — g6,V (), (X(5) = V(51 W)
0<p<t 0
@(s)
< =
- Cl]EH¢ ~(L2(0,t;H),R) CI]EH(ZSH Cl H?‘T\lgl |:¢7 f] L2(0,t;H)
t 2
< CE S)H ds
0
1/2
< GE| sup [X(s) m( / 1X(s) ||Lpds> ]
0<s<t
1/2
< cale( s 156 —vo)| [E [ 10 - Yol
0<s<t
1
(5.5) < —E( sup I\X(s)—Y(s)Hip> 120, E / 1X(s) = Y (5)|2ds.
4\ o<s<t 0

Here, C is the constant appeared in inequality 2.4 and we have used the inequality
ab < £ (3a® + kb?) for any a,b € R and any k > 0, with k = 2C5. From (5.3), (5.4)
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and (5.5) we obtain

32( s 1X() - Y(l,) <4 | E( s |X0) - YOI, )ds

0<s<t 0<0<s

where A = 2M + C? + 4C%. Hence, by the Gronwall inequality

E( sup || X(s) — Y(s)||2Lp> =0 foralltel0,T].

0<s<t

So, X =Y on [0,T] almost surly.
Existence: Let X;(¢) = 0 and define X, (¢) by induction. Assume X, (¢) is defined.
Theorem 4.5 implies that there exists a continuous adapted solution X, 41 of

Xonalt) = [ S =)o X (5)ds + Vi o),
where .
Va(t) = /0 S(t— 8)g(s, Xn(8))dWpg(s)-
We claim that

(5.6) E( sup ||Xn(s)||TLp) <o, VneN, vtelo,T],

0<s<t

the proof of which is by induction on n. By Hypothesis 5.1(b),

t
[ X1 (BT < 402/0 (L + 1 Xas1()lIZ0)ds + 2[Va (8) 20

Hence,

t
sup [ Xnt1(s)[|7» S4Czt+402/ sup (| X, q1(0)[|70ds +2 sup [[Vi(s)l|70-
0<s<t 0 0<6<s 0<s<t

So, by Gronwall’s inequality we obtain

2
sup (| X1 ()l < [4C% + 2 sup [[Va(s)[,] e,
0<s<t 0<s<t

and thus,

2
Sup. [ Xs1(s) 50 < 27/2[(4C%0)72 2772 sup [Va(s)llg 2.
0<s<t 0<s<t

Therefore, to get (5.6) it suffices to prove that

E sup [[Va(s)||7» < oo
0<s<t
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By Theorem 2.2 there exists a constant K such that

r/2
[ e X0 ]

By Hypothesis 5.1(c) and Jensen’s inequality, we have

E sup [Vo(s)|z» < K'E
0<s<t

E sup [Va(s)[i» < K'E

0<s<t

- . T . r/2
20 / X0 ()2t + 2 / (8,012 1.0yt
0 0

<2"K"

T
C"PTE sup I\Xn(t)|\£p+/ E'Q(tvo)”;(H,Lp)dtlv
0<t<T 0

which is finite by induction. Next, we are going to prove the convergence of sequence
{X,} to a mild solution of (5.1). Note that

Xnga(t) = Xn(t) = /(;S(t_s)(f(SvXn+1(5))_f(SaXn(S)))dS

500 9ol X0l60) ~ 6 Xoma (1) Wi (),
Therefore, It6 type inequality (Theorem 3.2) implies that
[Xn+1(t) = Xn(t)l|zr <
1060 = X5 5 X11(60) = 5 X (590, Ko () = X () s
b / Xs1(5) = X (557 (o5, Xn(5)) — 906, Xo1(9), T (5) — Xa(s))) dWin()

#(s)

2

2
905 X)) =g, Xoa ()| . ds

nt1( Xn(s)|lze
(5.7) ,A )+B (t) + Cr(t).
Using Hypothesis 5.1(b) for the first term, A,,(t), we find

t
(5:5) At <7 [ Xia(5) = X ()

0
Moreover, using Theorem 2.2 for the second term, B, (¢), yields us

E sup |B (O)| < rDE[@lly(L2(0.:m) R)

0<6

in which D is a constant. By an argument similar to that of the proof of Theorem
3.2 (Step 2), one can see that

t 1/2
Emewsm%Aw@Wﬁ.

0<0<t
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From Hypothesis 5.1(c), we obtain that the right hand side is

2r—2 12
<TDE[/ HXn+1 H ||Xn(5)_Xn 1 HLp :|
erE[ sup (| Xnt1(s) = Xn(s)[747 %

0<s<t

(/Ot [ Xnt1(s) — Xn(s)[|72 1 Xn(s) — an(s)llipds>1/2 }

Using the elementary inequality ab < §(k~'a? 4 kb®) which is true for any a,b € R
and k > 0 with kK = rD, we obtain

1
E sup [Bu(0) <5 E sup [[Xias(s) = Xa(s)
0<0<t 0<s

2D2 r_
5 E/O HXnH(s)—Xn(s)HLPQHXn(s)—Xn,l(s)Hipds

I

Applying the inequality u!~“v® < (1 — a)u + av which holds for all u,v > 0 and
0 < a <1, we deduce that

B swp B0 < 55( swp [Xurals) ~ Xa(s)[},)

0<0<t 0<s

r(r— 2)D2 r
P 2 E<ozzzs||xn+l<e>—wwm)ds

t
2 T
(5.9) + rD /()E(oigg (| Xn (6 Xn,l(t?)HLp)ds.

Similarly, by Hypothesis 5.1(c) one can show that
_ _ t

E sup |Cn(8)] < r=1(r-2) CQ/ IE( sup
0

! Xot1(6) — X (0)
0<6<t 0<6<s

" >ds.
Lp

hn(t):E(Oiup [ X g1 (s) — XW(S)HZP), te0,7).

' )ds
Lpr

(5.10) + (r—1C? /tIE< sup || Xn(0) — Xn-1(0)

0<6<s

Now, we define

Note that h,(t) < oo for all ¢t € [0,7] and hence by substituting (5.8), (5.9) and
(5.10) in the right hand side of (5.7), we obtain

ha(t) < o /O Ch(s)ds + B /O o (s)ds

a=2rM +r(r —2)D* + (r — 1)(r — 2)C?,

where
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and
B =2rD?+2(r — 1)C%.

Therefore, by Gronwall’s inequality

t
ha(t) < Beo‘t/ hn—1(s)ds-
0

We know ho(t) < ho(T) =E sup || X1(s)||7, < 0o. Thus, if v = ho(T) it follows
0<s<T

inductively that

(Bean)n
n!

Hence, {X,} is a Cauchy sequence in L"(92, C(0,T; LP)) and so there exists a con-

tinuous adapted process X (¢) with

hn(t) <~ n > 1.

)

IE( sup HX(S)HZP) < 00,

0<s<t

such that E(supogsgt | Xn(s) — X(S)H;p) — 0. To complete the proof, we show
that X (¢) is the mild solution of (5.1). Consider

t t
R(t) = X(t) - / S(t— ) f(s, X (5))ds — / S(t — 5)g(s, X ())dWe (s),
0 0
and
Roult) = Xea() = [ S =901 Xa()ds = [ 5= )90 X (9)dWir(s).

We know that R, (t) = 0 for all ¢ € [0,T]. Let z € L? and ¢t € [0,T]. We show
that (R(t),z) =0 a.s., which implies R(t) = 0 a.s. Then letting ¢ ranges over all
rational numbers and using continuity of R, it follows that R(¢) = 0 for all ¢ € [0, T']
w.p.1. First, by passing to a subsequence if necessary, we may assume that

sup || Xn(s) — X(S)HLP — 0, a.s.

0<s<T
Consequently
(5.11) (Xnt1(t),z) — (X (¥),2), a.s.
Now, since

T
/ | Xos1(s) = X(8)[3ods ST sup [ Xuir(s) = Xa(s)lio — 0, aus.

0 0<s<T

we have

Xpi1 — X in L*(0,T;LP) a.s.
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Moreover, by Hypothesis 5.1(b),

T
/0 £ Xura@)ods < TOO+ sup [Xura(s)lor)”

0<s<

IN

TC(2+ sup ||X(s)||Lp)2 < 00,
0<s<T

for large enough n. This shows that f(-, X,,+1(+)) is a bounded sequence in L2(0, T; L?).
So, by passing to a subsequence, we may assume that f(-, X,,11(-)) is weakly con-
vergence in L?(0,T; LP). Hence, it follows from weakly closedness of f (Hypothesis
5.1(b)) that

F( Xna (1) = F( X ()
weakly in L?(0,T; L?). Therefore,

/ (5 Xia(5)) = Tl X(5)),0(5)) — 0,
for all v € L2(0,T; LP). Thus,
[ (805166, Xusa69) = 76, X(61) s
(5.12) - /OT <f(s,Xn+1(s)) — (s, X(s)), 5" (t - 5)x1[0,t](5)>d5 —0.

At last, by Theorem 2.2 and Hypothesis 5.1(c), there exist constants K and C such
that
t T
B [ (- 5) (016,560 - sl X))
0

p
T r/2
< KE( [ oo XaloD) ~ a5 XD 1))

< KCB( sup [[Xa(s) = X(5)[) — 0.
0<s<T

Consequently, after choosing a subsequence, we have

(5.13) </0 S(t—s)(g(s, Xn(s)) — g(s, X (s)))dWg (s), :v> — 0.

From (5.11) , (5.12) and (5.13), we get that

(R(t),z) = lim (R,(t),z) =0 -

n—oo

The proof is now complete. [J



Stochastic Evolution Equations with Monotone Nonlinearity in L? Spaces 629

10.

11.

12.

13.

14.

15.

16.

17.

18.

REFERENCES

. F. ALBIAC and N. J. KALTON: Topics in Banach Space Theory. Graduate Texts

in Mathematics, Springer-Verlag, 2006.

F. E. BROWDER: Nonlinear equations of evolution. Ann. of Math. 80 (1964),
485-523.

7. BRZEZNIAK: Stochastic partial differential equations in M-type 2 Banach
spaces. Potential Anal. 4 (1995), no.1, 1-45.

7. BRZEZNIAK: On stochastic convolution in Banach spaces and applications.
Stoch. Stoch. Rep. 61 (1997), no. 34, 245-295.

7. BRZEZNIAK and S. PESZAT: Mazimal inequalities and exponential estimates
for stochastic convolutions in Banach spaces. in Stochastic processes, physics and
geometry: new interplays, I-Leipzig 1999, CMS Conf. Proc., vol. 28, Amer. Math.
Soc., Providence, RI, 2000, 55-64.

. Z. BRzEZNIAK and J. M. A. M. VAN NEERVEN and M. C. VERAAR and L.

WEIS: It6 formula in UMD Banach spaces and reqularity of solutions of the Zakai
equation. J. Differential Equations 245 (2008), 30-58.

R. F. CurTAIN and A. J. PRITCHARD: Infinite dimensional linear system the-
ory. LN in: Control and Information Sciences vol. 8, Springer-Verlag, New York,
Berlin, 1978.

G. DA PrATO and J. ZABCZYK: Fquations In Infinite Dimensions. 2nd ed.,
Cambridge University Press, 2014.

D. FrREEMAN and E. OpELL and TH. SCHLUMPRECHT and A. ZsAk: Uncondi-
tional structures of translates for LP(R®). Israel J. Math.203 (2014), 189-209.

H. D. HAMEDANI and B. Z. ZANGENEH: The existence, uniqueness and measura-
bility of stopped semilinear integral equations. Stochastic Anal. Appl. 25 (2007),
493-518.

A. ICHIKAWA: Some inequalities for martingales and stochastic convolutions.
Stochastic Anal. Appl. 4 (1986), no. 3, 329-339.

S. ITOoH: Random fized point theorems with an application to random differential
equations in Banach spaces. J. Math. Anal. Appl. 67 (1979), 261-273.

R. JAHANIPUR and B. Z. ZANGENEH: Stability of semilinear stochastic evolution
equations with monotone nonlinearity. Math. Ineq. Appl.3 (2000), 593-614.

R. JAHANIPUR: Stability of stochastic delay evolution equations with monotone
nonlinearity. Stoch. Anal. Appl. 21 (2003), 161-181.

R. JAHANIPUR: Nonlinear functional differential equations of monotone-type in
Hilbert spaces. Nonlinear Anal.72 (2010), 1393-1408.

R. JAHANIPUR: Stochastic functional evolution equations with monotone nonlin-
earity: Existence and stability of the mild solutions. J. Differential Equations 248
(2010), 1230-1255.

R. JAHANIPUR: Boundedness and continuity of the mild solutions of semilinear
stochastic functional evolution equations. Math. Ineq. Appl. 15 (2012), no. 2,
423-436.

T. KaT0: Nonlinear Evolution Equations in Banach Spaces. Proc. Symp. App.
Math. 17 (1964), 50-67.



630

19.

20

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

M. Amintorabi and R. Jahanipur

P. KOTELENZE: A submartingale type inequality with applications to stochastic
evolution equations. Stochastics. 8 (1982), 139-151.

N. V. KryrLov and B. L. RozovsKil:Stochastic Evolution Equations. J. of Soviet
Mathematics. 16 (1981), 1233-1277.

J. M. A. M. vaAN NEERVEN and M. C. VERAAR: On the stochastic Fubini theorem
in infinite dimensions. Stochastic Partial Differential Equations and Applications
VII - Levico Terme 2004. Lecture Notes Pure Appl. Math., vol. 245, CRC Press:
pp. 323-336, 2005.

J. M. A. M. vaN NEERVEN and M. C. VERAAR and L. WEIS: Stochastic inte-
gration in UMD spaces. Ann. Probab. 35 (2007), no. 4, 1438-1478.

J. M. A. M. vAN NEERVEN and M. C. VERAAR and L. WEIS: Stochastic evolution
equations in UMD Banach spaces. J. Funct. Anal.255 (2008), no.4, 940-993.

J. M. A. M. vAN NEERVEN: ~-Radonifying operators — a survey. In: The AM-
SIANU Workshop on Spectral Theory and Harmonic Analysis. Proc. Centre Math.
Appl. Austral. Nat. Univ., vol. 44, pages 1-61. Austral. Nat. Univ., Canberra,
2010.

J. M. A. M. vAN NEERVEN and J. ZHU: A maximal inequality for stochastic
convolutions in 2-smooth Banach spaces. Electron. Commun. Probab. 6 (2011),
689-705.

E. PARDOUX: Equations aux dérivés partielles stochastiques mon lineaires mono-
tones: Etude de solutions fortes de type It6. Ph. D. Thesis, Paris-Sud University,
Paris, 1975.

C. PREVOT and M. ROCKNER: A concise course on stochastic partial differential
equations. Springer, 2007.

E. SALAVATI and B. Z. ZANGENEH: Semilinear stochastic evolution equations of
monotone type with Lévy noise. Proceedings of Dyn. Sys. and Appl. 6 (2012),
380-387.

E. SALAVATI and B. Z. ZANGENEH: A mazimal inequality for pth power of stochas-
tic convolution integrals. J. Ineq. Appl. 2016 (2016), no. 155, 1-16.

E. SALAVATI and B. Z. ZANGENEH: Stochastic evolution equations with multi-
plicative Poisson noise and monotone nonlinearity. Bulletin of the Iranian Math-
ematical Society. 43 (2017), no. 5, 1287-1299.

L. TuBARO: An estimate of Burkholder type for stochastic processes defined by
the stochastic integral. Stochastic Anal. Appl. 2 (1984), 187-192.

M. VERRAR and S. Cox: Vector-valued decoupling and the Burkholder-Davis-
Gundy inequality. Illinois J. Math. 55 (2011), no. 1, 343-375.

B. Z. ZANGENEH: Semilinear stochastic evolution equations. Ph. D. thesis, Uni-
versity of British Columbia, Vancouver, B.C. Canada, 1990.

B. Z. ZANGENEH: Measurability of the solution of a semilinear evolution equation.
Progr. Probab. 24 (1991), 335-351.

B. Z. ZANGENEH: Semilinear stochastic evolution equations with monotone non-
linearities. Stoch. Stoch. Rep. 53 (1995), 129-174.

B. Z. ZANGENEH: An energy-type inequality. Math. Ineq. Appl. 1 (1998), no. 3,
453-461.



Stochastic Evolution Equations with Monotone Nonlinearity in L? Spaces 631

Majid Amintorabi

Faculty of Mathematics
Department of Pure Mathematics
University of Kashan, Kashan, Iran

amintorabimajid@yahoo.com

Ruhollah Jahanipur

Faculty of Mathematics
Department of Pure Mathematics
University of Kashan, Kashan, Iran

jahanipu@kashanu.ac.ir



